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Foreword

Educators, generals, dieticians, psychologists, and parents program. Armies, students, and some

societies are programmed. An assault on large problems employs a succession of programs,

most of which spring into existence en route. These programs are rife with issues that appear

to be particular to the problem at hand. To appreciate programming as an intellectual activity

in its own right you must turn to computer programming; you must read and write computer

programs—many of them. It doesn’t matter much what the programs are about or what ap-

plications they serve. What does matter is how well they perform and how smoothly they �t

with other programs in the creation of still greater programs. The programmer must seek both

perfection of part and adequacy of collection. In this book the use of “program” is focused

on the creation, execution, and study of programs written in a dialect of Lisp for execution

on a digital computer. Using Lisp we restrict or limit not what we may program, but only the

notation for our program descriptions.

Our tra�c with the subject matter of this book involves us with three foci of phenomena: the

human mind, collections of computer programs, and the computer. Every computer program is

a model, hatched in the mind, of a real or mental process. These processes, arising from human

experience and thought, are huge in number, intricate in detail, and at any time only partially

understood. They are modeled to our permanent satisfaction rarely by our computer programs.

Thus even though our programs are carefully handcrafted discrete collections of symbols,

mosaics of interlocking functions, they continually evolve: we change them as our perception

of the model deepens, enlarges, generalizes until the model ultimately attains a metastable place

within still another model with which we struggle. The source of the exhilaration associated

with computer programming is the continual unfolding within the mind and on the computer

of mechanisms expressed as programs and the explosion of perception they generate. If art

interprets our dreams, the computer executes them in the guise of programs!

For all its power, the computer is a harsh taskmaster. Its programs must be correct, and

what we wish to say must be said accurately in every detail. As in every other symbolic

activity, we become convinced of program truth through argument. Lisp itself can be assigned

a semantics (another model, by the way), and if a program’s function can be speci�ed, say, in the

predicate calculus, the proof methods of logic can be used to make an acceptable correctness
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argument. Unfortunately, as programs get large and complicated, as they almost always do,

the adequacy, consistency, and correctness of the speci�cations themselves become open to

doubt, so that complete formal arguments of correctness seldom accompany large programs.

Since large programs grow from small ones, it is crucial that we develop an arsenal of standard

program structures of whose correctness we have become sure—we call them idioms—and

learn to combine them into larger structures using organizational techniques of proven value.

These techniques are treated at length in this book, and understanding them is essential to

participation in the Promethean enterprise called programming. More than anything else, the

uncovering and mastery of powerful organizational techniques accelerates our ability to create

large, signi�cant programs. Conversely, since writing large programs is very taxing, we are

stimulated to invent new methods of reducing the mass of function and detail to be �tted into

large programs.

Unlike programs, computers must obey the laws of physics. If they wish to perform rapidly—a

few nanoseconds per state change—they must transmit electrons only small distances (at most

1
1

2
feet). The heat generated by the huge number of devices so concentrated in space has

to be removed. An exquisite engineering art has been developed balancing between multi-

plicity of function and density of devices. In any event, hardware always operates at a level

more primitive than that at which we care to program. The processes that transform our Lisp

programs to “machine” programs are themselves abstract models which we program. Their

study and creation give a great deal of insight into the organizational programs associated

with programming arbitrary models. Of course the computer itself can be so modeled. Think

of it: the behavior of the smallest physical switching element is modeled by quantum me-

chanics described by di�erential equations whose detailed behavior is captured by numerical

approximations represented in computer programs executing on computers composed of . . . !

It is not merely a matter of tactical convenience to separately identify the three foci. Even

though, as they say, it’s all in the head, this logical separation induces an acceleration of

symbolic tra�c between these foci whose richness, vitality, and potential is exceeded in human

experience only by the evolution of life itself. At best, relationships between the foci are

metastable. The computers are never large enough or fast enough. Each breakthrough in

hardware technology leads to more massive programming enterprises, new organizational

principles, and an enrichment of abstract models. Every reader should ask himself periodically

“Toward what end, toward what end?”—but do not ask it too often lest you pass up the fun of

programming for the constipation of bittersweet philosophy.

Among the programs we write, some (but never enough) perform a precise mathematical

function such as sorting or �nding the maximum of a sequence of numbers, determining

primality, or �nding the square root. We call such programs algorithms, and a great deal is

known of their optimal behavior, particularly with respect to the two important parameters of

execution time and data storage requirements. A programmer should acquire good algorithms
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and idioms. Even though some programs resist precise speci�cations, it is the responsibility

of the programmer to estimate, and always to attempt to improve, their performance.

Lisp is a survivor, having been in use for about a quarter of a century. Among the active

programming languages only Fortran has had a longer life. Both languages have supported the

programming needs of important areas of application, Fortran for scienti�c and engineering

computation and Lisp for arti�cial intelligence. These two areas continue to be important,

and their programmers are so devoted to these two languages that Lisp and Fortran may well

continue in active use for at least another quarter-century.

Lisp changes. The Scheme dialect used in this text has evolved from the original Lisp and

di�ers from the latter in several important ways, including static scoping for variable binding

and permitting functions to yield functions as values. In its semantic structure Scheme is as

closely akin to Algol 60 as to early Lisps. Algol 60, never to be an active language again, lives

on in the genes of Scheme and Pascal. It would be di�cult to �nd two languages that are the

communicating coin of two more di�erent cultures than those gathered around these two

languages. Pascal is for building pyramids—imposing, breathtaking, static structures built by

armies pushing heavy blocks into place. Lisp is for building organisms—imposing, breathtak-

ing, dynamic structures built by squads �tting �uctuating myriads of simpler organisms into

place. The organizing principles used are the same in both cases, except for one extraordinarily

important di�erence: The discretionary exportable functionality entrusted to the individual

Lisp programmer is more than an order of magnitude greater than that to be found within

Pascal enterprises. Lisp programs in�ate libraries with functions whose utility transcends the

application that produced them. The list, Lisp’s native data structure, is largely responsible

for such growth of utility. The simple structure and natural applicability of lists are re�ected

in functions that are amazingly nonidiosyncratic. In Pascal the plethora of declarable data

structures induces a specialization within functions that inhibits and penalizes casual coopera-

tion. It is better to have 100 functions operate on one data structure than to have 10 functions

operate on 10 data structures. As a result the pyramid must stand unchanged for a millennium;

the organism must evolve or perish.

To illustrate this di�erence, compare the treatment of material and exercises within this

book with that in any �rst-course text using Pascal. Do not labor under the illusion that this

is a text digestible at MIT only, peculiar to the breed found there. It is precisely what a serious

book on programming Lisp must be, no matter who the student is or where it is used.

Note that this is a text about programming, unlike most Lisp books, which are used as a

preparation for work in arti�cial intelligence. After all, the critical programming concerns of

software engineering and arti�cial intelligence tend to coalesce as the systems under inves-

tigation become larger. This explains why there is such growing interest in Lisp outside of

arti�cial intelligence.
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As one would expect from its goals, arti�cial intelligence research generates many signi�-

cant programming problems. In other programming cultures this spate of problems spawns

new languages. Indeed, in any very large programming task a useful organizing principle is

to control and isolate tra�c within the task modules via the invention of language. These lan-

guages tend to become less primitive as one approaches the boundaries of the system where we

humans interact most often. As a result, such systems contain complex language-processing

functions replicated many times. Lisp has such a simple syntax and semantics that parsing

can be treated as an elementary task. Thus parsing technology plays almost no role in Lisp

programs, and the construction of language processors is rarely an impediment to the rate

of growth and change of large Lisp systems. Finally, it is this very simplicity of syntax and

semantics that is responsible for the burden and freedom borne by all Lisp programmers. No

Lisp program of any size beyond a few lines can be written without being saturated with

discretionary functions. Invent and �t; have �ts and reinvent! We toast the Lisp programmer

who pens his thoughts within nests of parentheses.

— Alan J. Perlis, New Haven, Connecticut
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Prefaces

Preface to the JavaScript Adaptation

You are reading the book Structure and Interpretation of Computer Programs (SICP), second

edition, JavaScript adaptation. Like the original version, this book aims �rstly to establish the

notion that programming is a medium for communicating ideas about methodology. Programs

allow their authors to describe complex processes to their readers, provided that both share

mental models that underly the language in which the programs are written. Secondly it aims

to describe programming as an activity to manage the complexity of software systems, by

using abstraction techniques available in existing programming languages, and by inventing

new languages whenever the need arises.

To succeed in these goals, the original version focuses on a minimal set of idioms of the cho-

sen programming language, Scheme. That set of idioms is not formally taught but assimilated

by students as they make progress digesting the underlying mental models and abstractions.

The book does not aim to teach the language Scheme, but rather the ability to express proce-

dural ideas in Scheme is a side e�ect of achieving its main goals.

Instead of Scheme, this book (SICP JS), uses JavaScript as its programming language. Just

like the original, which it closely follows, the JavaScript adaptation focuses on a minimal set

of idioms of the chosen language. A reader would be ill-advised to use this book in order to

learn JavaScript. As a drastic example, the notion of a JavaScript object—considered one of

its fundamental ingredients by any measure—is not even mentioned! The JavaScript subset

used in SICP JS is designed to be just big enough to express the ideas presented in SICP with a

conciseness and precision that matches the original. (The resulting sublanguage is described

in detail in the web pages that accompany SICP JS.) Just like the subset of Scheme used in

SICP, the subset of JavaScript used in SICP JS does not need to be formally taught; its mastery

is a side e�ect of achieving the goals of SICP.

We sincerely hope that readers for whom this book is their �rst encounter with programming

will use their newly gained understanding of the structure and interpretation of computer

programs to study more programming languages, including Scheme and the full JavaScript
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language. Readers who have learned JavaScript prior to picking up SICP JS might gain new

insights into the fundamental concepts that underly the language and discover how much

can be achieved with so little. Readers who come to SICP JS with a knowledge of the original

SICP might enjoy seeing familiar ideas presented in a new format—and might appreciate our

comparison version, also available in the web pages.

— Martin Henz and Tobias Wrigstad

Preface to the Second Edition of SICP, 1996

Is it possible that software is not like anything else, that it is meant to

be discarded: that the whole point is to always see it as a soap bubble?

— Alan J. Perlis

The material in this book has been the basis of MIT’s entry-level computer science subject

since 1980. We had been teaching this material for four years when the �rst edition was

published, and twelve more years have elapsed until the appearance of this second edition.

We are pleased that our work has been widely adopted and incorporated into other texts. We

have seen our students take the ideas and programs in this book and build them in as the core

of new computer systems and languages. In literal realization of an ancient Talmudic pun,

our students have become our builders. We are lucky to have such capable students and such

accomplished builders.

In preparing this edition, we have incorporated hundreds of clari�cations suggested by our

own teaching experience and the comments of colleagues at MIT and elsewhere. We have re-

designed most of the major programming systems in the book, including the generic-arithmetic

system, the interpreters, the register-machine simulator, and the compiler; and we have rewrit-

ten all the program examples to ensure that any Scheme implementation conforming to the

IEEE Scheme standard (IEEE 1990) will be able to run the code.

This edition emphasizes several new themes. The most important of these is the central role

played by di�erent approaches to dealing with time in computational models: objects with

state, concurrent programming, functional programming, lazy evaluation, and nondeterminis-

tic programming. We have included new sections on concurrency and nondeterminism, and

we have tried to integrate this theme throughout the book.

The �rst edition of the book closely followed the syllabus of our MIT one-semester subject.

With all the new material in the second edition, it will not be possible to cover everything

in a single semester, so the instructor will have to pick and choose. In our own teaching, we
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sometimes skip the section on logic programming (section 4.4), we have students use the

register-machine simulator but we do not cover its implementation (section 5.2), and we give

only a cursory overview of the compiler (section 5.5). Even so, this is still an intense course.

Some instructors may wish to cover only the �rst three or four chapters, leaving the other

material for subsequent courses.

The World Wide Web site of MIT Press provides support for users of this book. This includes

programs from the book, sample programming assignments, supplementary materials, and

downloadable implementations of the Scheme dialect of Lisp.

— Harold Abelson and Gerald Jay Sussman

Preface to the First Edition of SICP, 1984

A computer is like a violin. You can imagine a novice trying �rst a

phonograph and then a violin. The latter, he says, sounds terrible. That

is the argument we have heard from our humanists and most of our

computer scientists. Computer programs are good, they say, for particu-

lar purposes, but they aren’t �exible. Neither is a violin, or a typewriter,

until you learn how to use it.

— Marvin Minsky, “Why Programming Is a Good Medium for

Expressing Poorly-Understood and Sloppily-Formulated Ideas”

“The Structure and Interpretation of Computer Programs” is the entry-level subject in com-

puter science at the Massachusetts Institute of Technology. It is required of all students at MIT

who major in electrical engineering or in computer science, as one-fourth of the “common core

curriculum,” which also includes two subjects on circuits and linear systems and a subject on

the design of digital systems. We have been involved in the development of this subject since

1978, and we have taught this material in its present form since the fall of 1980 to between 600

and 700 students each year. Most of these students have had little or no prior formal training in

computation, although many have played with computers a bit and a few have had extensive

programming or hardware-design experience.

Our design of this introductory computer-science subject re�ects two major concerns. First,

we want to establish the idea that a computer language is not just a way of getting a computer

to perform operations but rather that it is a novel formal medium for expressing ideas about

methodology. Thus, programs must be written for people to read, and only incidentally for

machines to execute. Second, we believe that the essential material to be addressed by a sub-
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ject at this level is not the syntax of particular programming-language constructs, nor clever

algorithms for computing particular functions e�ciently, nor even the mathematical analysis

of algorithms and the foundations of computing, but rather the techniques used to control the

intellectual complexity of large software systems.

Our goal is that students who complete this subject should have a good feel for the elements of

style and the aesthetics of programming. They should have command of the major techniques

for controlling complexity in a large system. They should be capable of reading a 50-page-long

program, if it is written in an exemplary style. They should know what not to read, and what

they need not understand at any moment. They should feel secure about modifying a program,

retaining the spirit and style of the original author.

These skills are by no means unique to computer programming. The techniques we teach

and draw upon are common to all of engineering design. We control complexity by building

abstractions that hide details when appropriate. We control complexity by establishing conven-

tional interfaces that enable us to construct systems by combining standard, well-understood

pieces in a “mix and match” way. We control complexity by establishing new languages for de-

scribing a design, each of which emphasizes particular aspects of the design and deemphasizes

others.

Underlying our approach to this subject is our conviction that “computer science” is not a

science and that its signi�cance has little to do with computers. The computer revolution is a

revolution in the way we think and in the way we express what we think. The essence of this

change is the emergence of what might best be called procedural epistemology—the study of the

structure of knowledge from an imperative point of view, as opposed to the more declarative

point of view taken by classical mathematical subjects. Mathematics provides a framework

for dealing precisely with notions of “what is.” Computation provides a framework for dealing

precisely with notions of “how to.”

In teaching our material we use a dialect of the programming language Lisp. We never

formally teach the language, because we don’t have to. We just use it, and students pick it up

in a few days. This is one great advantage of Lisp-like languages: They have very few ways of

forming compound expressions, and almost no syntactic structure. All of the formal properties

can be covered in an hour, like the rules of chess. After a short time we forget about syntactic

details of the language (because there are none) and get on with the real issues—�guring out

what we want to compute, how we will decompose problems into manageable parts, and how

we will work on the parts. Another advantage of Lisp is that it supports (but does not enforce)

more of the large-scale strategies for modular decomposition of programs than any other

language we know. We can make procedural and data abstractions, we can use higher-order

functions to capture common patterns of usage, we can model local state using assignment and

data mutation, we can link parts of a program with streams and delayed evaluation, and we can
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easily implement embedded languages. All of this is embedded in an interactive environment

with excellent support for incremental program design, construction, testing, and debugging.

We thank all the generations of Lisp wizards, starting with John McCarthy, who have fashioned

a �ne tool of unprecedented power and elegance.

Scheme, the dialect of Lisp that we use, is an attempt to bring together the power and elegance

of Lisp and Algol. From Lisp we take the metalinguistic power that derives from the simple

syntax, the uniform representation of programs as data objects, and the garbage-collected

heap-allocated data. From Algol we take lexical scoping and block structure, which are gifts

from the pioneers of programming-language design who were on the Algol committee. We

wish to cite John Reynolds and Peter Landin for their insights into the relationship of Church’s

lambda calculus to the structure of programming languages. We also recognize our debt to

the mathematicians who scouted out this territory decades before computers appeared on the

scene. These pioneers include Alonzo Church, Barkley Rosser, Stephen Kleene, and Haskell

Curry.

— Harold Abelson and Gerald Jay Sussman
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Chapter 1

Building Abstractions with Functions

The acts of the mind, wherein it exerts its power over simple ideas, are

chie�y these three: 1. Combining several simple ideas into one com-

pound one, and thus all complex ideas are made. 2. The second is bring-

ing two ideas, whether simple or complex, together, and setting them

by one another so as to take a view of them at once, without uniting

them into one, by which it gets all its ideas of relations. 3. The third

is separating them from all other ideas that accompany them in their

real existence: this is called abstraction, and thus all its general ideas

are made.

— John Locke, An Essay Concerning Human Understanding (1690)

We are about to study the idea of a computational process. Computational processes are

abstract beings that inhabit computers. As they evolve, processes manipulate other abstract

things called data. The evolution of a process is directed by a pattern of rules called a program.

People create programs to direct processes. In e�ect, we conjure the spirits of the computer

with our spells.

A computational process is indeed much like a sorcerer’s idea of a spirit. It cannot be seen or

touched. It is not composed of matter at all. However, it is very real. It can perform intellectual

work. It can answer questions. It can a�ect the world by disbursing money at a bank or by

controlling a robot arm in a factory. The programs we use to conjure processes are like a

sorcerer’s spells. They are carefully composed from symbolic expressions in arcane and esoteric

programming languagesthat prescribe the tasks we want our processes to perform.

A computational process, in a correctly working computer, executes programs precisely and

accurately. Thus, like the sorcerer’s apprentice, novice programmers must learn to understand

and to anticipate the consequences of their conjuring. Even small errors (usually called bugsor
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glitches) in programs can have complex and unanticipated consequences.

Fortunately, learning to program is considerably less dangerous than learning sorcery, be-

cause the spirits we deal with are conveniently contained in a secure way. Real-world pro-

gramming, however, requires care, expertise, and wisdom. A small bug in a computer-aided

design program, for example, can lead to the catastrophic collapse of an airplane or a dam or

the self-destruction of an industrial robot.

Master software engineers have the ability to organize programs so that they can be reason-

ably sure that the resulting processes will perform the tasks intended. They can visualize the

behavior of their systems in advance. They know how to structure programs so that unantici-

pated problems do not lead to catastrophic consequences, and when problems do arise, they can

debug their programs. Well-designed computational systems, like well-designed automobiles

or nuclear reactors, are designed in a modular manner, so that the parts can be constructed,

replaced, and debugged separately.

Programming in JavaScript

We need an appropriate language for describing processes, and we will use for this purpose

the programming language JavaScript. Just as our everyday thoughts are usually expressed in

our natural language (such as English, French, or Japanese), and descriptions of quantitative

phenomena are expressed with mathematical notations, our procedural thoughts will be ex-

pressed in JavaScript. JavaScript was developed in the early 1990s as a programming language

for controlling the behavior of World Wide Web browsers through scripts that are embedded

in web pages. The language was conceived by Brendan Eich, originally under the name Mocha,

which was later renamed to LiveScript, and �nally to JavaScript. The name “JavaScript” is a

trademark of Oracle Corporation.

Despite its inception as a language for scripting the web, JavaScript is a general-purpose

programming language. A JavaScript interpreter is a machine that carries out processes de-

scribed in the JavaScript language. The �rst JavaScript interpreter was implemented by Eich at

Netscape Communications Corporation, for the Netscape Navigator web browser. JavaScript

inherited its core features from the Scheme and Self programming languages. Scheme is a di-

alect of Lisp, and was used as the programming language for the original version of this book.

From Scheme, JavaScript inherited its most fundamental design principles such as lexically

scoped �rst-class functions and dynamic typing.

JavaScript bears only super�cial resemblance to the language Java, after which it was (eventu-

ally) named; both Java and JavaScript use the block structure of the language C. In contrast with

Java and C, which usually employ compilation to lower-level languages, JavaScript programs

were initially interpreted by web browsers. After Netscape Navigator, other web browsers pro-
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Building Abstractions with Functions 1.1

vided interpreters for the language, including Microsoft’s Internet Explorer, whose JavaScript

version is called JScript. The popularity of JavaScript for controlling web browsers gave rise

to a standardization e�ort, culminating in ECMAScript. The �rst edition of the ECMAScript

standard was led by Guy Lewis Steele Jr. and completed in June 1997 (Ecma 1997). The sixth

edition, known as ECMAScript 2015, was led by Allen Wirfs-Brock and adopted by the General

Assembly of ECMA in June 2015.

The practice of embedding JavaScript programs in web pages encouraged the developers of

web browsers to implement JavaScript interpreters. As these programs became more complex,

the interpreters became more e�cient in executing them, eventually using sophisticated im-

plementation techniques such as Just-In-Time (JIT) compilation. The majority of JavaScript

programs (as of 2020) are embedded in web pages and interpreted by browsers, but JavaScript is

increasingly used as a general-purpose programming language, using systems such as Node.js.

ECMAScript 2015 possesses a set of features that make it an excellent medium for studying

important programming constructs and data structures and for relating them to the linguistic

features that support them. Its lexically scoped �rst-class functions and their syntactic support

through lambda expressions provide direct and concise access to functional abstraction, and

dynamic typing allows the adaptation to remain close to the Scheme original throughout the

book. Above and beyond these considerations, programming in JavaScript is great fun.

1.1 The Elements of Programming

A powerful programming language is more than just a means for instructing a computer to

perform tasks. The language also serves as a framework within which we organize our ideas

about processes. Thus, when we describe a language, we should pay particular attention to

the means that the language provides for combining simple ideas to form more complex ideas.

Every powerful language has three mechanisms for accomplishing this:

– primitive expressions, which represent the simplest entities the language is concerned

with,

– means of combination, by which compound elements are built from simpler ones, and

– means of abstraction, by which compound elements can be named and manipulated

as units.

In programming, we deal with two kinds of elements: functions and data. (Later we will

discover that they are really not so distinct.) Informally, data is “stu�” that we want to manipu-

late, and functions are descriptions of the rules for manipulating the data. Thus, any powerful

programming language should be able to describe primitive data and primitive functions and
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Building Abstractions with Functions 1.1.1

should have methods for combining and abstracting functions and data.

In this chapter we will deal only with simple numerical data so that we can focus on the

rules for building functions.
1

In later chapters we will see that these same rules allow us to

build functions to manipulate compound data as well.

1.1.1 Expressions

One easy way to get started at programming is to examine some typical interactions with an

interpreter for the JavaScript language. Imagine that you are sitting at a computer terminal.

You type a program, and the interpreter responds by displaying the result of its evaluating that

program. JavaScript programs are called statements.

One kind of statement is an expression statement, which consists of an expression, followed

by a semicolon. A simple kind of an expression is a number.

(More precisely, the expression that you type consists of the numerals that represent the

number in base 10.) If you present JavaScript with a number

I486;

the interpreter will respond by printing
2

486

Expressions representing numbers may be combined with operators (such as + or *) to form

a compound expression that represents the application of a corresponding primitive function

to those numbers. For example,

I137 + 349;

486

I1000 - 334;

666

1
The characterization of numbers as “simple data” is a barefaced blu�. In fact, the treatment of numbers is one

of the trickiest and most confusing aspects of any programming language. Some typical issues involved are these:

Some computer systems distinguish integers, such as 2, from real numbers, such as 2.71. Is the real number 2.00

di�erent from the integer 2? Are the arithmetic operations used for integers the same as the operations used for

real numbers? Does 6 divided by 2 produce 3, or 3.0? How large a number can we represent? How many decimal

places of accuracy can we represent? Is the range of integers the same as the range of real numbers? Above

and beyond these questions, of course, lies a collection of issues concerning roundo� and truncation errors—the

entire science of numerical analysis. Since our focus in this book is on large-scale program design rather than

on numerical techniques, we are going to ignore these problems. The numerical examples in this chapter will

exhibit the usual roundo� behavior that one observes when using arithmetic operations that preserve a limited

number of decimal places of accuracy in noninteger operations.

2
Throughout this book, when we wish to emphasize the distinction between the input typed by the user and

the response printed by the interpreter, we will show the latter in slanted characters.
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Building Abstractions with Functions 1.1.1

I5 * 99;

495

I10 / 5;

2

I2.7 + 10;

12 . 7

Expressions such as these, which contain other expressions as components, are called com-
binations. Combinations that are formed by an operator symbol in the middle, and operand
expressions to the left and right of it, are called operator combinations. The value of an opera-

tor combination is obtained by applying the function speci�ed by the operator to the arguments
that are the values of the operands.

The convention of placing the operator between the operands is known as in�x notation. It

follows the mathematical notation that the reader is most likely familiar with from school and

everyday life. As in mathematics, operator combinations can be nested, that is, they can have

operands that themselves are operator combinations:

I(3 * 5) + (10 - 6);

19

As usual, parentheses are used to group operator combinations in order to avoid ambiguities.

JavaScript also follows the usual conventions when parentheses are omitted; multiplication

and division bind stronger than addition and subtraction. For example,

I3 * 5 + 10 / 2;

stands for

I(3 * 5) + (10 / 2);

We say that * and / have higher precedence than + and -. Sequences of additions and subtrac-

tions are read from left to right, as are sequences of multiplications and divisions. Thus,

I1 - 5 / 2 * 4 + 3;

stands for

I(1 - ((5 / 2) * 4)) + 3;

We say that the operators +, -, * and / are left-associative.

There is no limit (in principle) to the depth of such nesting and to the overall complexity of

the expressions that the JavaScript interpreter can evaluate. It is we humans who might get
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Building Abstractions with Functions 1.1.2

confused by still relatively simple expressions such as

I3 * 2 * (4 + (3 - 5)) + 10 * (27 / 6);

which the interpreter would readily evaluate to be 57. We can help ourselves by writing such

an expression in the form

I3 * 2 * (4 + (3 - 5))

+

10 * (27 / 6);

to visually separate the major components of the expression.

Even with complex expressions, the interpreter always operates in the same basic cycle: It

reads a statement from the terminal, evaluates the statement, and prints the result. This mode

of operation is often expressed by saying that the interpreter runs in a read-eval-print loop.

Observe in particular that it is not necessary to explicitly instruct the interpreter to print the

value of the statement.

1.1.2 Naming and the Environment

A critical aspect of a programming language is the means it provides for using names to refer to

computational objects, and our �rst such means are constants. We say that the name identi�es

a constant whose value is the object.

In JavaScript, we name constants with constant declarations. Typing

Iconst size = 2;

causes the interpreter to associate the value 2 with the name size.
3

Once the name size has

been associated with the number 2, we can refer to the value 2 by name:

Isize;

2

I5 * size;

10

Here are further examples of the use of const:

Iconst pi = 3.14159;

Iconst radius = 10;

Ipi * radius * radius;

3
In this book, we do not show the interpreter’s response to evaluating programs that end with declarations,

since this might depend on previous statements.
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314 . 159

Iconst circumference = 2 * pi * radius;

Icircumference;

62 . 8318

Constant declaration is our language’s simplest means of abstraction, for it allows us to use

simple names to refer to the results of compound operations, such as the circumference com-

puted above. In general, computational objects may have very complex structures, and it would

be extremely inconvenient to have to remember and repeat their details each time we want to

use them. Indeed, complex programs are constructed by building, step by step, computational

objects of increasing complexity. The interpreter makes this step-by-step program construc-

tion particularly convenient because name-object associations can be created incrementally

in successive interactions. This feature encourages the incremental development and testing

of programs and is largely responsible for the fact that a JavaScript program usually consists

of a large number of relatively simple functions.

It should be clear that the possibility of associating values with names and later retrieving

them means that the interpreter must maintain some sort of memory that keeps track of

the name-object pairs. This memory is called the environment (more precisely the program
environment, since we will see later that a computation may involve a number of di�erent

environments).
4

1.1.3 Evaluating Operator Combinations

One of our goals in this chapter is to isolate issues about thinking procedurally. As a case

in point, let us consider that, in evaluating operator combinations, the interpreter is itself

following a procedure. To evaluate an operator combination, do the following:

1. Evaluate the operand expressions of the combination.

2. Apply the function that is denoted by the operator to the arguments that are the values

of the operands.

Even this simple rule illustrates some important points about processes in general. First, ob-

serve that the �rst step dictates that in order to accomplish the evaluation process for a com-

bination we must �rst perform the evaluation process on each element of the combination.

Thus, the evaluation rule is recursive in nature; that is, it includes, as one of its steps, the need

to invoke the rule itself.

4
Chapter 3 will show that this notion of environment is crucial, both for understanding how the interpreter

works and for implementing interpreters.
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Notice how succinctly the idea of recursion can be used to express what, in the case of a

deeply nested combination, would otherwise be viewed as a rather complicated process. For

example, evaluating

I(2 + 4 * 6) * (3 + 12);

requires that the evaluation rule be applied to four di�erent combinations. We can obtain a

picture of this process by representing the combination in the form of a tree, as shown in

�gure 1.1. Each combination is represented by a node with branches corresponding to the

operator and the operands of the combination stemming from it. The terminal nodes (that is,

nodes with no branches stemming from them) represent either operators or numbers. Viewing

evaluation in terms of the tree, we can imagine that the values of the operands percolate

upward, starting from the terminal nodes and then combining at higher and higher levels. In

general, we shall see that recursion is a very powerful technique for dealing with hierarchical,

treelike objects. In fact, the “percolate values upward” form of the evaluation rule is an example

of a general kind of process known as tree accumulation.

1526

242

390

123

64

+

*

*

+

Figure 1.1: Tree representation, showing the value of each subexpression.

Next, observe that the repeated application of the �rst step brings us to the point where we

need to evaluate, not combinations, but primitive expressions such as numerals or names. We

take care of the primitive cases by stipulating that

– the values of numerals are the numbers that they name, and

– the values of names are the objects associated with those names in the environment.

The key point to notice is the role of the environment in determining the meaning of the

names in expressions. In an interactive language such as JavaScript, it is meaningless to speak

of the value of an expression such as x + 1 without specifying any information about the

environment that would provide a meaning for the name x. As we shall see in chapter 3, the

general notion of the environment as providing a context in which evaluation takes place will

play an important role in our understanding of program execution.

Notice that the evaluation rule given above does not handle declarations. For instance, eval-
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uating const x = 3; does not apply an equality operator = to two arguments, one of which

is the value of the name x and the other of which is 3, since the purpose of the declaration is

precisely to associate x with a value. (That is, const x = 3; is not a combination.)

The letters in const are rendered in bold to indicate that it is a keyword in JavaScript. Key-

words carry a particular meaning, and thus cannot be used as names. A keyword or a combi-

nation of keywords in a statement instructs the JavaScript interpreter to treat the statement

in a special way. Each such syntactic form has its own evaluation rule. The various kinds of

statements and expressions (each with its associated evaluation rule) constitute the syntax of

the programming language.

1.1.4 Compound Functions

We have identi�ed in JavaScript some of the elements that must appear in any powerful

programming language:

– Numbers and arithmetic operations are primitive data and functions.

– Nesting of combinations provides a means of combining operations.

– Constant declarations that associate names with values provide a limited means of ab-

straction.

Now we will learn about function declarations, a much more powerful abstraction technique

by which a compound operation can be given a name and then referred to as a unit.

We begin by examining how to express the idea of “squaring.” We might say, “To square

something, take it times itself.” This is expressed in our language as

Ifunction square(x) {

return x * x;

}

We can understand this in the following way:

function square( x ) { return x * x; }x x x x x x x
To square something, take it times itself.

We have here a compound function, which has been given the name square. The function

represents the operation of multiplying something by itself. The thing to be multiplied is

given a local name, x, which plays the same role that a pronoun plays in natural language.

Evaluating the declaration creates this compound function and associates it with the name

square.
5

5
Observe that there are two di�erent operations being combined here: we are creating the function, and we

are giving it the name square. It is possible, indeed important, to be able to separate these two notions—to create
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The simplest form of a function declaration is

function name( parameters ) { return expression; }

The name is a symbol to be associated with the function de�nition in the environment.
6

The

parameters are the names used within the body of the function to refer to the corresponding

arguments of the function. The parameters are grouped within parentheses, as they will be

in an application of the function being declared. In the simplest form, the body of a function

declaration is a single return statement, which consists of the keyword return followed by

the return expression that will yield the value of the function application, when the formal

parameters are replaced by the actual arguments to which the function is applied.
7

Having declared square, we can now use it in a function application expression, which we

turn into a statement using a semicolon:

Isquare(21);

441

Function applications are—after operator combinations—the second kind of combination of ex-

pressions into larger expressions that we encounter. The general form of a function application

is

f unction-expression( arдument-expressions )

where the function-expression of the application speci�es the function to be applied to the

comma-separated argument-expressions. To evaluate a function application, the interpreter

follows a procedure quite similar to the procedure for operator combinations described in

section 1.1.3.

– To evaluate a function application, do the following:

1. Evaluate the subexpressions of the application, namely the function expression

and the argument expressions.

2. Apply the function that is the value of the function expression to the values of the

argument expressions.

Isquare(2 + 5);

49

Here, the argument expression is itself a compound expression, the operator combination

2 + 5.

functions without naming them, and to give names to functions that have already been created. We will see how

to do this in section 1.3.2.

6
Throughout this book, we will describe the general syntax of expressions by using italic symbols—e.g.,

name—to denote the “slots” in the expression to be �lled in when such an expression is actually used.

7
More generally, the body of the function can be a sequence of statements. In this case, the interpreter evaluates

each statement in the sequence in turn until a return statement determines the value of the function application.
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Isquare(square(3));

81

Of course application expressions can also serve as argument expressions.

We can also use square as a building block in de�ning other functions. For example, x2 +y2

can be expressed as

square(x) + square(y);

We can easily de�ne a function sum_of_squares8
that, given any two numbers as arguments,

produces the sum of their squares:

Ifunction sum_of_squares(x,y) {

return square(x) + square(y);

}

Isum_of_squares(3, 4);

25

Now we can use sum_of_squares as a building block in constructing further functions:

Ifunction f(a) {

return sum_of_squares(a + 1, a * 2);

}

If(5);

136

In addition to compound functions, our JavaScript environment provides a number of prim-
itive functions that are built into the interpreter. An example is the function math_log that

computes the natural logarithm of its argument.
9

Primitive functions are used in exactly the

same way as compound functions; evaluating the application math_log(1) results in the num-

ber 0. Indeed, one could not tell by looking at the de�nition of sum_of_squares given above

whether square was built into the interpreter, like math_log, or de�ned as a compound func-

tion.

8
For longer names, the JavaScript adaptation stays close to the original book, using underscores instead of

hyphens to separate words. This practice di�ers from the common JavaScript convention of using “camel-case”,

which would stipulate the name to be sumOfSquares.

9
Our JavaScript environment includes all functions and constants of ECMAScript’s Math library with the

names math_. . .. For example, ECMAScript’s Math.log is available as math_log.
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1.1.5 The Substitution Model for Function Application

To evaluate a function application, the interpreter follows the process described in section

1.1.4. That is, the interpreter evaluates the elements of the application and applies the function

(which is the value of the function expression of the application) to the arguments (which are

the values of the argument expressions of the application).

We can assume that the mechanism for applying primitive functions to arguments is built

into the interpreter. For compound functions, the application process is as follows:

– To apply a compound function to arguments, evaluate the body of the function with

each formal parameter replaced by the corresponding argument.

To illustrate this process, let’s evaluate the application

If(5)

where f is the function declared in section 1.1.4. We begin by retrieving the return expression

of f:

sum_of_squares(a + 1, a * 2)

Then we replace the parameter a by the argument 5:

sum_of_squares(5 + 1, 5 * 2)

Thus the problem reduces to the evaluation of an application with two arguments and a

function expression sum_of_squares. Evaluating this application involves three subproblems.

We must evaluate the operator to get the function to be applied, and we must evaluate the

argument expressions to get the arguments. Now 5 + 1 produces 6 and 5 * 2 produces 10, so

we must apply the sum_of_squares function to 6 and 10. These values are substituted for the

parameters x and y in the body of sum_of_squares, reducing the expression to

square(6) + square(10)

If we use the declaration of square, this reduces to

(6 * 6) + (10 * 10)

which reduces by multiplication to

36 + 100

and �nally to

136

The process we have just described is called the substitution model for function application.

It can be taken as a model that determines the “meaning” of function application, insofar as the
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functions in this chapter are concerned. However, there are two points that should be stressed:

– The purpose of the substitution is to help us think about function application, not to

provide a description of how the interpreter really works. Typical interpreters do not

evaluate function applications by manipulating the text of a function to substitute values

for the parameters. In practice, the “substitution” is accomplished by using a local envi-

ronment for the parameters. We will discuss this more fully in chapters 3 and 4 when

we examine the implementation of an interpreter in detail.

– Over the course of this book, we will present a sequence of increasingly elaborate models

of how interpreters work, culminating with a complete implementation of an interpreter

and compiler in chapter 5. The substitution model is only the �rst of these models—a

way to get started thinking formally about the evaluation process. In general, when

modeling phenomena in science and engineering, we begin with simpli�ed, incomplete

models. As we examine things in greater detail, these simple models become inadequate

and must be replaced by more re�ned models. The substitution model is no exception.

In particular, when we address in chapter 3 the use of functions with “mutable data,”

we will see that the substitution model breaks down and must be replaced by a more

complicated model of function application.
10

Applicative order versus normal order

According to the description of evaluation given in section 1.1.4, the interpreter �rst evaluates

the function and argument expressions and then applies the resulting function to the result-

ing arguments. This is not the only way to perform evaluation. An alternative evaluation

model would not evaluate the arguments until their values were needed. Instead it would

�rst substitute argument expressions for parameters until it obtained an expression involving

only primitive operators, and would then perform the evaluation. If we used this method, the

evaluation of

f(5)

would proceed according to the sequence of expansions

sum_of_squares(5 + 1, 5 * 2)

square(5 + 1) + square(5 * 2)

(5 + 1) * (5 + 1) + (5 * 2) * (5 * 2)

10
Despite the simplicity of the substitution idea, it turns out to be surprisingly complicated to give a rigorous

mathematical de�nition of the substitution process. The problem arises from the possibility of confusion between

the names used for the parameters of a function and the (possibly identical) names used in the expressions to

which the function may be applied. Indeed, there is a long history of erroneous de�nitions of substitution in the

literature of logic and programming semantics. See Stoy 1977 for a careful discussion of substitution.
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followed by the reductions

6 * 6 + 10 * 10

36 + 100

136

This gives the same answer as our previous evaluation model, but the process is di�erent. In

particular, the evaluations of 5 + 1 and 5 * 2 are each performed twice here, corresponding

to the reduction of the expression

x * x

with x replaced respectively by 5 + 1 and 5 * 2.

This alternative “fully expand and then reduce” evaluation method is known as normal-
order evaluation, in contrast to the “evaluate the arguments and then apply” method that the

interpreter actually uses, which is called applicative-order evaluation. It can be shown that, for

function applications that can be modeled using substitution (including all the functions in the

�rst two chapters of this book) and that yield legitimate values, normal-order and applicative-

order evaluation produce the same value. (See exercise 1.5 for an instance of an “illegitimate”

value where normal-order and applicative-order evaluation do not give the same result.)

JavaScript uses applicative-order evaluation, partly because of the additional e�ciency ob-

tained from avoiding multiple evaluations of expressions such as those illustrated with above

and, more signi�cantly, because normal-order evaluation becomes much more complicated to

deal with when we leave the realm of functions that can be modeled by substitution. On the

other hand, normal-order evaluation can be an extremely valuable tool, and we will investigate

some of its implications in chapters 3 and 4.
11

1.1.6 Conditional Expressions and Predicates

The expressive power of the class of functions that we can de�ne at this point is very limited,

because we have no way to make tests and to perform di�erent operations depending on the

result of a test. For instance, we cannot declare a function that computes the absolute value

of a number by testing whether the number is positive or not, and taking di�erent actions in

each case according to the rule

|x | =

{
x if x ≥ 0

−x otherwise

11
In chapter 3 we will introduce stream processing, which is a way of handling apparently “in�nite” data

structures by incorporating a limited form of normal-order evaluation. In section 4.2 we will modify the JavaScript

interpreter to produce a normal-order variant of JavaScript.
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This construct is a case analysis and can be expressed in JavaScript using a conditional expres-
sion as follows:

Ifunction abs(x) {

return x >= 0 ? x : -x;

}

The general form of a conditional expression is

predicate ? consequent-expression : alternative-expression

Conditional expressions begin with a predicate—that is, an expression whose value is either

true or false, two distinguished boolean values in JavaScript.
12

Note that the primitive boolean

expressions true and false trivially evaluate to the boolean values true and false, respectively.

The predicate is followed by a question mark, the consequent-expression, a colon, and �nally

the alternative-expression.

To evaluate a conditional expression, the interpreter starts by evaluating the predicate of the

expression. If the predicate evaluates to true, the interpreter evaluates the consequent-expression.

If the predicate evaluates to false, it evaluates the alternative-expression.

The word predicate is used for operators and functions that return true or false, as well as for

expressions that evaluate to true or false. The absolute-value function abs makes use of the

primitive predicate >=, an operator that takes two numbers as operands and tests whether the

�rst number is greater than or equal to the second number, returning true or false accordingly.

In addition to primitive predicates such as >=, >, <, <=, ===, and !== that are applied to num-

bers,
13

there are logical composition operations, which enable us to construct compound pred-

icates. The three most frequently used are these:

– expression
1
&& expression

2

This operation expresses logical conjunction.
14

The interpreter evaluates expression
1
. If

it evaluates to false, the value of the whole expression is false, and expression
2

is not

evaluated. If expression
1

evaluates to true, the value of the whole expressionis the value

of expression
2
.

– expression
1
|| expression

2

This operation expresses logical disjunction.
15

The interpreter evaluates expression
1
. If

it evaluates to true, the value of the whole expression is true, and expression
2

is not

evaluated. If expression
1

evaluates to false, the value of the whole expression is the value

12
In JavaScript, other values are automatically converted into true and false according to conversion rules, but

we choose not to make use of these conversion rules in this book.

13
For now, we restrict these operators to number arguments. In sections 2.3.1 and 3.3.1, we shall successively

extend the domains of the predicate ===.

14
meaning roughly the same as the English word “and”

15
meaning roughly the same as the English word “or”
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of expression
2
.

– ! expression
This operation expresses logical negation.

16
The value of the expression is true when

expression evaluates to false, and false otherwise.

Notice that && and || are syntactic forms, not operators, because their right-hand expression

is not always evaluated. The operator !, on the other hand, follows the evaluation rule of

section 1.1.3. It is a unary operator, which means that it takes only one argument, whereas

the arithmetic operators and primitive predicates encountered so far are binary, taking two

arguments. The operator ! precedes its argument; we call it a pre�x operator. Another pre�x

operator is the unary “minus” operator, an example of which is the expression -x of the function

abs in the beginning of this section.

As an example of how these predicates are used, the condition that a number x be in the

range 5 < x < 10 may be expressed as

x > 5 && x < 10

Note that the binary operator && has lower precedence than the comparison operators > and

<, and that the conditional expression operator · · · ?· · · :· · · has lower precedence than any

other operator, a property we used in the abs function above.

As another example, we can de�ne a predicate to test whether one number is greater than

or equal to another as

Ifunction greater_or_equal(x, y) {

return x > y || x === y;

}

or alternatively as

Ifunction greater_or_equal(x, y) {

return ! (x < y);

}

The function greater_or_equal when applied to two numbers, behaves the same as the op-

erator >=. Unary operators have higher precedence than binary operators, which makes the

parentheses in this example necessary.

Exercise 1.1

Below is a sequence of statements. What is the result printed by the interpreter in response

to each statement? Assume that the sequence is to be evaluated in the order in which it is

presented.

16
meaning roughly the same as the English word “not”
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I10;

I5 + 3 + 4;

I9 - 1;

I6 / 2;

I2 * 4 + (4 - 6);

Iconst a = 3;

Iconst b = a + 1;

Ia + b + a * b;

Ia === b;

Ib > a && b < a * b

? b : a;

Ia === 4 ? 6 : b === 4 ? 6 + 7 + a : 25;

I2 + (b > a ? b : a);

I(a > b

? a

: a < b

? b

: -1)

*

(a + 1);

Note that the statement

Ia === 4 ? 6 : b === 4 ? 6 + 7 + a : 25;

consists of two conditional expressions, where the second one forms the alternative of the �rst

one. To make that clear, we often indent the lines like this:

Ia === 4

? 6

: b === 4

? 6 + 7 + a

: 25;
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Exercise 1.2

Translate the following expression into JavaScript

5 + 4 +
(
2 −

(
3 − (6 + 4

5
)
) )

3(6 − 2)(2 − 7)

Exercise 1.3

Declare a function that takes three numbers as arguments and returns the sum of the squares

of the two larger numbers.

Exercise 1.4

Observe that our model of evaluation allows for applications whose function expressions

are compound expressions. Use this observation to describe the behavior of the following

function:

Ifunction plus(a, b) { return a + b; }

function minus(a, b) { return a - b; }

function a_plus_abs_b(a, b) {

return (b >= 0 ? plus : minus)(a, b);

}

Exercise 1.5

Ben Bitdiddle has invented a test to determine whether the interpreter he is faced with is

using applicative-order evaluation or normal-order evaluation. He declares the following two

functions :

Ifunction p() {

return p();

}

function test(x, y) {

return x === 0 ? 0 : y;

}

Then he evaluates the statement

Itest(0, p());

What behavior will Ben observe with an interpreter that uses applicative-order evaluation?

What behavior will he observe with an interpreter that uses normal-order evaluation? Explain
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your answer. (Assume that the evaluation rule for conditional expressions is the same whether

the interpreter is using normal or applicative order: The predicate expression is evaluated �rst,

and the result determines whether to evaluate the consequent or the alternative expression.)

1.1.7 Example: Square Roots by Newton’s Method

Functions, as introduced above, are much like ordinary mathematical functions. They specify

a value that is determined by one or more parameters. But there is an important di�erence be-

tween mathematical functions and computer functions. Computer functions must be e�ective.

As a case in point, consider the problem of computing square roots. We can de�ne the

square-root function as

√
x = the y such that y ≥ 0 and y2 = x

This describes a perfectly legitimate mathematical function. We could use it to recognize

whether one number is the square root of another, or to derive facts about square roots in

general. On the other hand, the de�nition does not describe a computer function. Indeed, it

tells us almost nothing about how to actually �nd the square root of a given number. It will

not help matters to rephrase this de�nition in pseudo-JavaScript:

Ifunction sqrt(x) {

return the y with y >= 0 && square(y) === x;

}

This only begs the question.

The contrast between mathematical function and computer function is a re�ection of the

general distinction between describing properties of things and describing how to do things, or,

as it is sometimes referred to, the distinction between declarative knowledge and imperative

knowledge. In mathematics we are usually concerned with declarative (what is) descriptions,

whereas in computer science we are usually concerned with imperative (how to) descriptions.
17

How does one compute square roots? The most common way is to use Newton’s method of

17
Declarative and imperative descriptions are intimately related, as indeed are mathematics and computer

science. For instance, to say that the answer produced by a program is “correct” is to make a declarative statement

about the program. There is a large amount of research aimed at establishing techniques for proving that programs

are correct, and much of the technical di�culty of this subject has to do with negotiating the transition between

imperative statements (from which programs are constructed) and declarative statements (which can be used to

deduce things). In a related vein, an important current area in programming-language design is the exploration of

so-called very high-level languages, in which one actually programs in terms of declarative statements. The idea

is to make interpreters sophisticated enough so that, given “what is” knowledge speci�ed by the programmer,

they can generate “how to” knowledge automatically. This cannot be done in general, but there are important

areas where progress has been made. We shall revisit this idea in chapter 4.
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successive approximations, which says that whenever we have a guess y for the value of the

square root of a number x , we can perform a simple manipulation to get a better guess (one

closer to the actual square root) by averaging y with x/y.
18

For example, we can compute the

square root of 2 as follows. Suppose our initial guess is 1:

Guess Quotient Average

1

2

1

= 2

(2 + 1)

2

= 1.5

1.5
2

1.5
= 1.3333

(1.3333 + 1.5)

2

= 1.4167

1.4167

2

1.4167

= 1.4118

(1.4167 + 1.4118)

2

= 1.4142

1.4142 . . . . . .

Continuing this process, we obtain better and better approximations to the square root.

Now let’s formalize the process in terms of functions. We start with a value for the radicand

(the number whose square root we are trying to compute) and a value for the guess. If the

guess is good enough for our purposes, we are done; if not, we must repeat the process with

an improved guess. We write this basic strategy as a function:

Ifunction sqrt_iter(guess, x) {

return good_enough(guess, x)

? guess

: sqrt_iter(improve(guess, x), x);

}

A guess is improved by averaging it with the quotient of the radicand and the old guess:

Ifunction improve(guess, x) {

return average(guess, x / guess);

}

where

Ifunction average(x,y) {

return (x + y) / 2;

}

We also have to say what we mean by “good enough.” The following will do for illustration,

but it is not really a very good test. (See exercise 1.7.) The idea is to improve the answer until

it is close enough so that its square di�ers from the radicand by less than a predetermined

18
This square-root algorithm is actually a special case of Newton’s method, which is a general technique for

�nding roots of equations. The square-root algorithm itself was developed by Heron of Alexandria in the �rst

century a.d. We will see how to express the general Newton’s method as a JavaScript function in section 1.3.4.

40 Generated 2020-08-18 16:40:02Z

http://source-academy.github.io/playground#chap=4&prgrm=GYVwdgxgLglg9mABAQwEYGcAUAPAlIgbwChFTEAnAUyhHKW0QD4BeRABkQH5EGAuRALTYA3EQC+RUJFgJE6AI4hkVHPmJkK1WvUQAqHqIlTo8JAHM4cACYB9SmDggzAC0xmQldOgA0PNSTIqGjoUDEwFJRV3T3R8AT9EAB52ADo2NgBGQ0lwE1lkADdKcmQzShxvAE9-DSDtRBxEAGpEasQAekQAJmzjGSQYAFsAB3I4IrcPL188QgDSOpDC4tLy6OmeDsR12N7c-rl5cigbGChiyZiZmsCtEItrOwcnVx3r+Y0Nbh2Pz9J+BTHU7nciYIajcZrKY+PzXbJEQEnM4XADMvi6AFZcMIgA
http://source-academy.github.io/playground#chap=4&prgrm=GYVwdgxgLglg9mABAQwG4FMBOyDm6AUAHgDQCeAlIgN4BQi9im6UImSRiA1IhYgPSIATAG4aAXxqhIsBIhgBbAA6Y4GfDhDoAzluKJClWg0bNWSNFlwEN23fv6IbO8qIk0Fy1QQDMewQFYXIA
http://source-academy.github.io/playground#chap=4&prgrm=GYVwdgxgLglg9mABAQwG4FMBOyDm6AUAHgDQCeAlIgN4BQi9im6UImSRiA1IhYgPSIATAG4aAXxo00WXAQDMxRADZywoA


Building Abstractions with Functions 1.1.7

tolerance (here 0.001):

Ifunction good_enough(guess, x) {

return abs(square(guess) - x) < 0.001;

}

Finally, we need a way to get started. For instance, we can always guess that the square root

of any number is 1:

Ifunction sqrt(x) {

return sqrt_iter(1, x);

}

If we type these declarations to the interpreter, we can use sqrt just as we can use any

function:

Isqrt(9);

3 .00009155413138

Isqrt(100 + 37);

11 .704699917758145

Isqrt(sqrt(2) + sqrt(3));

1 .7739279023207892

Isquare(sqrt(1000));

1000 .000369924366

The sqrt program also illustrates that the simple functional language we have introduced

so far is su�cient for writing any purely numerical program that one could write in, say,

C or Pascal. This might seem surprising, since we have not included in our language any

iterative (looping) constructs that direct the computer to do something over and over again.

The function sqrt_iter, on the other hand, demonstrates how iteration can be accomplished

using no special construct other than the ordinary ability to call a function.
19

Exercise 1.6

Alyssa P. Hacker doesn’t like the syntax of conditional expressions, involving the characters

? and :. “Why can’t I just declare an ordinary conditional function whose application works

just like conditional expressions?” she asks. Alyssa’s friend Eva Lu Ator claims this can indeed

be done, and she declares a conditional function as follows:

19
Readers who are worried about the e�ciency issues involved in using function calls to implement iteration

should note the remarks on “tail recursion” in section 1.2.1.
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Ifunction conditional(predicate, then_clause, else_clause) {

return predicate ? then_clause : else_clause;

}

Eva demonstrates the program for Alyssa:

Iconditional(2 === 3, 0, 5);

evaluates as expected to 5, and

Iconditional(1 === 1, 0, 5);

evaluates as expected to 0. Delighted, Alyssa uses conditional to rewrite the square-root

program:

Ifunction sqrt_iter(guess, x) {

return conditional(good_enough(guess, x),

guess,

sqrt_iter(improve(guess, x),

x));

}

What happens when Alyssa attempts to use this to compute square roots? Explain.

Exercise 1.7

The good_enough test used in computing square roots will not be very e�ective for �nding

the square roots of very small numbers. Also, in real computers, arithmetic operations are

almost always performed with limited precision. This makes our test inadequate for very large

numbers. Explain these statements, with examples showing how the test fails for small and

large numbers. An alternative strategy for implementing good_enough is to watch how guess

changes from one iteration to the next and to stop when the change is a very small fraction of

the guess. Design a square-root function that uses this kind of end test. Does this work better

for small and large numbers?

Exercise 1.8

Newton’s method for cube roots is based on the fact that if y is an approximation to the cube

root of x , then a better approximation is given by the value

x/y2 + 2y

3

Use this formula to implement a cube-root function analogous to the square-root function. (In

section 1.3.4 we will see how to implement Newton’s method in general as an abstraction of

these square-root and cube-root functions.)
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1.1.8 Functions as Black-Box Abstractions

The function sqrt is our �rst example of a process de�ned by a set of mutually de�ned functions.

Notice that the declaration of sqrt_iter is recursive; that is, the function is de�ned in terms

of itself. The idea of being able to de�ne a function in terms of itself may be disturbing; it

may seem unclear how such a “circular” de�nition could make sense at all, much less specify a

well-de�ned process to be carried out by a computer. This will be addressed more carefully in

section 1.2. But �rst let’s consider some other important points illustrated by the sqrt example.

Observe that the problem of computing square roots breaks up naturally into a number of

subproblems: how to tell whether a guess is good enough, how to improve a guess, and so on.

Each of these tasks is accomplished by a separate function. The entire sqrt program can be

viewed as a cluster of functions (shown in �gure 1.2) that mirrors the decomposition of the

problem into subproblems.

square
/

good_enough

\
abs average

\

improve
/ \

sqrt_iter
|

sqrt

Figure 1.2: Functional decomposition of the sqrt program.

The importance of this decomposition strategy is not simply that one is dividing the program

into parts. After all, we could take any large program and divide it into parts—the �rst ten

lines, the next ten lines, the next ten lines, and so on. Rather, it is crucial that each function

accomplishes an identi�able task that can be used as a module in de�ning other functions.

For example, when we de�ne the good_enough function in terms of square, we are able to

regard the square function as a “black box.” We are not at that moment concerned with how
the function computes its result, only with the fact that it computes the square. The details

of how the square is computed can be suppressed, to be considered at a later time. Indeed,

as far as the good_enough function is concerned, square is not quite a function but rather an

abstraction of a function, a so-called functional abstraction. At this level of abstraction, any

function that computes the square is equally good.

Thus, considering only the values they return, the following two functions squaring a number

should be indistinguishable. Each takes a numerical argument and produces the square of that

number as the value.
20

20
It is not even clear which of these functions is a more e�cient implementation. This depends upon the

hardware available. There are machines for which the “obvious” implementation is the less e�cient one. Consider

43 Generated 2020-08-18 16:40:02Z



Building Abstractions with Functions 1.1.8

Ifunction square(x) {

return x * x;

}

Ifunction square(x) {

return math_exp(double(math_log(x)));

}

function double(x) {

return x + x;

}

So a function should be able to suppress detail. The users of the function may not have

written the function themselves, but may have obtained it from another programmer as a

black box. A user should not need to know how the function is implemented in order to use it.

Local names

One detail of a function’s implementation that should not matter to the user of the function is

the implementer’s choice of names for the function’s parameters. Thus, the following functions

should not be distinguishable:

Ifunction square(x) {

return x * x;

}

Ifunction square(y) {

return y * y;

}

This principle—that the meaning of a function should be independent of the parameter

names used by its author—seems on the surface to be self-evident, but its consequences are

profound. The simplest consequence is that the parameter names of a function must be local

to the body of the function. For example, we used square in the declaration of good_enough

in our square-root function:

Ifunction good_enough(guess, x) {

return abs(square(guess) - x) < 0.001;

}

The intention of the author of good_enough is to determine if the square of the �rst argument

is within a given tolerance of the second argument. We see that the author of good_enough

used the name guess to refer to the �rst argument and x to refer to the second argument. The

argument of square is guess. If the author of square used x (as above) to refer to that argument,

a machine that has extensive tables of logarithms and antilogarithms stored in a very e�cient manner.
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we see that the x in good_enough must be a di�erent x than the one in square. Running the

function square must not a�ect the value of x that is used by good_enough, because that value

of x may be needed by good_enough after square is done computing.

If the parameters were not local to the bodies of their respective functions, then the parameter

x in square could be confused with the parameter x in good_enough, and the behavior of

good_enough would depend upon which version of square we used. Thus, square would not

be the black box we desired.

A parameter of a function has a very special role in the function declaration, in that it

doesn’t matter what name the parameter has. Such a name is called bound, and we say that the

function declaration binds its parameters. The meaning of a function declaration is unchanged

if a bound name is consistently renamed throughout the declaration.
21

If a name is not bound,

we say that it is free. The set of expressions for which a binding declares a name is called the

scope of that name. In a function declaration, the bound symbols declared as the parameters

of the function have the body of the function as their scope.

In the declaration of good_enough above, guess and x are bound names but abs and square

are free. The meaning of good_enough should be independent of the names we choose for guess

and x so long as they are distinct and di�erent from abs and square. (If we renamed guess to

abs we would have introduced a bug by capturing the name abs. It would have changed from

free to bound.) The meaning of good_enough is not independent of the choice of its free names,

however. It surely depends upon the fact (external to this declaration) tht the name abs refers

to a function for computing the absolute value of a number. The function good_enough will

compute a di�erent function if we substitute math_cos (JavaScript’s cosine function) for abs

in its declaration.

Internal declarations and block structure

We have one kind of name isolation available to us so far: The parameters of a function are

local to the body of the function. The square-root program illustrates another way in which we

would like to control the use of names. The existing program consists of separate functions:

Ifunction sqrt(x) {

return sqrt_iter(1.0, x);

}

function sqrt_iter(guess, x) {

return good_enough(guess, x)

? guess

: sqrt_iter(improve(guess, x), x);

}

21
The concept of consistent renaming is actually subtle and di�cult to de�ne formally. Famous logicians have

made embarrassing errors here.
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function good_enough(guess, x) {

return abs(square(guess) - x) < 0.001;

}

function improve(guess, x) {

return average(guess, x / guess);

}

The problem with this program is that the only function that is important to users of sqrt is

sqrt. The other functions (sqrt_iter, good_enough, and improve) only clutter up their minds.

They may not declare any other function called good_enough as part of another program to

work together with the square-root program, because sqrt needs it. The problem is especially

severe in the construction of large systems by many separate programmers. For example, in the

construction of a large library of numerical functions, many numerical functions are computed

as successive approximations and thus might have functions named good_enough and improve

as auxiliary functions. We would like to localize the subfunctions, hiding them inside sqrt

so that sqrt could coexist with other successive approximations, each having its own private

good_enough function. To make this possible, we allow a function to have internal declarations

that are local to that function. For example, in the square-root problem we can write

Ifunction sqrt(x) {

function good_enough(guess, x) {

return abs(square(guess) - x) < 0.001;

}

function improve(guess, x) {

return average(guess, x / guess);

}

function sqrt_iter(guess, x) {

return good_enough(guess, x)

? guess

: sqrt_iter(improve(guess, x), x);

}

return sqrt_iter(1.0, x);

}

Any matching pair of curly braces designates a block, and declarations inside the block are

local to the block. Such nesting of declarations, called block structure, is basically the right

solution to the simplest name-packaging problem. But there is a better idea lurking here.

In addition to internalizing the declarations of the auxiliary functions, we can simplify them.

Since x is bound in the declaration of sqrt, the functions good_enough, improve, and sqrt_iter,

which are declared internally to sqrt, are in the scope of x. Thus, it is not necessary to pass

x explicitly to each of these functions. Instead, we allow x to be a free name in the internal

declarations, as shown below. Then x gets its value from the argument with which the enclosing

function sqrt is called. This discipline is called lexical scoping.
22

22
Lexical scoping dictates that free names in a function are taken to refer to bindings made by enclosing
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Ifunction sqrt(x) {

function good_enough(guess) {

return abs(square(guess) - x) < 0.001;

}

function improve(guess) {

return average(guess, x / guess);

}

function sqrt_iter(guess) {

return good_enough(guess)

? guess

: sqrt_iter(improve(guess));

}

return sqrt_iter(1.0);

}

We will use block structure extensively to help us break up large programs into tractable

pieces.
23

The idea of block structure originated with the programming language Algol 60. It

appears in most advanced programming languages and is an important tool for helping to

organize the construction of large programs.

1.2 Functions and the Processes They Generate

We have now considered the elements of programming: We have used primitive arithmetic

operations, we have combined these operations, and we have abstracted these composite op-

erations by declaring them as compound functions . But that is not enough to enable us to say

that we know how to program. Our situation is analogous to that of someone who has learned

the rules for how the pieces move in chess but knows nothing of typical openings, tactics, or

strategy. Like the novice chess player, we don’t yet know the common patterns of usage in the

domain. We lack the knowledge of which moves are worth making (which functions are worth

declaring). We lack the experience to predict the consequences of making a move (executing

a function).

The ability to visualize the consequences of the actions under consideration is crucial to

becoming an expert programmer, just as it is in any synthetic, creative activity. In becoming an

expert photographer, for example, one must learn how to look at a scene and know how dark

each region will appear on a print for each possible choice of exposure and processing options.

Only then can one reason backward, planning framing, lighting, exposure, and processing to

obtain the desired e�ects. So it is with programming, where we are planning the course of

function declarations; that is, they are looked up in the environment in which the function was declared. We

will see how this works in detail in chapter 3 when we study environments and the detailed behavior of the

interpreter.

23
Embedded declarations must come �rst in a function body. The management is not responsible for the

consequences of running programs that intertwine declaration and use; see also footnote 52 in section 1.3.2.
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action to be taken by a process and where we control the process by means of a program.

To become experts, we must learn to visualize the processes generated by various types of

functions. Only after we have developed such a skill can we learn to reliably construct programs

that exhibit the desired behavior.

A function is a pattern for the local evolution of a computational process. It speci�es how

each stage of the process is built upon the previous stage. We would like to be able to make

statements about the overall, or global, behavior of a process whose local evolution has been

speci�ed by a function. This is very di�cult to do in general, but we can at least try to describe

some typical patterns of process evolution.

In this section we will examine some common “shapes” for processes generated by simple

functions. We will also investigate the rates at which these processes consume the important

computational resources of time and space. The functions we will consider are very simple.

Their role is like that played by test patterns in photography: as oversimpli�ed prototypical

patterns, rather than practical examples in their own right.

1.2.1 Linear Recursion and Iteration

We begin by considering the factorial function, de�ned by

n! = n · (n − 1) · (n − 2) · · · 3 · 2 · 1

There are many ways to compute factorials. One way is to make use of the observation that

n! is equal to n times (n − 1)! for any positive integer n:

n! = n · [(n − 1) · (n − 2) · · · 3 · 2 · 1] = n · (n − 1)!

Thus, we can compute n! by computing (n − 1)! and multiplying the result by n. If we add the

stipulation that 1! is equal to 1, this observation translates directly into a computer function:

Ifunction factorial(n) {

return n === 1

? 1

: n * factorial(n - 1);

}
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factorial(6)

6 * factorial(5)

6 * (5 * factorial(4))

6 * (5 * (4 * factorial(3)))

6 * (5 * (4 * (3 * factorial(2))))

6 * (5 * (4 * (3 * (2 * factorial(1)))))

6 * (5 * (4 * (3 * (2 * 1))))

6 * (5 * (4 * (3 * 2)))

6 * (5 * (4 * 6))

6 * (5 * 24)

6 * 120

720

Figure 1.3: A linear recursive process for computing 6!.

We can use the substitution model of section 1.1.5 to watch the function in action computing

6!, as shown in �gure 1.3.

Now let’s take a di�erent perspective on computing factorials. We could describe a rule for

computing n! by specifying that we �rst multiply 1 by 2, then multiply the result by 3, then by

4, and so on until we reach n. More formally, we maintain a running product, together with

a counter that counts from 1 up to n. We can describe the computation by saying that the

counter and the product simultaneously change from one step to the next according to the

rule

product← counter · product

counter← counter + 1

and stipulating that n! is the value of the product when the counter exceeds n.

Once again, we can recast our description as a function for computing factorials:
24

Ifunction factorial(n) {

24
In a real program we would probably use the block structure introduced in the last section to hide the

declaration of fact_iter:

Ifunction factorial(n) {
function iter(product, counter) {

return counter > n
? product
: iter(counter * product,

counter + 1);
}
return iter(1, 1);

}
We avoided doing this here so as to minimize the number of things to think about at once.
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return fact_iter(1, 1, n);

}

function fact_iter(product, counter, max_count) {

return counter > max_count

? product

: fact_iter(counter * product,

counter + 1,

max_count);

}

factorial(6)

fact_iter(1, 1, 6)

fact_iter(1, 2, 6)

fact_iter(2, 3, 6)

fact_iter(6, 4, 6)

fact_iter(24, 5, 6)

fact_iter(120, 6, 6)

fact_iter(720, 7, 6)

720

Figure 1.4: A linear iterative process for computing 6!.

As before, we can use the substitution model to visualize the process of computing 6!, as

shown in �gure 1.4.

Compare the two processes. From one point of view, they seem hardly di�erent at all. Both

compute the same mathematical function on the same domain, and each requires a number of

steps proportional to n to compute n!. Indeed, both processes even carry out the same sequence

of multiplications, obtaining the same sequence of partial products. On the other hand, when

we consider the “shapes” of the two processes, we �nd that they evolve quite di�erently.

Consider the �rst process. The substitution model reveals a shape of expansion followed by

contraction, indicated by the arrow in �gure 1.3. The expansion occurs as the process builds up

a chain of deferred operations (in this case, a chain of multiplications). The contraction occurs

as the operations are actually performed. This type of process, characterized by a chain of

deferred operations, is called a recursive process. Carrying out this process requires that the

interpreter keep track of the operations to be performed later on. In the computation of n!, the

length of the chain of deferred multiplications, and hence the amount of information needed

to keep track of it, grows linearly with n (is proportional to n), just like the number of steps.

Such a process is called a linear recursive process.

By contrast, the second process does not grow and shrink. At each step, all we need to

keep track of, for any n, are the current values of the names product, counter, and max_count.
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We call this an iterative process. In general, an iterative process is one whose state can be

summarized by a �xed number of state variables, together with a �xed rule that describes how

the state variables should be updated as the process moves from state to state and an (optional)

end test that speci�es conditions under which the process should terminate. In computing n!,

the number of steps required grows linearly with n. Such a process is called a linear iterative
process.

The contrast between the two processes can be seen in another way. In the iterative case,

the state variables provide a complete description of the state of the process at any point. If

we stopped the computation between steps, all we would need to do to resume the computa-

tion is to supply the interpreter with the values of the three state variables. Not so with the

recursive process. In this case there is some additional “hidden” information, maintained by

the interpreter and not contained in the state variables, which indicates “where the process is”

in negotiating the chain of deferred operations. The longer the chain, the more information

must be maintained.
25

In contrasting iteration and recursion, we must be careful not to confuse the notion of a

recursive process with the notion of a recursive function. When we describe a function as

recursive, we are referring to the syntactic fact that the function declaration refers (either

directly or indirectly) to the function itself. But when we describe a process as following a

pattern that is, say, linearly recursive, we are speaking about how the process evolves, not about

the syntax of how a function is written. It may seem disturbing that we refer to a recursive

function such as fact_iter as generating an iterative process. However, the process really is

iterative: Its state is captured completely by its three state variables, and an interpreter need

keep track of only three names in order to execute the process.

One reason that the distinction between process and function may be confusing is that most

implementations of common languages (including Ada, Pascal, and C) are designed in such a

way that the interpretation of any recursive function consumes an amount of memory that

grows with the number of function calls, even when the process described is, in principle,

iterative. As a consequence, these languages can describe iterative processes only by resorting

to special-purpose “looping constructs” such as do, repeat, until, for, and while. The imple-

mentation of JavaScript we shall consider in chapter 5 does not share this defect. It will execute

an iterative process in constant space, even if the iterative process is described by a recursive

function. An implementation with this property is called tail-recursive.26
With a tail-recursive

25
When we discuss the implementation of functions on register machines in chapter 5, we will see that any

iterative process can be realized “in hardware” as a machine that has a �xed set of registers and no auxiliary

memory. In contrast, realizing a recursive process requires a machine that uses an auxiliary data structure known

as a stack.

26
Tail recursion has long been known as a compiler optimization trick. A coherent semantic basis for tail

recursion was provided by Carl Hewitt (1977), who explained it in terms of the “message-passing” model of

computation that we shall discuss in chapter 3. Inspired by this, Gerald Jay Sussman and Guy Lewis Steele

Jr. (see Steele 1975) constructed a tail-recursive interpreter for Scheme. Steele later showed how tail recursion is
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implementation, iteration can be expressed using the ordinary function call mechanism, so

that special iteration constructs are useful only as syntactic sugar.
27

Exercise 1.9

Each of the following two functions de�nes a method for adding two positive integers in

terms of the functions inc, which increments its argument by 1, and dec, which decrements

its argument by 1.

Ifunction plus(a, b) {

return a === 0 ? b : inc(plus(dec(a), b));

}

Ifunction plus(a, b) {

return a === 0 ? b : plus(dec(a), inc(b));

}

Using the substitution model, illustrate the process generated by each function in evaluating

plus(4, 5);. Are these processes iterative or recursive?

Exercise 1.10

The following function computes a mathematical function called Ackermann’s function.

Ifunction A(x,y) {

return y === 0

? 0

: x === 0

? 2 * y

: y === 1

? 2

: A(x - 1, A(x, y - 1));

}

What are the values of the following expressions?

IA(1, 10);

IA(2, 4);

IA(3, 3);

a consequence of the natural way to compile function calls (Steele 1977). The IEEE standard for Scheme requires

that Scheme implementations be tail-recursive. The ECMA standard for JavaScript eventually followed suit with

ECMAScript 2015 (ECMA 2015). Note however, that as of this writing (2020), most implementations of JavaScript

do not comply with this standard.

27
Syntactic forms that are simply convenient alternative surface structures for things that can be written in

more uniform ways are sometimes called syntactic sugar, to use a phrase coined by Peter Landin. Exercises 4.7 and

4.8 explore JavaScript’s while and for loops as syntactic sugar for functions that give rise to iterative processes.
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Consider the following functions, where A is the function declared above:

Ifunction f(n) {

return A(0, n);

}

function g(n) {

return A(1, n);

}

function h(n) {

return A(2, n);

}

function k(n) {

return 5 * n * n;

}

Give concise mathematical de�nitions for the functions computed by the functions f, g, and h

for positive integer values of n. For example, k(n) computes 5n2
.

1.2.2 Tree Recursion

Another common pattern of computation is called tree recursion. As an example, consider com-

puting the sequence of Fibonacci numbers, in which each number is the sum of the preceding

two:

0, 1, 1, 2, 3, 5, 8, 13, 21, . . .

In general, the Fibonacci numbers can be de�ned by the rule

Fib(n) =


0 if n = 0

1 if n = 1

Fib(n − 1) + Fib(n − 2) otherwise

We can immediately translate this de�nition into a recursive function for computing Fi-

bonacci numbers:

Ifunction fib(n) {

return n === 0

? 0

: n === 1

? 1

: fib(n - 1) + fib(n - 2);

}
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fib4 fib3

fib3 fib2 fib2 fib1
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1 1 10 0

01

fib1 fib0

1

Figure 1.5: The tree-recursive process generated in computing fib(5) .

Consider the pattern of this computation. To compute fib(5), we compute fib(4) and

fib(3). To compute fib(4), we compute fib(3) and fib(2). In general, the evolved process

looks like a tree, as shown in �gure 1.5. Notice that the branches split into two at each level

(except at the bottom); this re�ects the fact that the fib function calls itself twice each time it

is invoked.

This function is instructive as a prototypical tree recursion, but it is a terrible way to compute

Fibonacci numbers because it does so much redundant computation. Notice in �gure 1.5 that

the entire computation of fib(3)—almost half the work—is duplicated. In fact, it is not hard

to show that the number of times the function will compute fib(1) or fib(0) (the number

of leaves in the above tree, in general) is precisely Fib(n + 1). To get an idea of how bad this

is, one can show that the value of Fib(n) grows exponentially with n. More precisely (see

exercise 1.13), Fib(n) is the closest integer to ϕn/
√

5, where

ϕ = (1 +
√

5)/2 ≈ 1.6180

is the golden ratio, which satis�es the equation

ϕ2 = ϕ + 1

Thus, the process uses a number of steps that grows exponentially with the input. On the

other hand, the space required grows only linearly with the input, because we need keep track

only of which nodes are above us in the tree at any point in the computation. In general, the
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number of steps required by a tree-recursive process will be proportional to the number of

nodes in the tree, while the space required will be proportional to the maximum depth of the

tree.

We can also formulate an iterative process for computing the Fibonacci numbers. The idea

is to use a pair of integers a and b, initialized to Fib(1) = 1 and Fib(0) = 0, and to repeatedly

apply the simultaneous transformations

a ← a + b

b ← a

It is not hard to show that, after applying this transformation n times, a and b will be equal,

respectively, to Fib(n + 1) and Fib(n). Thus, we can compute Fibonacci numbers iteratively

using the function

Ifunction fib(n) {

return fib_iter(1, 0, n);

}

function fib_iter(a, b, count) {

return count === 0

? b

: fib_iter(a + b, a, count - 1);

}

This second method for computing Fib(n) is a linear iteration. The di�erence in number of

steps required by the two methods—one linear in n, one growing as fast as Fib(n) itself—is

enormous, even for small inputs.

One should not conclude from this that tree-recursive processes are useless. When we con-

sider processes that operate on hierarchically structured data rather than numbers, we will

�nd that tree recursion is a natural and powerful tool.
28

But even in numerical operations,

tree-recursive processes can be useful in helping us to understand and design programs. For

instance, although the �rst fib function is much less e�cient than the second one, it is more

straightforward, being little more than a translation into JavaScript of the de�nition of the Fi-

bonacci sequence. To formulate the iterative algorithm required noticing that the computation

could be recast as an iteration with three state variables.

28
An example of this was hinted at in section 1.1.3: The interpreter itself evaluates expressions using a tree-

recursive process.

55 Generated 2020-08-18 16:40:02Z

http://source-academy.github.io/playground#chap=4&prgrm=GYVwdgxgLglg9mABMGAjAFGAlIg3gKESMQCcBTKEEpFVAfRijJPQEYAaRABk+wG58AX3yhIsBMjQMmLAIadUnCHHBQcBYqQpUky1YgC8R7oU1nEAfkSpT54gC5J9Rs3SzEAamud5iPWChEAFpEViwBYRE0dAA2cKA


Building Abstractions with Functions 1.2.2

Example: Counting change

It takes only a bit of cleverness to come up with the iterative Fibonacci algorithm. In contrast,

consider the following problem: How many di�erent ways can we make change of $1.00, given

half-dollars, quarters, dimes, nickels, and pennies? More generally, can we write a function to

compute the number of ways to change any given amount of money?

This problem has a simple solution as a recursive function. Suppose we think of the types

of coins available as arranged in some order. Then the following relation holds:

The number of ways to change amount a using n kinds of coins equals

– the number of ways to change amount a using all but the �rst kind of coin, plus

– the number of ways to change amount a − d using all n kinds of coins, where d is the

denomination of the �rst kind of coin.

To see why this is true, observe that the ways to make change can be divided into two

groups: those that do not use any of the �rst kind of coin, and those that do. Therefore, the

total number of ways to make change for some amount is equal to the number of ways to

make change for the amount without using any of the �rst kind of coin, plus the number of

ways to make change assuming that we do use the �rst kind of coin. But the latter number is

equal to the number of ways to make change for the amount that remains after using a coin

of the �rst kind.

Thus, we can recursively reduce the problem of changing a given amount to problems of

changing smaller amounts or using fewer kinds of coins. Consider this reduction rule carefully,

and convince yourself that we can use it to describe an algorithm if we specify the following

degenerate cases:
29

– If a is exactly 0, we should count that as 1 way to make change.

– If a is less than 0, we should count that as 0 ways to make change.

– If n is 0, we should count that as 0 ways to make change.

We can easily translate this description into a recursive function:

Ifunction count_change(amount) {

return cc(amount, 5);

}

function cc(amount, kinds_of_coins) {

return amount === 0

? 1

: amount < 0 ||

kinds_of_coins === 0

29
For example, work through in detail how the reduction rule applies to the problem of making change for 10

cents using pennies and nickels.
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? 0

: cc(amount, kinds_of_coins - 1)

+

cc(amount - first_denomination(

kinds_of_coins),

kinds_of_coins);

}

function first_denomination(kinds_of_coins) {

return kinds_of_coins === 1 ? 1 :

kinds_of_coins === 2 ? 5 :

kinds_of_coins === 3 ? 10 :

kinds_of_coins === 4 ? 25 :

kinds_of_coins === 5 ? 50 : 0;

}

(The first_denomination function takes as input the number of kinds of coins available

and returns the denomination of the �rst kind. Here we are thinking of the coins as arranged

in order from largest to smallest, but any order would do as well.) We can now answer our

original question about changing a dollar:

Icount_change(100);

292

The function count_change generates a tree-recursive process with redundancies similar to

those in our �rst implementation of fib. (It will take quite a while for that 292 to be computed.)

On the other hand, it is not obvious how to design a better algorithm for computing the result,

and we leave this problem as a challenge. The observation that a tree-recursive process may

be highly ine�cient but often easy to specify and understand has led people to propose that

one could get the best of both worlds by designing a “smart compiler” that could transform

tree-recursive functions into more e�cient functions that compute the same result.
30

Exercise 1.11

A function f is de�ned by the rule that f (n) = n if n < 3 and f (n) = f (n − 1) + 2f (n − 2) +

3f (n−3) if n ≥ 3. Write a JavaScript function that computes f by means of a recursive process.

Write a function that computes f by means of an iterative process.

30
One approach to coping with redundant computations is to arrange matters so that we automatically con-

struct a table of values as they are computed. Each time we are asked to apply the function to some argument,

we �rst look to see if the value is already stored in the table, in which case we avoid performing the redundant

computation. This strategy, known as tabulation or memoization, can be implemented in a straightforward way.

Tabulation can sometimes be used to transform processes that require an exponential number of steps (such as

count_change) into processes whose space and time requirements grow linearly with the input. See exercise 3.27.
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Exercise 1.12

The following pattern of numbers is called Pascal’s triangle.

1

1 1

1 2 1

1 3 3 1

1 4 6 4 1

. . .

The numbers at the edge of the triangle are all 1, and each number inside the triangle is the sum

of the two numbers above it.
31

Write a function that computes elements of Pascal’s triangle

by means of a recursive process.

Exercise 1.13

Prove that Fib(n) is the closest integer to ϕn/
√

5, where ϕ = (1+
√

5)/2. Hint: Letψ = (1−
√

5)/2.

Use induction and the de�nition of the Fibonacci numbers (see section 1.2.2) to prove that

Fib(n) = (ϕn −ψn)/
√

5.

1.2.3 Orders of Growth

The previous examples illustrate that processes can di�er considerably in the rates at which

they consume computational resources. One convenient way to describe this di�erence is to

use the notion of order of growth to obtain a gross measure of the resources required by a

process as the inputs become larger.

Let n be a parameter that measures the size of the problem, and let R(n) be the amount of

resources the process requires for a problem of size n. In our previous examples we took n to

be the number for which a given function is to be computed, but there are other possibilities.

For instance, if our goal is to compute an approximation to the square root of a number,

we might take n to be the number of digits accuracy required. For matrix multiplication we

might take n to be the number of rows in the matrices. In general there are a number of

properties of the problem with respect to which it will be desirable to analyze a given process.

31
The elements of Pascal’s triangle are called the binomial coe�cients, because the nth row consists of the

coe�cients of the terms in the expansion of (x + y)n . This pattern for computing the coe�cients appeared

in Blaise Pascal’s 1653 seminal work on probability theory, Traité du triangle arithmétique. According to Knuth

(1973), the same pattern appears in the Szu-yuen Yü-chien (“The Precious Mirror of the Four Elements”), published

by the Chinese mathematician Chu Shih-chieh in 1303, in the works of the twelfth-century Persian poet and

mathematician Omar Khayyam, and in the works of the twelfth-century Hindu mathematician Bháscara Áchárya.
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Similarly, R(n) might measure the number of internal storage registers used, the number of

elementary machine operations performed, and so on. In computers that do only a �xed number

of operations at a time, the time required will be proportional to the number of elementary

machine operations performed.

We say that R(n) has order of growth Θ(f (n)), written R(n) = Θ(f (n)) (pronounced “theta

of f (n)”), if there are positive constants k1 and k2 independent of n such that k1 f (n) ≤ R(n) ≤

k2 f (n) for any su�ciently large value of n. (In other words, for large n, the value R(n) is

sandwiched between k1 f (n) and k2 f (n).)

For instance, with the linear recursive process for computing factorial described in sec-

tion 1.2.1 the number of steps grows proportionally to the input n. Thus, the steps required

for this process grows as Θ(n). We also saw that the space required grows as Θ(n). For the

iterative factorial, the number of steps is still Θ(n) but the space is Θ(1)—that is, constant.
32

The tree-recursive Fibonacci computation requires Θ(ϕn) steps and space Θ(n), where ϕ is the

golden ratio described in section 1.2.2.

Orders of growth provide only a crude description of the behavior of a process. For example,

a process requiring n2
steps and a process requiring 1000n2

steps and a process requiring

3n2 + 10n + 17 steps all have Θ(n2) order of growth. On the other hand, order of growth

provides a useful indication of how we may expect the behavior of the process to change as

we change the size of the problem. For a Θ(n) (linear) process, doubling the size will roughly

double the amount of resources used. For an exponential process, each increment in problem

size will multiply the resource utilization by a constant factor. In the remainder of section 1.2

we will examine two algorithms whose order of growth is logarithmic, so that doubling the

problem size increases the resource requirement by a constant amount.

Exercise 1.14

Draw the tree illustrating the process generated by the count_change function of section 1.2.2

in making change for 11 cents. What are the orders of growth of the space and number of

steps used by this process as the amount to be changed increases?

Exercise 1.15

The sine of an angle (speci�ed in radians) can be computed by making use of the approximation

sinx ≈ x if x is su�ciently small, and the trigonometric identity sinx = 3 sin
x
3
− 4 sin

3 x
3

to

32
These statements mask a great deal of oversimpli�cation. For instance, if we count process steps as “machine

operations” we are making the assumption that the number of machine operations needed to perform, say, a

multiplication is independent of the size of the numbers to be multiplied, which is false if the numbers are

su�ciently large. Similar remarks hold for the estimates of space. Like the design and description of a process,

the analysis of a process can be carried out at various levels of abstraction.
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reduce the size of the argument of sin. (For purposes of this exercise an angle is considered

“su�ciently small” if its magnitude is not greater than 0.1 radians.) These ideas are incorporated

in the following functions:

Ifunction cube(x) {

return x * x * x;

}

function p(x) {

return 3 * x - 4 * cube(x);

}

function sine(angle) {

return !(abs(angle) > 0.1)

? angle

: p(sine(angle / 3.0));

}

a. How many times is the function p applied when sine(12.15) is evaluated?

b. What is the order of growth in space and number of steps (as a function of a) used by

the process generated by the sine function when sine(a) is evaluated?

1.2.4 Exponentiation

Consider the problem of computing the exponential of a given number. We would like a

function that takes as arguments a base b and a positive integer exponent n and computes bn.

One way to do this is via the recursive de�nition

bn = b · bn−1

b0 = 1

which translates readily into the function

Ifunction expt(b,n) {

return n === 0

? 1

: b * expt(b, n - 1);

}

This is a linear recursive process, which requires Θ(n) steps and Θ(n) space. Just as with

factorial, we can readily formulate an equivalent linear iteration:

Ifunction expt(b,n) {

return expt_iter(b,n,1);

}

function expt_iter(b,counter,product) {

return counter === 0
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? product

: expt_iter(b,

counter - 1,

b * product);

}

This version requires Θ(n) steps and Θ(1) space.

We can compute exponentials in fewer steps by using successive squaring. For instance,

rather than computing b8
as

b · (b · (b · (b · (b · (b · (b · b))))))

we can compute it using three multiplications:

b2 = b · b

b4 = b2 · b2

b8 = b4 · b4

This method works �ne for exponents that are powers of 2. We can also take advantage of

successive squaring in computing exponentials in general if we use the rule

bn = (bn/2)2 if is even

bn = b · bn−1
if is odd

We can express this method as a function:

Ifunction fast_expt(b, n) {

return n === 0

? 1

: is_even(n)

? square(fast_expt(b, n / 2))

: b * fast_expt(b, n - 1);

}

where the predicate to test whether an integer is even is de�ned in terms of the operator %,

which computes the remainder after integer division, by

Ifunction is_even(n) {

return n % 2 === 0;

}

The process evolved by fast_expt grows logarithmically with n in both space and number

of steps. To see this, observe that computing b2n
using fast_expt requires only one more

multiplication than computing bn. The size of the exponent we can compute therefore doubles
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(approximately) with every new multiplication we are allowed. Thus, the number of multipli-

cations required for an exponent of n grows about as fast as the logarithm of n to the base 2.

The process has Θ(logn) growth.
33

The di�erence between Θ(logn) growth and Θ(n) growth becomes striking as n becomes

large. For example, fast_expt for n = 1000 requires only 14 multiplications.
34

It is also pos-

sible to use the idea of successive squaring to devise an iterative algorithm that computes

exponentials with a logarithmic number of steps (see exercise 1.16), although, as is often the

case with iterative algorithms, this is not written down so straightforwardly as the recursive

algorithm.
35

Exercise 1.16

Design a function that evolves an iterative exponentiation process that uses successive squar-

ing and uses a logarithmic number of steps, as does fast_expt. (Hint: Using the observation

that (bn/2)2 = (b2)n/2, keep, along with the exponent n and the base b, an additional state vari-

able a, and de�ne the state transformation in such a way that the product abn is unchanged

from state to state. At the beginning of the process a is taken to be 1, and the answer is given

by the value of a at the end of the process. In general, the technique of de�ning an invariant
quantity that remains unchanged from state to state is a powerful way to think about the

design of iterative algorithms.)

Exercise 1.17

The exponentiation algorithms in this section are based on performing exponentiation by

means of repeated multiplication. In a similar way, one can perform integer multiplication by

means of repeated addition. The following multiplication function (in which it is assumed that

our language can only add, not multiply) is analogous to the expt function:

Ifunction times(a,b) {

return b === 0

? 0

: a + times(a, b - 1);

}

This algorithm takes a number of steps that is linear in b. Now suppose we include, together

33
More precisely, the number of multiplications required is equal to 1 less than the log base 2 of n, plus the

number of ones in the binary representation of n. This total is always less than twice the log base 2 of n. The

arbitrary constants k1 and k2 in the de�nition of order notation imply that, for a logarithmic process, the base to

which logarithms are taken does not matter, so all such processes are described as Θ(logn).
34

You may wonder why anyone would care about raising numbers to the 1000th power. See section 1.2.6.

35
This iterative algorithm is ancient. It appears in the Chandah-sutra by Áchárya, written before 200 b.c. See

Knuth 1981, section 4.6.3, for a full discussion and analysis of this and other methods of exponentiation.
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with addition, operations double, which doubles an integer, and halve, which divides an (even)

integer by 2. Using these, design a multiplication function analogous to fast_expt that uses a

logarithmic number of steps.

Exercise 1.18

Using the results of exercises 1.16 and 1.17, devise a function that generates an iterative

process for multiplying two integers in terms of adding, doubling, and halving and uses a

logarithmic number of steps.
36

Exercise 1.19

There is a clever algorithm for computing the Fibonacci numbers in a logarithmic number

of steps. Recall the transformation of the state variables a and b in the fib_iter process of

section 1.2.2: a ← a + b and b ← a. Call this transformation T , and observe that applying

T over and over again n times, starting with 1 and 0, produces the pair Fib(n + 1) and Fib(n).

In other words, the Fibonacci numbers are produced by applying Tn
, the nth power of the

transformation T , starting with the pair (1, 0). Now consider T to be the special case of p = 0

and q = 1 in a family of transformations Tpq , where Tpq transforms the pair (a,b) according to

a ← bq + aq + ap and b ← bp + aq. Show that if we apply such a transformation Tpq twice,

the e�ect is the same as using a single transformation Tp ′q′ of the same form, and compute p′

and q′ in terms of p and q. This gives us an explicit way to square these transformations, and

thus we can compute Tn
using successive squaring, as in the fast_expt function. Put this all

together to complete the following function, which runs in a logarithmic number of steps:
37

function fib(n) {

return fib_iter(1, 0, 0, 1, n);

}

function fib_iter(a, b, p, q, count) {

return count === 0

? b

: is_even(count)

? fib_iter(a,

b,

〈??〉, // compute p'

〈??〉, // compute q'

count / 2)

: fib_iter(b * q + a * q + a * p,

b * p + a * q,

36
This algorithm, which is sometimes known as the “Russian peasant method” of multiplication, is ancient.

Examples of its use are found in the Rhind Papyrus, one of the two oldest mathematical documents in existence,

written about 1700 b.c . (and copied from an even older document) by an Egyptian scribe named A’h-mose.

37
This exercise was suggested to us by Joe Stoy, based on an example in Kaldewaij 1990.
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p,

q,

count - 1);

}

1.2.5 Greatest Common Divisors

The greatest common divisor (GCD) of two integers a and b is de�ned to be the largest integer

that divides both a and b with no remainder. For example, the GCD of 16 and 28 is 4. In

chapter 2, when we investigate how to implement rational-number arithmetic, we will need

to be able to compute GCDs in order to reduce rational numbers to lowest terms. (To reduce

a rational number to lowest terms, we must divide both the numerator and the denominator

by their GCD. For example, 16/28 reduces to 4/7.) One way to �nd the GCD of two integers is

to factor them and search for common factors, but there is a famous algorithm that is much

more e�cient.

The idea of the algorithm is based on the observation that, if r is the remainder when a

is divided by b, then the common divisors of a and b are precisely the same as the common

divisors of b and r . Thus, we can use the equation

GCD(a,b) = GCD(b, r )

to successively reduce the problem of computing a GCD to the problem of computing the GCD

of smaller and smaller pairs of integers. For example,

GCD(206, 40) = GCD(40, 6)

= GCD(6, 4)

= GCD(4, 2)

= GCD(2, 0)

= 2

reduces GCD(206, 40) to GCD(2, 0), which is 2. It is possible to show that starting with any two

positive integers and performing repeated reductions will always eventually produce a pair

where the second number is 0. Then the GCD is the other number in the pair. This method for

computing the GCD is known as Euclid’s Algorithm.
38

It is easy to express Euclid’s Algorithm as a function:

38
Euclid’s Algorithm is so called because it appears in Euclid’s Elements (Book 7, ca. 300 b.c. According

to Knuth (1973), it can be considered the oldest known nontrivial algorithm. The ancient Egyptian method of

multiplication (exercise 1.18) is surely older, but, as Knuth explains, Euclid’s algorithm is the oldest known to

have been presented as a general algorithm, rather than as a set of illustrative examples.
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Ifunction gcd(a, b) {

return b === 0 ? a : gcd(b, a % b);

}

This generates an iterative process, whose number of steps grows as the logarithm of the

numbers involved.

The fact that the number of steps required by Euclid’s Algorithm has logarithmic growth

bears an interesting relation to the Fibonacci numbers:

Lamé’s Theorem: If Euclid’s Algorithm requires k steps to compute the GCD of some

pair, then the smaller number in the pair must be greater than or equal to the kth Fibonacci

number.
39

We can use this theorem to get an order-of-growth estimate for Euclid’s Algorithm. Let n be

the smaller of the two inputs to the function. If the process takes k steps, then we must have

n ≥ Fib(k) ≈ ϕk/
√

5. Therefore the number of steps k grows as the logarithm (to the base ϕ)

of n. Hence, the order of growth is Θ(logn).

Exercise 1.20

The process that a function generates is of course dependent on the rules used by the in-

terpreter. As an example, consider the iterative gcd function given above. Suppose we were

to interpret this function using normal-order evaluation, as discussed in section 1.1.5. (The

normal-order-evaluation rule for conditional expressions is described in exercise 1.5.) Us-

ing the substitution method (for normal order), illustrate the process generated in evaluating

gcd(206, 40) and indicate the remainder operations that are actually performed. How many

remainder operations are actually performed in the normal-order evaluation of gcd(206, 40)?

In the applicative-order evaluation?

39
This theorem was proved in 1845 by Gabriel Lamé, a French mathematician and engineer known chie�y

for his contributions to mathematical physics. To prove the theorem, we consider pairs (ak ,bk ), where ak ≥ bk ,

for which Euclid’s Algorithm terminates in k steps. The proof is based on the claim that, if (ak+1, bk+1) →

(ak , bk ) → (ak−1, bk−1) are three successive pairs in the reduction process, then we must have bk+1 ≥ bk + bk−1.

To verify the claim, consider that a reduction step is de�ned by applying the transformation ak−1 = bk , bk−1 =

remainder of ak divided by bk . The second equation means that ak = qbk + bk−1 for some positive integer q.

And since q must be at least 1 we have ak = qbk + bk−1 ≥ bk + bk−1. But in the previous reduction step we

have bk+1 = ak . Therefore, bk+1 = ak ≥ bk + bk−1. This veri�es the claim. Now we can prove the theorem

by induction on k , the number of steps that the algorithm requires to terminate. The result is true for k = 1,

since this merely requires that b be at least as large as Fib(1) = 1. Now, assume that the result is true for all

integers less than or equal to k and establish the result for k + 1. Let (ak+1, bk+1) → (ak , bk ) → (ak−1, bk−1)

be successive pairs in the reduction process. By our induction hypotheses, we have bk−1 ≥ Fib(k − 1) and

bk ≥ Fib(k). Thus, applying the claim we just proved together with the de�nition of the Fibonacci numbers gives

bk+1 ≥ bk + bk−1 ≥ Fib(k) + Fib(k − 1) = Fib(k + 1), which completes the proof of Lamé’s Theorem.
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1.2.6 Example: Testing for Primality

This section describes two methods for checking the primality of an integer n, one with order

of growth Θ(
√
n), and a “probabilistic” algorithm with order of growth Θ(logn). The exercises

at the end of this section suggest programming projects based on these algorithms.

Searching for divisors

Since ancient times, mathematicians have been fascinated by problems concerning prime

numbers, and many people have worked on the problem of determining ways to test if numbers

are prime. One way to test if a number is prime is to �nd the number’s divisors. The following

program �nds the smallest integral divisor (greater than 1) of a given number n. It does this

in a straightforward way, by testing n for divisibility by successive integers starting with 2.

Ifunction smallest_divisor(n) {

return find_divisor(n, 2);

}

function find_divisor(n, test_divisor) {

return square(test_divisor) > n

? n

: divides(test_divisor, n)

? test_divisor

: find_divisor(n, test_divisor + 1);

}

function divides(a, b) {

return b % a === 0;

}

We can test whether a number is prime as follows: n is prime if and only if n is its own

smallest divisor.

Ifunction is_prime(n) {

return n === smallest_divisor(n);

}

The end test for find_divisor is based on the fact that if n is not prime it must have a divisor

less than or equal to

√
n.

40
This means that the algorithm need only test divisors between 1

and

√
n. Consequently, the number of steps required to identify n as prime will have order of

growth Θ(
√
n).

40
If d is a divisor of n, then so is n/d . But d and n/d cannot both be greater than

√
n.
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The Fermat test

The Θ(logn) primality test is based on a result from number theory known as Fermat’s Little

Theorem.
41

Fermat’s Little Theorem: If n is a prime number and a is any positive integer less than n,

then a raised to the nth power is congruent to a modulo n.

(Two numbers are said to be congruent modulo n if they both have the same remainder

when divided by n. The remainder of a number a when divided by n is also referred to as the

remainder of a modulo n, or simply as a modulo n.)

If n is not prime, then, in general, most of the numbers a < n will not satisfy the above

relation. This leads to the following algorithm for testing primality: Given a number n, pick a

random number a < n and compute the remainder of an modulo n. If the result is not equal

to a, then n is certainly not prime. If it is a, then chances are good that n is prime. Now pick

another random number a and test it with the same method. If it also satis�es the equation,

then we can be even more con�dent that n is prime. By trying more and more values of a, we

can increase our con�dence in the result. This algorithm is known as the Fermat test.

To implement the Fermat test, we need a function that computes the exponential of a number

modulo another number:

Ifunction expmod(base, exp, m) {

return exp === 0

? 1

: is_even(exp)

? square(expmod(base, exp / 2, m)) % m

: (base * expmod(base, exp - 1, m)) % m;

}

This is very similar to the fast_expt function of section 1.2.4. It uses successive squaring,

so that the number of steps grows logarithmically with the exponent.
42

41
Pierre de Fermat (1601–1665) is considered to be the founder of modern number theory. He obtained many

important number-theoretic results, but he usually announced just the results, without providing his proofs.

Fermat’s Little Theorem was stated in a letter he wrote in 1640. The �rst published proof was given by Euler

in 1736 (and an earlier, identical proof was discovered in the unpublished manuscripts of Leibniz). The most

famous of Fermat’s results—known as Fermat’s Last Theorem—was jotted down in 1637 in his copy of the book

Arithmetic (by the third-century Greek mathematician Diophantus) with the remark “I have discovered a truly

remarkable proof, but this margin is too small to contain it.” Finding a proof of Fermat’s Last Theorem became

one of the most famous challenges in number theory. A complete solution was �nally given in 1995 by Andrew

Wiles of Princeton University.

42
The reduction steps in the cases where the exponent e is greater than 1 are based on the fact that, for any

integers x , y, and m, we can �nd the remainder of x times y modulo m by computing separately the remainders

of x modulo m and y modulo m, multiplying these, and then taking the remainder of the result modulo m. For

instance, in the case where e is even, we compute the remainder of be/2 modulo m, square this, and take the

remainder modulom. This technique is useful because it means we can perform our computation without ever

having to deal with numbers much larger thanm. (Compare exercise 1.25.)
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The Fermat test is performed by choosing at random a numbera between 1 andn−1 inclusive

and checking whether the remainder modulo n of the nth power of a is equal to a. The random

number a is chosen using the function random, which we assume is included as a primitive

in JavaScript. The function random returns a nonnegative integer less than its integer input.

Hence, to obtain a random number between 1 and n − 1, we call random with an input of n − 1

and add 1 to the result:

Ifunction fermat_test(n) {

function try_it(a) {

return expmod(a, n, n) === a;

}

return try_it(1 + random(n - 1));

}

The following function runs the test a given number of times, as speci�ed by a parameter.

Its value is true if the test succeeds every time, and false otherwise.

Ifunction fast_is_prime(n, times) {

return times === 0

? true

: fermat_test(n)

? fast_is_prime(n, times - 1)

: false;

}

Probabilistic methods

The Fermat test di�ers in character from most familiar algorithms, in which one computes an

answer that is guaranteed to be correct. Here, the answer obtained is only probably correct.

More precisely, if n ever fails the Fermat test, we can be certain that n is not prime. But the

fact that n passes the test, while an extremely strong indication, is still not a guarantee that n

is prime. What we would like to say is that for any number n, if we perform the test enough

times and �nd that n always passes the test, then the probability of error in our primality test

can be made as small as we like.

Unfortunately, this assertion is not quite correct. There do exist numbers that fool the Fermat

test: numbers n that are not prime and yet have the property that an is congruent to a modulo

n for all integers a < n. Such numbers are extremely rare, so the Fermat test is quite reliable

in practice.
43

43
Numbers that fool the Fermat test are called Carmichael numbers, and little is known about them other than

that they are extremely rare. There are 255 Carmichael numbers below 100,000,000. The smallest few are 561,

1105, 1729, 2465, 2821, and 6601. In testing primality of very large numbers chosen at random, the chance of

stumbling upon a value that fools the Fermat test is less than the chance that cosmic radiation will cause the

computer to make an error in carrying out a “correct” algorithm. Considering an algorithm to be inadequate for

the �rst reason but not for the second illustrates the di�erence between mathematics and engineering.
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There are variations of the Fermat test that cannot be fooled. In these tests, as with the

Fermat method, one tests the primality of an integer n by choosing a random integer a < n

and checking some condition that depends upon n and a. (See exercise 1.28 for an example of

such a test.) On the other hand, in contrast to the Fermat test, one can prove that, for any n,

the condition does not hold for most of the integers a < n unless n is prime. Thus, if n passes

the test for some random choice of a, the chances are better than even that n is prime. If n

passes the test for two random choices of a, the chances are better than 3 out of 4 that n is

prime. By running the test with more and more randomly chosen values of a we can make the

probability of error as small as we like.

The existence of tests for which one can prove that the chance of error becomes arbitrar-

ily small has sparked interest in algorithms of this type, which have come to be known as

probabilistic algorithms. There is a great deal of research activity in this area, and probabilistic

algorithms have been fruitfully applied to many �elds.
44

Exercise 1.21

Use the smallest_divisor function to �nd the smallest divisor of each of the following num-

bers: 199, 1999, 19999.

Exercise 1.22

Assume a primitive function get_time of no arguments that whenever it is called returns

the number of milliseconds that passed since 00:00:00 UTC Thursday, 1 January 1970.
45

The

following timed_prime_test function, when called with an integer n, prints n and checks to

see if n is prime. If n is prime, the function prints three asterisks
46

followed by the amount of

time used in performing the test.

Ifunction timed_prime_test(n) {

display(n);

return start_prime_test(n, get_time());

}

44
One of the most striking applications of probabilistic prime testing has been to the �eld of cryptography.

Although it is now computationally infeasible to factor an arbitrary 200-digit number, the primality of such

a number can be checked in a few seconds with the Fermat test. This fact forms the basis of a technique for

constructing “unbreakable codes” suggested by Rivest, Shamir, and Adleman (1977). The resulting RSA algorithm
has become a widely used technique for enhancing the security of electronic communications. Because of this and

related developments, the study of prime numbers, once considered the epitome of a topic in “pure” mathematics

to be studied only for its own sake, now turns out to have important practical applications to cryptography,

electronic funds transfer, and information retrieval.

45
This date is called the UNIX epoch and is part of the speci�cation of functions that deal with time in the

UNIX
TM

operating system.

46
The primitive function display returns its argument, but also prints it. Here " *** " is a string, a sequence

of characters that we pass as argument to the display function. Section 2.3.1 introduces strings more thoroughly.
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function start_prime_test(n, start_time) {

return is_prime(n)

? report_prime(get_time() - start_time)

: true;

}

function report_prime(elapsed_time) {

display(" *** ");

display(elapsed_time);

}

Using this function, write a function search_for_primes that checks the primality of consecu-

tive odd integers in a speci�ed range. Use your function to �nd the three smallest primes larger

than 1000; larger than 10,000; larger than 100,000; larger than 1,000,000. Note the time needed

to test each prime. Since the testing algorithm has order of growth of Θ(
√
n), you should expect

that testing for primes around 10,000 should take about

√
10 times as long as testing for primes

around 1000. Do your timing data bear this out? How well do the data for 100,000 and 1,000,000

support the

√
n prediction? Is your result compatible with the notion that programs on your

machine run in time proportional to the number of steps required for the computation?

Exercise 1.23

The smallest_divisor function shown at the start of this section does lots of needless testing:

After it checks to see if the number is divisible by 2 there is no point in checking to see if it

is divisible by any larger even numbers. This suggests that the values used for test_divisor

should not be 2, 3, 4, 5, 6, . . . but rather 2, 3, 5, 7, 9, . . . . To implement this change, declare a

function next that returns 3 if its input is equal to 2 and otherwise returns its input plus 2. Mod-

ify the smallest_divisor function to use next(test_divisor) instead of test_divisor + 1.

With timed_prime_test incorporating this modi�ed version of smallest_divisor, run the

test for each of the 12 primes found in exercise 1.22. Since this modi�cation halves the number

of test steps, you should expect it to run about twice as fast. Is this expectation con�rmed? If

not, what is the observed ratio of the speeds of the two algorithms, and how do you explain

the fact that it is di�erent from 2?

Exercise 1.24

Modify the timed_prime_test function of exercise 1.22 to use fast_is_prime (the Fermat

method), and test each of the 12 primes you found in that exercise. Since the Fermat test has

Θ(logn) growth, how would you expect the time to test primes near 1,000,000 to compare with

the time needed to test primes near 1000? Do your data bear this out? Can you explain any

discrepancy you �nd?
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Exercise 1.25

Alyssa P. Hacker complains that we went to a lot of extra work in writing expmod. After all,

she says, since we already know how to compute exponentials, we could have simply written

Ifunction expmod(base, exp, m) {

return fast_expt(base, exp) % m;

}

Is she correct? Would this function serve as well for our fast prime tester? Explain.

Exercise 1.26

Louis Reasoner is having great di�culty doing exercise 1.24. His fast_is_prime test seems

to run more slowly than his is_prime test. Louis calls his friend Eva Lu Ator over to help.

When they examine Louis’s code, they �nd that he has rewritten the expmod function to use

an explicit multiplication, rather than calling square:

Ifunction expmod(base, exp, m) {

return exp === 0

? 1

: is_even(exp)

? expmod(base, exp / 2, m)

* expmod(base, exp / 2, m)

% m

: base

* expmod(base, exp - 1, m)

% m;

}

“I don’t see what di�erence that could make,” says Louis. “I do.” says Eva. “By writing the

function like that, you have transformed the Θ(logn) process into a Θ(n) process.” Explain.

Exercise 1.27

Demonstrate that the Carmichael numbers listed in footnote 43 really do fool the Fermat test.

That is, write a function that takes an integer n and tests whether an is congruent to a modulo

n for every a < n, and try your function on the given Carmichael numbers.

Exercise 1.28

One variant of the Fermat test that cannot be fooled is called the Miller-Rabin test (Miller 1976;

Rabin 1980). This starts from an alternate form of Fermat’s Little Theorem, which states that

if n is a prime number and a is any positive integer less than n, then a raised to the (n − 1)st
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power is congruent to 1 modulo n. To test the primality of a number n by the Miller-Rabin

test, we pick a random number a < n and raise a to the (n − 1)st power modulo n using the

expmod function. However, whenever we perform the squaring step in expmod, we check to see

if we have discovered a “nontrivial square root of 1 modulo n,” that is, a number not equal to

1 or n − 1 whose square is equal to 1 modulo n. It is possible to prove that if such a nontrivial

square root of 1 exists, then n is not prime. It is also possible to prove that if n is an odd number

that is not prime, then, for at least half the numbers a < n, computing an−1
in this way will

reveal a nontrivial square root of 1 modulo n. (This is why the Miller-Rabin test cannot be

fooled.) Modify the expmod function to signal if it discovers a nontrivial square root of 1, and

use this to implement the Miller-Rabin test with a function analogous to fermat_test. Check

your function by testing various known primes and non-primes. Hint: One convenient way

to make expmod signal is to have it return 0.

1.3 Formulating Abstractions with Higher-Order
Functions

We have seen that functions are, in e�ect, abstractions that describe compound operations on

numbers independent of the particular numbers. For example, when we declare

Ifunction cube(x) {

return x * x * x;

}

we are not talking about the cube of a particular number, but rather about a method for obtain-

ing the cube of any number. Of course we could get along without ever declaring this function,

by always writing expressions such as

3 * 3 * 3;

x * x * x;

y * y * y;

and never mentioning cube explicitly. This would place us at a serious disadvantage, forcing

us to work always at the level of the particular operations that happen to be primitives in

the language (multiplication, in this case) rather than in terms of higher-level operations. Our

programs would be able to compute cubes, but our language would lack the ability to express

the concept of cubing. One of the things we should demand from a powerful programming

language is the ability to build abstractions by assigning names to common patterns and then

to work in terms of the abstractions directly. Functions provide this ability. This is why all but

the most primitive programming languages include mechanisms for declaring functions.

Yet even in numerical processing we will be severely limited in our ability to create abstrac-
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tions if we are restricted to functions whose parameters must be numbers. Often the same

programming pattern will be used with a number of di�erent functions. To express such pat-

terns as concepts, we will need to construct functions that can accept functions as arguments

or return functions as values. Functions that manipulate functions are called higher-order
functions. This section shows how higher-order functions can serve as powerful abstraction

mechanisms, vastly increasing the expressive power of our language.

1.3.1 Functions as Arguments

Consider the following three functions. The �rst computes the sum of the integers from a

through b:

Ifunction sum_integers(a, b) {

return a > b

? 0

: a + sum_integers(a + 1, b);

}

The second computes the sum of the cubes of the integers in the given range:

Ifunction sum_cubes(a, b) {

return a > b

? 0

: cube(a) + sum_cubes(a + 1, b);

}

The third computes the sum of a sequence of terms in the series

1

1 · 3
+

1

5 · 7
+

1

9 · 11

+ · · ·

which converges to π/8 (very slowly):
47

Ifunction pi_sum(a, b) {

return a > b

? 0

: 1.0 / (a * (a + 2)) +

pi_sum(a + 4, b);

}

These three functions clearly share a common underlying pattern. They are for the most

part identical, di�ering only in the name of the function, the function of a used to compute

the term to be added, and the function that provides the next value of a. We could generate

each of the functions by �lling in slots in the same template:

47
This series, usually written in the equivalent form

π
4
= 1 − 1

3
+ 1

5
− 1

7
+ · · · , is due to Leibniz. We’ll see how

to use this as the basis for some fancy numerical tricks in section 3.5.3.
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function name(a, b) {

return a > b

? 0

: term(a) + name(next(a), b);

}

The presence of such a common pattern is strong evidence that there is a useful abstraction

waiting to be brought to the surface. Indeed, mathematicians long ago identi�ed the abstraction

of summation of a series and invented “sigma notation,” for example

b∑
n=a

f (n) = f (a) + · · · + f (b)

to express this concept. The power of sigma notation is that it allows mathematicians to deal

with the concept of summation itself rather than only with particular sums—for example,

to formulate general results about sums that are independent of the particular series being

summed.

Similarly, as program designers, we would like our language to be powerful enough so that we

can write a function that expresses the concept of summation itself rather than only functions

that compute particular sums. We can do so readily in our functional language by taking the

common template shown above and transforming the “slots” into parameters:

function sum(term, a, next, b) {

return a > b

? 0

: term(a) + sum(term, next(a), next, b);

}

Notice that sum takes as its arguments the lower and upper bounds a and b together with

the functions term and next. We can use sum just as we would any function. For example, we

can use it (along with a function inc that increments its argument by 1) to de�ne sum_cubes:

Ifunction inc(n) {

return n + 1;

}

function sum_cubes(a, b) {

return sum(cube, a, inc, b);

}

Using this, we can compute the sum of the cubes of the integers from 1 to 10:

Isum_cubes(1, 10);

3025

With the aid of an identity function to compute the term, we can de�ne sum_integers in
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terms of sum:

Ifunction identity(x) {

return x;

}

Ifunction sum_integers(a, b) {

return sum(identity, a, inc, b);

}

Then we can add up the integers from 1 to 10:

Isum_integers(1, 10);

55

We can also declare pi_sum in the same way:
48

Ifunction pi_sum(a, b) {

function pi_term(x) {

return 1.0 / (x * (x + 2));

}

function pi_next(x) {

return x + 4;

}

return sum(pi_term, a, pi_next, b);

}

Using these functions, we can compute an approximation to π :

I8 * pi_sum(1, 1000);

3 .139592655589783

Once we have sum, we can use it as a building block in formulating further concepts. For

instance, the de�nite integral of a function f between the limits a and b can be approximated

numerically using the formula∫ b

a
f =

[
f

(
a +

dx

2

)
+ f

(
a + dx +

dx

2

)
+ f

(
a + 2dx +

dx

2

)
+ · · ·

]
dx

for small values of dx . We can express this directly as a function:

Ifunction integral(f, a, b, dx) {

function add_dx(x) {

return x + dx;

}

return sum(f, a + dx / 2, add_dx, b) * dx;

48
Notice that we have used block structure (section 1.1.8) to embed the declarations of pi_next and pi_term

within pi_sum, since these functions are unlikely to be useful for any other purpose. We will see how to get rid

of them altogether in section 1.3.2.
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}

Iintegral(cube, 0, 1, 0.01);

0 .24998750000000042

Iintegral(cube, 0, 1, 0.001);

0 .249999875000001

(The exact value of the integral of cube between 0 and 1 is 1/4.)

Exercise 1.29

Simpson’s Rule is a more accurate method of numerical integration than the method illustrated

above. Using Simpson’s Rule, the integral of a function f between a and b is approximated as

h

3

[y0 + 4y1 + 2y2 + 4y3 + 2y4 + · · · + 2yn−2 + 4yn−1 + yn]

where h = (b − a)/n, for some even integer n, and yk = f (a + kh). (Increasing n increases

the accuracy of the approximation.) Declare a function that takes as arguments f , a, b, and n

and returns the value of the integral, computed using Simpson’s Rule. Use your function to

integrate cube between 0 and 1 (with n = 100 and n = 1000), and compare the results to those

of the integral function shown above.

Exercise 1.30

The sum function above generates a linear recursion. The function can be rewritten so that the

sum is performed iteratively. Show how to do this by �lling in the missing expressions in the

following declaration:

function sum(term, a, next, b) {

function iter(a, result) {

return 〈??〉

? 〈??〉

: iter(〈??〉, 〈??〉);

}

return iter(〈??〉, 〈??〉);

}

76 Generated 2020-08-18 16:40:02Z

http://source-academy.github.io/playground#chap=4&prgrm=GYVwdgxgLglg9mABBEAjApgCgB4EpEDeAUIqYgE7pQjlLaIBUi9T2A3EQL5GiSwKIAziAC2mKOnIiANIgCGssOmxRZqfMTIUqNJHMQA+RKhJaziAPyIADKfNkAXIglTMc-AGoho8ZJmIlFTdcRWVVY1wObl5oeCQYMAkAc3I5ABtMYFkFY1kAEzxCO0QY-j08vIB9ApwNYq1KalpmRC8Cji1uBp1m4TEs+VbEAsQAekQAJmyK6uw1fCZ2riIE5NSMlAxZa1kARm2AOmtdyKA
http://source-academy.github.io/playground#chap=4&prgrm=GYVwdgxgLglg9mABBEAjApgCgB4EpEDeAUIqYgE7pQjlLaIBUi9T2A3EQL5GiSwKIAziAC2mKOnIiANIgCGssOmxRZqfMTIUqNJHMQA+RKhJaziAPyIADKfNkAXIglTMc-AGoho8ZJmIlFTdcRWVVY1wObl5oeCQYMAkAc3I5ABtMYFkFY1kAEzxCO0QY-j08vIB9ApwNYq1KalpmRC8Cji1uBp1m4TEs+VbEAsQAekQAJmyK6uw1fCZ2riJR8by5Smc4Z3IATxsAOmtrAEZEAHcYKAALRATjcjhzwUkLIgTk1IyUDFlrWROfyO1gmkSAA


Building Abstractions with Functions 1.3.1

Exercise 1.31

a. The sum function is only the simplest of a vast number of similar abstractions that can be

captured as higher-order functions.
49

Write an analogous function called product that

returns the product of the values of a function at points over a given range. Show how

to de�ne factorial in terms of product. Also use product to compute approximations

to π using the formula
50

π

4

=
2 · 4 · 4 · 6 · 6 · 8 · · ·

3 · 3 · 5 · 5 · 7 · 7 · · ·

b. If your product function generates a recursive process, write one that generates an

iterative process. If it generates an iterative process, write one that generates a recursive

process.

Exercise 1.32

a. Show that sum and product (exercise 1.31) are both special cases of a still more gen-

eral notion called accumulate that combines a collection of terms, using some general

accumulation function:

accumulate(combiner, null_value, term, a, next, b);

The function accumulate takes as arguments the same term and range speci�cations as

sum and product, together with a combiner function (of two arguments) that speci�es

how the current term is to be combined with the accumulation of the preceding terms

and a null_value that speci�es what base value to use when the terms run out. Write

accumulate and show how sum and product can both be declared as simple calls to

accumulate.

b. If your accumulate function generates a recursive process, write one that generates an

iterative process. If it generates an iterative process, write one that generates a recursive

process.

49
The intent of exercises 1.31– 1.33 is to demonstrate the expressive power that is attained by using an

appropriate abstraction to consolidate many seemingly disparate operations. However, though accumulation and

�ltering are elegant ideas, our hands are somewhat tied in using them at this point since we do not yet have

data structures to provide suitable means of combination for these abstractions. We will return to these ideas in

section 2.2.3 when we show how to use sequences as interfaces for combining �lters and accumulators to build

even more powerful abstractions. We will see there how these methods really come into their own as a powerful

and elegant approach to designing programs.

50
This formula was discovered by the seventeenth-century English mathematician John Wallis.
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Exercise 1.33

You can obtain an even more general version of accumulate (exercise 1.32) by introducing

the notion of a �lter on the terms to be combined. That is, combine only those terms derived

from values in the range that satisfy a speci�ed condition. The resulting filtered_accumulate

abstraction takes the same arguments as accumulate, together with an additional predicate of

one argument that speci�es the �lter. Write filtered_accumulate as a function. Show how

to express the following using filtered_accumulate:

a. the sum of the squares of the prime numbers in the interval a to b (assuming that you

have a is_prime predicate already written)

b. the product of all the positive integers less than n that are relatively prime to n (i.e., all

positive integers i < n such that GCD(i,n) = 1).

1.3.2 Constructing Functions using Lambda Expressions

In using sum as in section 1.3.1, it seems terribly awkward to have to declare trivial functions

such as pi_term and pi_next just so we can use them as arguments to our higher-order func-

tion. Rather than declare pi_next and pi_term, it would be more convenient to have a way

to directly specify “the function that returns its input incremented by 4” and “the function

that returns the reciprocal of its input times its input plus 2.” We can do this by introducing

lambda expressions as a syntactic form for creating functions. Using lambda expressions, we

can describe what we want as

Ix => x + 4;

and

Ix => 1.0 / (x * (x + 2));

Then our pi_sum function can be expressed without declaring any auxiliary functions as

Ifunction pi_sum(a, b) {

return sum(x => 1.0 / (x * (x + 2)),

a,

x => x + 4,

b);

}

Again using a lambda expression, we can write the integral function without having to

declare the auxiliary function add_dx:

Ifunction integral(f, a, b, dx) {

return sum(f,

a + dx / 2.0,
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x => x + dx,

b)

*

dx;

}

In general, lambda expressions are used to create functions in the same way as function

declarations, except that no name is speci�ed for the function and the return keyword and

curly braces are omitted.
51

( parameters ) => expression

The resulting function is just as much a function as one that is created using a function

declaration statement. The only di�erence is that it has not been associated with any name in

the environment. We consider

Ifunction plus4(x) {

return x + 4;

}

to be equivalent to
52

Iconst plus4 = x => x + 4;

We can read a lambda expression as follows:

x => x + 4x x x x x
the function of an argument x that results in the value plus 4

Like any expression that has a function as its value, a lambda expression can be used as the

function expression in an application such as

I((x, y, z) => x + y + square(z))(1, 2, 3);

12

or, more generally, in any context where we would normally use a function name.
53

Note

51
If there is only one parameter, the parentheses around the parameter list can also be omitted. In section 2.2.4,

we will extend the syntax of lambda expressions to allow blocks as bodies, as in function declaration statements.

52
In JavaScript, there are subtle di�erences between the two versions: Function declaration statements are

“hoisted” (automatically moved) to the beginning of the surrounding block, whereas constant declarations are

not, and names declared with function declaration can be re-assigned using assignment (see chapter 3.1). In this

book, we are avoiding these features and shall treat function declarations as equivalent to the corresponding

constant declaration.

53
It would be clearer and less intimidating to people learning JavaScript if a term more obvious than lambda

expression, such as function de�nition were used. But the convention is very �rmly entrenched, not just for

Lisp and Scheme but also for JavaScript, Java and other languages, no doubt partly due to the in�uence of the

Scheme editions of this book. The notation is adopted from the λ calculus, a mathematical formalism introduced
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that => has lower precedence than function application and thus the parentheses around the

lambda expression are necessary here.

Using const to create local names

Another use of lambda expressions is in creating local names. We often need local names in

our functions other than those that have been bound as parameters. For example, suppose we

wish to compute the function

f (x ,y) = x(1 + xy)2 + y(1 − y) + (1 + xy)(1 − y)

which we could also express as

a = 1 + xy

b = 1 − y

f (x ,y) = xa2 + yb + ab

In writing a function to compute f , we would like to include as local names not only x and y

but also the names of intermediate quantities like a and b. One way to accomplish this is to

use an auxiliary function to bind the local names:

Ifunction f(x, y) {

function f_helper(a, b) {

return x * square(a) +

y * b +

a * b;

}

return f_helper(1 + x * y,

1 - y);

}

Of course, we could use a lambda expression to specify an anonymous function for binding

our local names. The body of f then becomes a single call to that function:

Ifunction f(x,y) {

return ( (a, b) => x * square(a) +

y * b +

a * b

)(1 + x * y, 1 - y);

}

by the mathematical logician Alonzo Church (1941). Church developed the λ calculus to provide a rigorous

foundation for studying the notions of function and function application. The λ calculus has become a basic tool

for mathematical investigations of the semantics of programming languages.
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A more convenient way to declare local names is by using constant declarations within the

body of the function. Using const, the function f can be written as

Ifunction f(x, y) {

const a = 1 + x * y;

const b = 1 - y;

return x * square(a) +

y * b +

a * b;

}

Names that are declared with const inside of a block have the body of the immediately

surrounding block as their scope.
54

Section 4.1.6 shows that declarations of local names can

often be seen as syntactic sugar for applications of lambda expressions that have the declared

names as parameters.

Conditional statements

We have seen that it is often useful to declare names that are local to function declarations.

When functions become big, we should keep the scope of the names as narrow as possible.

Consider for example expmod in exercise 1.26.

Ifunction expmod(base, exp, m) {

return exp === 0

? 1

: is_even(exp)

? expmod(base, exp / 2, m)

* expmod(base, exp / 2, m)

% m

: base

* expmod(base, exp - 1, m)

% m;

54
Note that a name declared in a block using const cannot be used before the declaration fully is evaluated,

not even in the right-hand expression of the declaration itself, and regardless whether the same name is declared

outside of the function. Thus the program

Ifunction h() {
const x = 1;
function i() {

const x = x + 1;
return x;

}
return i();

}
h();
leads to an error, because the x in x + 1 is used before its declaration is fully evaluated. The const declaration

makes sure that the declared name is not used before the evaluation of the declaration is complete, even if it

is declared outside the block already. We will return to this issue in section 4.1.6, after we learn more about

evaluation.
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}

This function is unnecessarily ine�cient, because it contains two identical calls:

Iexpmod(base, exp / 2, m);

While this can be easily �xed in this example using the square function, this is not so easy

in general. Without using square, we would be tempted to introduce a local name for the

expression as follows:

Ifunction expmod(base, exp, m) {

const to_half = expmod(base, exp / 2, m);

return exp === 0

? 1

: is_even(exp)

? to_half * to_half

% m

: base

* expmod(base, exp - 1, m)

% m;

}

This would make the function not just ine�cient, but actually non-terminating! The problem

is that the constant declaration appears outside the conditional expression, which means that

it is executed even when the base case exp === 0 is met. To avoid this situation, we shall

provide for conditional statements, and allow return statements to appear in several branches

of the statement. Using a conditional statement, the function expmod can be written as follows:

Ifunction expmod(base, exp, m) {

if (exp === 0) {

return 1;

} else {

if (is_even(exp)) {

const to_half = expmod(base, exp / 2, m);

return to_half * to_half % m;

} else {

return base * expmod(base, exp - 1, m) % m;

}

}

}

The general form of a conditional statement is

if (predicate) { consequent } else { alternative }

and, like conditional expressions, their evaluation �rst evaluates the predicate. If it evaluates

to true, the interpreter evaluates the consequent statements and if it evaluates to false, the

interpreter evaluates the alternative statements. Note that any constant declarations occurring
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in either part are local to that part, because both are enclosed in curly braces and thus form

their own block.

Exercise 1.34

Suppose we declare

Ifunction f(g) {

return g(2);

}

Then we have

If(square);

4

If(z => z * (z + 1));

6

What happens if we (perversely) ask the interpreter to evaluate the application f(f)? Explain.

1.3.3 Functions as General Methods

We introduced compound functions in section 1.1.4 as a mechanism for abstracting patterns

of numerical operations so as to make them independent of the particular numbers involved.

With higher-order functions, such as the integral function of section 1.3.1, we began to see a

more powerful kind of abstraction: functions used to express general methods of computation,

independent of the particular functions involved. In this section we discuss two more elaborate

examples—general methods for �nding zeros and �xed points of functions—and show how

these methods can be expressed directly as functions.

Finding roots of equations by the half-interval method

The half-interval method is a simple but powerful technique for �nding roots of an equation

f (x) = 0, where f is a continuous function. The idea is that, if we are given points a and b

such that f (a) < 0 < f (b), then f must have at least one zero between a and b. To locate a

zero, let x be the average of a and b and compute f (x). If f (x) > 0, then f must have a zero

between a and x . If f (x) < 0, then f must have a zero between x and b. Continuing in this way,

we can identify smaller and smaller intervals on which f must have a zero. When we reach a

point where the interval is small enough, the process stops. Since the interval of uncertainty is

reduced by half at each step of the process, the number of steps required grows as Θ(log(L/T )),

83 Generated 2020-08-18 16:40:02Z

http://source-academy.github.io/playground#chap=4&prgrm=GYVwdgxgLglg9mABMAFAcwJSIN4ChEEBOAplCIUmigEwYDcuAvkA
http://source-academy.github.io/playground#chap=4&prgrm=GYVwdgxgLglg9mABMAFAcwJSIN4ChEEBOAplCIUmigEwYDcuAvrqJLAogM4COIAhiRQAPLHgJFS5JEMQAqREIbNUPfiXpA
http://source-academy.github.io/playground#chap=4&prgrm=GYVwdgxgLglg9mABMAFAcwJSIN4ChEEBOAplCIUmigEwYDcuAvrqgF6IC8AfIuwFSIU7ANSIAjBnpA


Building Abstractions with Functions 1.3.3

where L is the length of the original interval andT is the error tolerance (that is, the size of the

interval we will consider “small enough”). Here is a function that implements this strategy:
55

Ifunction search(f, neg_point, pos_point) {

const midpoint = average(neg_point,pos_point);

if (close_enough(neg_point, pos_point)) {

return midpoint;

} else {

const test_value = f(midpoint);

if (positive(test_value)) {

return search(f, neg_point, midpoint);

} else if (negative(test_value)) {

return search(f, midpoint, pos_point);

} else {

return midpoint;

}

}

}

We assume that we are initially given the function f together with points at which its values

are negative and positive. We �rst compute the midpoint of the two given points. Next we

check to see if the given interval is small enough, and if so we simply return the midpoint as

our answer. Otherwise, we compute as a test value the value of f at the midpoint. If the test

value is positive, then we continue the process with a new interval running from the original

negative point to the midpoint. If the test value is negative, we continue with the interval from

the midpoint to the positive point. Finally, there is the possibility that the test value is 0, in

which case the midpoint is itself the root we are searching for. To test whether the endpoints

are “close enough” we can use a function similar to the one used in section 1.1.7 for computing

square roots:
56

Ifunction close_enough(x,y) {

return abs(x - y) < 0.001;

}

The function search is awkward to use directly, because we can accidentally give it points at

which f ’s values do not have the required sign, in which case we get a wrong answer. Instead

we will use search via the following function, which checks to see which of the endpoints

has a negative function value and which has a positive value, and calls the search function

accordingly. If the function has the same sign on the two given points, the half-interval method

55
Note that we slightly extend the syntax of conditional statements described in section 1.3.2 by admitting

another conditional statement in place of the block following else.

56
We have used 0.001 as a representative “small” number to indicate a tolerance for the acceptable error in

a calculation. The appropriate tolerance for a real calculation depends upon the problem to be solved and the

limitations of the computer and the algorithm. This is often a very subtle consideration, requiring help from a

numerical analyst or some other kind of magician.
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cannot be used, in which case the function signals an error.
57

Ifunction half_interval_method(f, a, b) {

const a_value = f(a);

const b_value = f(b);

return negative(a_value) && positive(b_value)

? search(f, a, b)

: negative(b_value) && positive(a_value)

? search(f, b, a)

: error("values are not of opposite sign");

}

The following example uses the half-interval method to approximate π as the root between 2

and 4 of sin x = 0:

Ihalf_interval_method(math_sin, 2.0, 4.0);

Here is another example, using the half-interval method to search for a root of the equation

x3 − 2x − 3 = 0 between 1 and 2:

Ihalf_interval_method(

x => x * x * x - 2 * x - 3,

1.0,

2.0);

Finding fixed points of functions

A number x is called a �xed point of a function f if x satis�es the equation f (x) = x . For some

functions f we can locate a �xed point by beginning with an initial guess and applying f

repeatedly,

f (x), f (f (x)), f (f (f (x))), . . .

until the value does not change very much. Using this idea, we can devise a function fixed_point

that takes as inputs a function and an initial guess and produces an approximation to a �xed

point of the function. We apply the function repeatedly until we �nd two successive values

whose di�erence is less than some prescribed tolerance:

Iconst tolerance = 0.00001;

function fixed_point(f, first_guess) {

function close_enough(x, y) {

return abs(x - y) < tolerance;

}

function try_with(guess) {

const next = f(guess);

return close_enough(guess, next)

57
This can be accomplished using error, which takes as argument a string that is printed as error message

along with the number of the program line that gave rise to the call of error.
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? next

: try_with(next);

}

return try_with(first_guess);

}

For example, we can use this method to approximate the �xed point of the cosine function,

starting with 1 as an initial approximation:
58

Ifixed_point(math_cos, 1.0);

0 .7390822985224023

Similarly, we can �nd a solution to the equation y = siny + cosy:

Ifixed_point(

y => math_sin(y) + math_cos(y),

1.0);

1 .2587315962971173

The �xed-point process is reminiscent of the process we used for �nding square roots in

section 1.1.7. Both are based on the idea of repeatedly improving a guess until the result satis�es

some criterion. In fact, we can readily formulate the square-root computation as a �xed-point

search. Computing the square root of some number x requires �nding a y such that y2 = x .

Putting this equation into the equivalent form y = x/y, we recognize that we are looking for

a �xed point of the function
59 y 7→ x/y, and we can therefore try to compute square roots as

Ifunction sqrt(x) {

return fixed_point(y => x / y, 1.0);

}

Unfortunately, this �xed-point search does not converge. Consider an initial guess y1. The

next guess is y2 = x/y1 and the next guess is y3 = x/y2 = x/(x/y1) = y1. This results in an

in�nite loop in which the two guesses y1 and y2 repeat over and over, oscillating about the

answer.

One way to control such oscillations is to prevent the guesses from changing so much. Since

the answer is always between our guess y and x/y, we can make a new guess that is not as

far from y as x/y by averaging y with x/y, so that the next guess after y is
1

2
(y + x/y) instead

of x/y. The process of making such a sequence of guesses is simply the process of looking for

a �xed point of y 7→ 1

2
(y + x/y):

Ifunction sqrt(x) {

58
Try this during a boring lecture: Set your calculator to radians mode and then repeatedly press the cos button

until you obtain the �xed point.

59 7→ (pronounced “maps to”) is the mathematician’s way of writing lambda expressions. y 7→ x/y means

y => x / y, that is, the function whose value at y is x/y.
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return fixed_point(

y => average(y, x / y),

1.0);

}

(Note that y = 1

2
(y + x/y) is a simple transformation of the equation y = x/y; to derive it, add

y to both sides of the equation and divide by 2.)

With this modi�cation, the square-root function works. In fact, if we unravel the de�nitions,

we can see that the sequence of approximations to the square root generated here is precisely

the same as the one generated by our original square-root function of section 1.1.7. This

approach of averaging successive approximations to a solution, a technique we call average
damping, often aids the convergence of �xed-point searches.

Exercise 1.35

Show that the golden ratio ϕ (section 1.2.2) is a �xed point of the transformation x 7→ 1 + 1/x ,

and use this fact to compute ϕ by means of the fixed_point function.

Exercise 1.36

Modify fixed_point so that it prints the sequence of approximations it generates, using the

primitive function display shown in exercise 1.22. Then �nd a solution to xx = 1000 by

�nding a �xed point of x 7→ log(1000)/log(x). (Use the primitive function math_log which

computes natural logarithms.) Compare the number of steps this takes with and without

average damping. (Note that you cannot start fixed_point with a guess of 1, as this would

cause division by log(1) = 0.)

Exercise 1.37

– An in�nite continued fraction is an expression of the form

f =
N1

D1 +
N2

D2 +
N3

D3 + · · ·

As an example, one can show that the in�nite continued fraction expansion with the

Ni and the Di all equal to 1 produces 1/ϕ, where ϕ is the golden ratio (described in

section 1.2.2). One way to approximate an in�nite continued fraction is to truncate the

expansion after a given number of terms. Such a truncation—a so-called k-term �nite
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continued fraction—has the form

N1

D1 +
N2

. . . +
NK

DK

Suppose that n and d are functions of one argument (the term index i) that return the

Ni and Di of the terms of the continued fraction. Declare a function cont_frac such

that evaluating cont_frac(n, d, k) computes the value of the k-term �nite continued

fraction. Check your function by approximating 1/ϕ using

Icont_frac(i => 1.0,

i => 1.0,

k);

for successive values of k. How large must you make k in order to get an approximation

that is accurate to 4 decimal places?

– If your cont_frac function generates a recursive process, write one that generates an

iterative process. If it generates an iterative process, write one that generates a recursive

process.

Exercise 1.38

In 1737, the Swiss mathematician Leonhard Euler published a memoirDe Fractionibus Continuis,
which included a continued fraction expansion for e − 2, where e is the base of the natural

logarithms. In this fraction, the Ni are all 1, and the Di are successively 1, 2, 1, 1, 4, 1, 1, 6, 1, 1,

8, . . . . Write a program that uses your cont_frac function from exercise 1.37 to approximate

e , based on Euler’s expansion.

Exercise 1.39

A continued fraction representation of the tangent function was published in 1770 by the

German mathematician J.H. Lambert:

tanx =
x

1 −
x2

3 −
x2

5 −
x2

. . .

where x is in radians. Declare a function tan_cf(x, k) that computes an approximation to

the tangent function based on Lambert’s formula. As in exercise 1.37, k speci�es the number
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of terms to compute.

1.3.4 Functions as Returned Values

The above examples demonstrate how the ability to pass functions as arguments signi�cantly

enhances the expressive power of our programming language. We can achieve even more

expressive power by creating functions whose returned values are themselves functions.

We can illustrate this idea by looking again at the �xed-point example described at the end

of section 1.3.3. We formulated a new version of the square-root function as a �xed-point

search, starting with the observation that

√
x is a �xed-point of the function y 7→ x/y. Then

we used average damping to make the approximations converge. Average damping is a useful

general technique in itself. Namely, given a function f , we consider the function whose value

at x is equal to the average of x and f (x).

We can express the idea of average damping by means of the following function:

Ifunction average_damp(f) {

return x => average(x, f(x));

}

The function average_damp is a function that takes as its argument a function f and returns

as its value a function (produced by the lambda expression) that, when applied to a number x,

produces the average of x and f(x). For example, applying average_damp to the square func-

tion produces a function whose value at some number x is the average of x and x2
. Applying

this resulting function to 10 returns the average of 10 and 100, or 55:
60

Iaverage_damp(square)(10);

Using average_damp, we can reformulate the square-root function as follows:

Ifunction sqrt(x) {

return fixed_point(average_damp(y => x / y),

1.0);

}

Notice how this formulation makes explicit the three ideas in the method: �xed-point search,

average damping, and the function y 7→ x/y. It is instructive to compare this formulation of

the square-root method with the original version given in section 1.1.7. Bear in mind that

these functions express the same process, and notice how much clearer the idea becomes

when we express the process in terms of these abstractions. In general, there are many ways

to formulate a process as a function. Experienced programmers know how to choose process

60
Observe that this is a combination whose operator is itself a combination. Exercise 1.4 already demonstrated

the ability to form such combinations, but that was only a toy example. Here we begin to see the real need for

such combinations—when applying a function that is obtained as the value returned by a higher-order function.
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formulations that are particularly perspicuous, and where useful elements of the process are

exposed as separate entities that can be reused in other applications. As a simple example

of reuse, notice that the cube root of x is a �xed point of the function y 7→ x/y2
, so we can

immediately generalize our square-root function to one that extracts cube roots:
61

Ifunction cube_root(x) {

return fixed_point(average_damp(y => x / square(y)),

1.0);

}

Newton’s method

When we �rst introduced the square-root function, in section 1.1.7, we mentioned that this

was a special case of Newton’s method. If x 7→ д(x) is a di�erentiable function, then a solution

of the equation д(x) = 0 is a �xed point of the function x 7→ f (x) where

f (x) = x −
д(x)

Dд(x)

and Dд(x) is the derivative of д evaluated at x . Newton’s method is the use of the �xed-point

method we saw above to approximate a solution of the equation by �nding a �xed point of the

function f .
62

For many functions д and for su�ciently good initial guesses for x , Newton’s

method converges very rapidly to a solution of д(x) = 0.
63

In order to implement Newton’s method as a function, we must �rst express the idea of

derivative. Note that “derivative,” like average damping, is something that transforms a function

into another function. For instance, the derivative of the function x 7→ x3
is the function

x 7→ 3x2
. In general, if д is a function and dx is a small number, then the derivative Dд of д is

the function whose value at any number x is given (in the limit of small dx ) by

Dд(x) =
д(x + dx) − д(x)

dx

Thus, we can express the idea of derivative (taking dx to be, say, 0.00001) as the function

Ifunction deriv(g) {

return x => (g(x + dx) - g(x)) / dx;

}

61
See exercise 1.45 for a further generalization.

62
Elementary calculus books usually describe Newton’s method in terms of the sequence of approximations

xn+1 = xn − д(xn)/Dд(xn). Having language for talking about processes and using the idea of �xed points

simpli�es the description of the method.

63
Newton’s method does not always converge to an answer, but it can be shown that in favorable cases each

iteration doubles the number-of-digits accuracy of the approximation to the solution. In such cases, Newton’s

method will converge much more rapidly than the half-interval method.
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along with the declaration

Iconst dx = 0.00001;

Like average_damp, deriv is a function that takes a function as argument and returns a

function as value. For example, to approximate the derivative of x 7→ x3
at 5 (whose exact

value is 75) we can evaluate

Ifunction cube(x) { return x * x * x; }

deriv(cube)(5);

With the aid of deriv, we can express Newton’s method as a �xed-point process:

Ifunction newton_transform(g) {

return x => x - g(x) / deriv(g)(x);

}

function newtons_method(g, guess) {

return fixed_point(newton_transform(g), guess);

}

The newton_transform function expresses the formula at the beginning of this section, and

newtons_method is readily de�ned in terms of this. It takes as arguments a function that

computes the function for which we want to �nd a zero, together with an initial guess. For

instance, to �nd the square root of x , we can use Newton’s method to �nd a zero of the function

y 7→ y2 − x starting with an initial guess of 1.
64

This provides yet another form of the square-

root function:

Ifunction sqrt(x) {

return newtons_method(y => square(y) - x,

1.0);

}

Abstractions and first-class functions

We’ve seen two ways to express the square-root computation as an instance of a more general

method, once as a �xed-point search and once using Newton’s method. Since Newton’s method

was itself expressed as a �xed-point process, we actually saw two ways to compute square

roots as �xed points. Each method begins with a function and �nds a �xed point of some

transformation of the function. We can express this general idea itself as a function:

Ifunction fixed_point_of_transform(g, transform, guess) {

return fixed_point(transform(g), guess);

}

64
For �nding square roots, Newton’s method converges rapidly to the correct solution from any starting point.
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This very general function takes as its arguments a function g that computes some function,

a function that transforms g, and an initial guess. The returned result is a �xed point of the

transformed function.

Using this abstraction, we can recast the �rst square-root computation from this section

(where we look for a �xed point of the average-damped version of y 7→ x/y) as an instance of

this general method:

Ifunction sqrt(x) {

return fixed_point_of_transform(

y => x / y,

average_damp,

1.0);

}

Similarly, we can express the second square-root computation from this section (an instance

of Newton’s method that �nds a �xed point of the Newton transform of y 7→ y2 − x ) as

Ifunction sqrt(x) {

return fixed_point_of_transform(

y => square(y) - x,

newton_transform,

1.0);

}

We began section 1.3 with the observation that compound functions are a crucial abstrac-

tion mechanism, because they permit us to express general methods of computing as explicit

elements in our programming language. Now we’ve seen how higher-order functions permit

us to manipulate these general methods to create further abstractions.

As programmers, we should be alert to opportunities to identify the underlying abstractions

in our programs and to build upon them and generalize them to create more powerful ab-

stractions. This is not to say that one should always write programs in the most abstract way

possible; expert programmers know how to choose the level of abstraction appropriate to their

task. But it is important to be able to think in terms of these abstractions, so that we can be

ready to apply them in new contexts. The signi�cance of higher-order functions is that they

enable us to represent these abstractions explicitly as elements in our programming language,

so that they can be handled just like other computational elements.

In general, programming languages impose restrictions on the ways in which computational

elements can be manipulated. Elements with the fewest restrictions are said to have �rst-class
status. Some of the “rights and privileges” of �rst-class elements are:

65

– They may be referred to using names.

65
The notion of �rst-class status of programming-language elements is due to the British computer scientist

Christopher Strachey (1916–1975).
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– They may be passed as arguments to functions.

– They may be returned as the results of functions.

– They may be included in data structures.
66

JavaScript, unlike other common programming languages, awards functions full �rst-class

status. This poses challenges for e�cient implementation, but the resulting gain in expressive

power is enormous.
67

Exercise 1.40

Declare a function cubic that can be used together with the newtons_method function in

expressions of the form

newtons_method(cubic(a, b, c), 1);

to approximate zeros of the cubic x3 + ax2 + bx + c .

Exercise 1.41

Declare a function double that takes a function of one argument as argument and returns a

function that applies the original function twice. For example, if inc is a function that adds 1

to its argument, then double(inc) should be a function that adds 2. What value is returned by

Idouble(double(double))(inc)(5);

Exercise 1.42

Let f and д be two one-argument functions. The composition f after д is de�ned to be the

function x 7→ f (д(x)). Declare a function compose that implements composition. For example,

if inc is a function that adds 1 to its argument,

Icompose(square, inc)(6);

49

Exercise 1.43

If f is a numerical function and n is a positive integer, then we can form the nth repeated

application of f , which is de�ned to be the function whose value at x is f (f (. . . (f (x)) . . .)). For

66
We’ll see examples of this after we introduce data structures in chapter 2.

67
The major implementation cost of �rst-class functions is that allowing functions to be returned as values

requires reserving storage for a function’s free names even while the function is not executing. In the JavaScript

implementation we will study in section 4.1, these names are stored in the function’s environment.
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example, if f is the function x 7→ x + 1, then the nth repeated application of f is the function

x 7→ x + n. If f is the operation of squaring a number, then the nth repeated application of f

is the function that raises its argument to the 2
n
th power. Write a function that takes as inputs

a function that computes f and a positive integer n and returns the function that computes

the nth repeated application of f . Your function should be able to be used as follows:

Irepeated(square, 2)(5);

Hint: You may �nd it convenient to use compose from exercise 1.42.

Exercise 1.44

The idea of smoothing a function is an important concept in signal processing. If f is a function

and dx is some small number, then the smoothed version of f is the function whose value

at a point x is the average of f (x − dx), f (x), and f (x + dx). Write a function smooth that

takes as input a function that computes f and returns a function that computes the smoothed

f . It is sometimes valuable to repeatedly smooth a function (that is, smooth the smoothed

function, and so on) to obtained the n-fold smoothed function. Show how to generate the n-fold

smoothed function of any given function using smooth and repeated from exercise 1.43.

Exercise 1.45

We saw in section 1.3.3 that attempting to compute square roots by naively �nding a �xed point

ofy 7→ x/y does not converge, and that this can be �xed by average damping. The same method

works for �nding cube roots as �xed points of the average-damped y 7→ x/y2
. Unfortunately,

the process does not work for fourth roots—a single average damp is not enough to make a

�xed-point search for y 7→ x/y3
converge. On the other hand, if we average damp twice (i.e.,

use the average damp of the average damp of y 7→ x/y3
) the �xed-point search does converge.

Do some experiments to determine how many average damps are required to compute nth

roots as a �xed-point search based upon repeated average damping of y 7→ x/yn−1
. Use this to

implement a simple function for computing nth roots using fixed_point, average_damp, and

the repeated function of exercise 1.43. Assume that any arithmetic operations you need are

available as primitives.

Exercise 1.46

Several of the numerical methods described in this chapter are instances of an extremely

general computational strategy known as iterative improvement. Iterative improvement says

that, to compute something, we start with an initial guess for the answer, test if the guess is

good enough, and otherwise improve the guess and continue the process using the improved
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guess as the new guess. Write a function iterative_improve that takes two functions as

arguments: a method for telling whether a guess is good enough and a method for improving a

guess. The function iterative_improve should return as its value a function that takes a guess

as argument and keeps improving the guess until it is good enough. Rewrite the sqrt function

of section 1.1.7 and the fixed_point function of section 1.3.3 in terms of iterative_improve.
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Chapter 2

Building Abstractions with Data

We now come to the decisive step of mathematical abstraction: we forget

about what the symbols stand for. . . . [The mathematician] need not

be idle; there are many operations which he may carry out with these

symbols, without ever having to look at the things they stand for.

— Hermann Weyl, The Mathematical Way of Thinking

We concentrated in chapter 1 on computational processes and on the role of functions in

program design. We saw how to use primitive data (numbers) and primitive operations (arith-

metic operations), how to combine functions to form compound functions through composi-

tion, conditionals, and the use of parameters, and how to abstract processes by using function

declarations. We saw that a function can be regarded as a pattern for the local evolution of a

process, and we classi�ed, reasoned about, and performed simple algorithmic analyses of some

common patterns for processes as embodied in functions. We also saw that higher-order func-

tions enhance the power of our language by enabling us to manipulate, and thereby to reason

in terms of, general methods of computation. This is much of the essence of programming.

In this chapter we are going to look at more complex data. All the functions in chapter 1

operate on simple numerical data, and simple data are not su�cient for many of the problems

we wish to address using computation. Programs are typically designed to model complex

phenomena, and more often than not one must construct computational objects that have

several parts in order to model real-world phenomena that have several aspects. Thus, whereas

our focus in chapter 1 was on building abstractions by combining functions to form compound

functions, we turn in this chapter to another key aspect of any programming language: the

means it provides for building abstractions by combining data objects to form compound data.

Why do we want compound data in a programming language? For the same reasons that

97



we want compound functions: to elevate the conceptual level at which we can design our

programs, to increase the modularity of our designs, and to enhance the expressive power of

our language. Just as the ability to declare functions enables us to deal with processes at a

higher conceptual level than that of the primitive operations of the language, the ability to

construct compound data objects enables us to deal with data at a higher conceptual level than

that of the primitive data objects of the language.

Consider the task of designing a system to perform arithmetic with rational numbers. We

could imagine an operation add_rat that takes two rational numbers and produces their sum.

In terms of simple data, a rational number can be thought of as two integers: a numerator and

a denominator. Thus, we could design a program in which each rational number would be

represented by two integers (a numerator and a denominator) and where add_rat would be

implemented by two functions (one producing the numerator of the sum and one producing

the denominator). But this would be awkward, because we would then need to explicitly keep

track of which numerators corresponded to which denominators. In a system intended to

perform many operations on many rational numbers, such bookkeeping details would clutter

the programs substantially, to say nothing of what they would do to our minds. It would

be much better if we could “glue together” a numerator and denominator to form a pair—a

compound data object—that our programs could manipulate in a way that would be consistent

with regarding a rational number as a single conceptual unit.

The use of compound data also enables us to increase the modularity of our programs. If we

can manipulate rational numbers directly as objects in their own right, then we can separate

the part of our program that deals with rational numbers per se from the details of how rational

numbers may be represented as pairs of integers. The general technique of isolating the parts

of a program that deal with how data objects are represented from the parts of a program that

deal with how data objects are used is a powerful design methodology called data abstraction.

We will see how data abstraction makes programs much easier to design, maintain, and modify.

The use of compound data leads to a real increase in the expressive power of our program-

ming language. Consider the idea of forming a “linear combination” ax +by. We might like to

write a function that would accept a, b, x , and y as arguments and return the value of ax + by.

This presents no di�culty if the arguments are to be numbers, because we can readily declare

the function

Ifunction linear_combination(a, b, x, y) {

return a * x + b * y;

}

But suppose we are not concerned only with numbers. Suppose we would like to describe a

process that forms linear combinations whenever addition and multiplication are de�ned—for

rational numbers, complex numbers, polynomials, or whatever. We could express this as a
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function of the form

function linear_combination(a, b, x, y) {

return add(mul(a, x), mul(b, y));

}

where add and mul are not the primitive functions + and * but rather more complex things

that will perform the appropriate operations for whatever kinds of data we pass in as the

arguments a, b, x, and y. The key point is that the only thing linear_combination should need

to know about a, b, x, and y is that the functions add and mul will perform the appropriate

manipulations. From the perspective of the function linear_combination, it is irrelevant what

a, b, x, and y are and even more irrelevant how they might happen to be represented in terms

of more primitive data. This same example shows why it is important that our programming

language provide the ability to manipulate compound objects directly: Without this, there is

no way for a function such as linear_combination to pass its arguments along to add and mul

without having to know their detailed structure.
1

We begin this chapter by implementing the rational-number arithmetic system mentioned

above. This will form the background for our discussion of compound data and data abstraction.

As with compound functions, the main issue to be addressed is that of abstraction as a technique

for coping with complexity, and we will see how data abstraction enables us to erect suitable

abstraction barriers between di�erent parts of a program.

We will see that the key to forming compound data is that a programming language should

provide some kind of “glue” so that data objects can be combined to form more complex

data objects. There are many possible kinds of glue. Indeed, we will discover how to form

compound data using no special “data” operations at all, only functions. This will further blur

the distinction between “ function ” and “data,” which was already becoming tenuous toward

the end of chapter 1. We will also explore some conventional techniques for representing

sequences and trees. One key idea in dealing with compound data is the notion of closure—that

the glue we use for combining data objects should allow us to combine not only primitive data

objects, but compound data objects as well. Another key idea is that compound data objects can

serve as conventional interfaces for combining program modules in mix-and-match ways. We

illustrate some of these ideas by presenting a simple graphics language that exploits closure.

We will then augment the representational power of our language by introducing symbolic

1
The ability to directly manipulate functions provides an analogous increase in the expressive power of a

programming language. For example, in section 1.3.1 we introduced the sum function, which takes a function

term as an argument and computes the sum of the values of term over some speci�ed interval. In order to de�ne

sum, it is crucial that we be able to speak of a function such as term as an entity in its own right, without regard

for how term might be expressed with more primitive operations. Indeed, if we did not have the notion of “a

function”, it is doubtful that we would ever even think of the possibility of de�ning an operation such as sum.

Moreover, insofar as performing the summation is concerned, the details of how term may be constructed from

more primitive operations are irrelevant.
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expressions—data whose elementary parts can be arbitrary symbols rather than only numbers.

We explore various alternatives for representing sets of objects. We will �nd that, just as a given

numerical function can be computed by many di�erent computational processes, there are

many ways in which a given data structure can be represented in terms of simpler objects, and

the choice of representation can have signi�cant impact on the time and space requirements of

processes that manipulate the data. We will investigate these ideas in the context of symbolic

di�erentiation, the representation of sets, and the encoding of information.

Next we will take up the problem of working with data that may be represented di�erently

by di�erent parts of a program. This leads to the need to implement generic operations, which

must handle many di�erent types of data. Maintaining modularity in the presence of generic

operations requires more powerful abstraction barriers than can be erected with simple data

abstraction alone. In particular, we introduce data-directed programming as a technique that

allows individual data representations to be designed in isolation and then combined additively
(i.e., without modi�cation). To illustrate the power of this approach to system design, we

close the chapter by applying what we have learned to the implementation of a package for

performing symbolic arithmetic on polynomials, in which the coe�cients of the polynomials

can be integers, rational numbers, complex numbers, and even other polynomials.

2.1 Introduction to Data Abstraction

In section 1.1.8, we noted that a function used as an element in creating a more complex

function could be regarded not only as a collection of particular operations but also as a

functional abstraction. That is, the details of how the function was implemented could be

suppressed, and the particular function itself could be replaced by any other function with the

same overall behavior. In other words, we could make an abstraction that would separate the

way the function would be used from the details of how the function would be implemented

in terms of more primitive functions. The analogous notion for compound data is called data
abstraction. Data abstraction is a methodology that enables us to isolate how a compound data

object is used from the details of how it is constructed from more primitive data objects.

The basic idea of data abstraction is to structure the programs that are to use compound data

objects so that they operate on “abstract data.” That is, our programs should use data in such a

way as to make no assumptions about the data that are not strictly necessary for performing

the task at hand. At the same time, a “concrete” data representation is de�ned independent of

the programs that use the data. The interface between these two parts of our system will be a

set of functions, called selectors and constructors, that implement the abstract data in terms of

the concrete representation. To illustrate this technique, we will consider how to design a set

of functions for manipulating rational numbers.
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2.1.1 Example: Arithmetic Operations for Rational Numbers

Suppose we want to do arithmetic with rational numbers. We want to be able to add, subtract,

multiply, and divide them and to test whether two rational numbers are equal.

Let us begin by assuming that we already have a way of constructing a rational number

from a numerator and a denominator. We also assume that, given a rational number, we have

a way of extracting (or selecting) its numerator and its denominator. Let us further assume

that the constructor and selectors are available as functions:

– make_rat(n, d) returns the rational number whose numerator is the integer n and

whose denominator is the integer d .

– numer(x) returns the numerator of the rational number x .

– denom(x) returns the denominator of the rational number x .

We are using here a powerful strategy of synthesis: wishful thinking. We haven’t yet said

how a rational number is represented, or how the functions numer, denom, and make_rat should

be implemented. Even so, if we did have these three functions, we could then add, subtract,

multiply, divide, and test equality by using the following relations:

n1

d1

+
n2

d2

=
n1d2 + n2d1

d1d2

n1

d1

−
n2

d2

=
n1d2 − n2d1

d1d2

n1

d1

·
n2

d2

=
n1n2

d1d2

n1/d1

n2/d2

=
n1d2

d1n2

n1

d1

=
n2

d2

if and only if n1d2 = n2d1

We can express these rules as functions:

function add_rat(x, y) {

return make_rat(numer(x) * denom(y) + numer(y) * denom(x),

denom(x) * denom(y));

}

function sub_rat(x, y) {

return make_rat(numer(x) * denom(y) - numer(y) * denom(x),

denom(x) * denom(y));
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}

function mul_rat(x, y) {

return make_rat(numer(x) * numer(y),

denom(x) * denom(y));

}

function div_rat(x, y) {

return make_rat(numer(x) * denom(y),

denom(x) * numer(y));

}

function equal_rat(x, y) {

return numer(x) * denom(y) === numer(y) * denom(x);

}

Now we have the operations on rational numbers de�ned in terms of the selector and con-

structor functions numer, denom, and make_rat. But we haven’t yet de�ned these. What we

need is some way to glue together a numerator and a denominator to form a rational number.

Pairs

To enable us to implement the concrete level of our data abstraction, our JavaScript environ-

ment provides a compound structure called a pair, which can be constructed with the function

pair. This function takes two arguments and returns a compound data object that contains

the two arguments as parts. Given a pair, we can extract the parts using the functions head

and tail. Thus, we can use pair, head, and tail as follows:

Iconst x = pair(1, 2);

Ihead(x);

1

Itail(x);

2

Notice that a pair is a data object that can be given a name and manipulated, just like a

primitive data object. Moreover, pair can be used to form pairs whose elements are pairs, and

so on:

Iconst x = pair(1, 2);

const y = pair(3, 4);

const z = pair(x, y);

Ihead(head(z));

1

Ihead(tail(z));
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3

In section 2.2 we will see how this ability to combine pairs means that pairs can be used

as general-purpose building blocks to create all sorts of complex data structures. The single

compound-data primitive pair, implemented by the functions pair, head, and tail, is the only

glue we need. Data objects constructed from pairs are called list-structured data.

Representing rational numbers

Pairs o�er a natural way to complete the rational-number system. Simply represent a rational

number as a pair of two integers: a numerator and a denominator. Then make_rat, numer, and

denom are readily implemented as follows:
2

Ifunction make_rat(n, d) {

return pair(n, d);

}

function numer(x) {

return head(x);

}

function denom(x) {

return tail(x);

}

Also, in order to display the results of our computations, we can print rational numbers by

printing the numerator, a slash, and the denominator:
3

Ifunction print_rat(x) {

display(numer(x));

display("/");

display(denom(x));

}

Now we can try our rational-number functions:

2
Another way to de�ne the selectors and constructor is

const make_rat = pair;
const numer = head;
const denom = tail;
The �rst de�nition associates the name make_rat with the value of the expression pair, which is the primitive

function that constructs pairs. Thus make_rat and pair are names for the same primitive constructor.

De�ning selectors and constructors in this way is e�cient: Instead of make_rat calling pair, make_rat is pair,

so there is only one function called, not two, when make_rat is called. On the other hand, doing this defeats

debugging aids that trace function calls or put breakpoints on function calls: You may want to watch make_rat
being called, but you certainly don’t want to watch every call to pair.

We have chosen not to use this style of de�nition in this book.

3
The primitive function display introduced in exercise 1.22 returns its argument, but in the uses of print_rat

below, we show only what the interpreter prints as the value returned by print_rat.
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Iconst one_half = make_rat(1, 2);

print_rat(one_half);

1 / 2

const one_third = make_rat(1, 3);

Iprint_rat(add_rat(one_half, one_third));

5 / 6

Iprint_rat(mul_rat(one_half, one_third));

1 / 6

Iprint_rat(add_rat(one_third, one_third));

6 / 9

As the �nal example shows, our rational-number implementation does not reduce rational

numbers to lowest terms. We can remedy this by changing make_rat. If we have a gcd function

like the one in section 1.2.5 that produces the greatest common divisor of two integers, we can

use gcd to reduce the numerator and the denominator to lowest terms before constructing the

pair:

Ifunction make_rat(n, d) {

const g = gcd(n, d);

return pair(n / g, d / g);

}

Now we have

Iprint_rat(add_rat(one_third, one_third));

2 / 3

as desired. This modi�cation was accomplished by changing the constructor make_rat with-

out changing any of the functions (such as add_rat and mul_rat) that implement the actual

operations.

Exercise 2.1

De�ne a better version of make_rat that handles both positive and negative arguments. The

function make_rat should normalize the sign so that if the rational number is positive, both

the numerator and denominator are positive, and if the rational number is negative, only the

numerator is negative.
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2.1.2 Abstraction Barriers

Before continuing with more examples of compound data and data abstraction, let us consider

some of the issues raised by the rational-number example. We de�ned the rational-number

operations in terms of a constructor make_rat and selectors numer and denom. In general, the

underlying idea of data abstraction is to identify for each type of data object a basic set of

operations in terms of which all manipulations of data objects of that type will be expressed,

and then to use only those operations in manipulating the data.

We can envision the structure of the rational-number system as shown in �gure 2.1. The

horizontal lines represent abstraction barriers that isolate di�erent “levels” of the system. At

each level, the barrier separates the programs (above) that use the data abstraction from the

programs (below) that implement the data abstraction. Programs that use rational numbers ma-

nipulate them solely in terms of the functions supplied “for public use” by the rational-number

package: add_rat, sub_rat, mul_rat, div_rat, and equal_rat. These, in turn, are implemented

solely in terms of the constructor and selectors make_rat, numer, and denom, which themselves

are implemented in terms of pairs. The details of how pairs are implemented are irrelevant to

the rest of the rational-number package so long as pairs can be manipulated by the use of pair,

head, and tail. In e�ect, functions at each level are the interfaces that de�ne the abstraction

barriers and connect the di�erent levels.

Programs that use rational numbers

Rational numbers in problem domain

add_rat  sub_rat  ...

Rational numbers as numerators and denominators

make_rat  numer  denom

Rational numbers as pairs

pair  head  tail

However pairs are implemented

Figure 2.1: Data-abstraction barriers in the rational-number package.

This simple idea has many advantages. One advantage is that it makes programs much eas-

ier to maintain and to modify. Any complex data structure can be represented in a variety of

ways with the primitive data structures provided by a programming language. Of course, the

choice of representation in�uences the programs that operate on it; thus, if the representation
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were to be changed at some later time, all such programs might have to be modi�ed accord-

ingly. This task could be time-consuming and expensive in the case of large programs unless

the dependence on the representation were to be con�ned by design to a very few program

modules.

For example, an alternate way to address the problem of reducing rational numbers to lowest

terms is to perform the reduction whenever we access the parts of a rational number, rather

than when we construct it. This leads to di�erent constructor and selector functions:

Ifunction make_rat(n, d) {

return pair(n, d);

}

function numer(x) {

const g = gcd(head(x), tail(x));

return head(x) / g;

}

function denom(x) {

const g = gcd(head(x), tail(x));

return tail(x) / g;

}

The di�erence between this implementation and the previous one lies in when we compute

the gcd. If in our typical use of rational numbers we access the numerators and denominators

of the same rational numbers many times, it would be preferable to compute the gcd when

the rational numbers are constructed. If not, we may be better o� waiting until access time

to compute the gcd. In any case, when we change from one representation to the other, the

functions add_rat, sub_rat, and so on do not have to be modi�ed at all.

Constraining the dependence on the representation to a few interface functions helps us

design programs as well as modify them, because it allows us to maintain the �exibility to

consider alternate implementations. To continue with our simple example, suppose we are

designing a rational-number package and we can’t decide initially whether to perform the gcd

at construction time or at selection time. The data-abstraction methodology gives us a way to

defer that decision without losing the ability to make progress on the rest of the system.

Exercise 2.2

Consider the problem of representing line segments in a plane. Each segment is represented as

a pair of points: a starting point and an ending point. Declare a constructor make_segment and

selectors start_segment and end_segment that de�ne the representation of segments in terms

of points. Furthermore, a point can be represented as a pair of numbers: the x coordinate and

the y coordinate. Accordingly, specify a constructor make_point and selectors x_point and

y_point that de�ne this representation. Finally, using your selectors and constructors, declare
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a function midpoint_segment that takes a line segment as argument and returns its midpoint

(the point whose coordinates are the average of the coordinates of the endpoints). To try your

functions, you’ll need a way to print points:

function print_point(p) {

display("(");

display(x_point(p));

display(",");

display(y_point(p));

display(")");

}

Exercise 2.3

Implement a representation for rectangles in a plane. (Hint: You may want to make use of

exercise 2.2.) In terms of your constructors and selectors, create functions that compute the

perimeter and the area of a given rectangle. Now implement a di�erent representation for

rectangles. Can you design your system with suitable abstraction barriers, so that the same

perimeter and area functions will work using either representation?

2.1.3 What Is Meant by Data?

We began the rational-number implementation in section 2.1.1 by implementing the rational-

number operations add_rat,sub_rat, and so on in terms of three unspeci�ed functions: make_rat,

numer, and denom. At that point, we could think of the operations as being de�ned in terms of

data objects—numerators, denominators, and rational numbers—whose behavior was speci�ed

by the latter three functions.

But exactly what is meant by data? It is not enough to say “whatever is implemented by the

given selectors and constructors.” Clearly, not every arbitrary set of three functions can serve

as an appropriate basis for the rational-number implementation. We need to guarantee that,

if we construct a rational number x from a pair of integers n and d, then extracting the numer

and the denom of x and dividing them should yield the same result as dividing n by d. In other

words, make_rat, numer, and denom must satisfy the condition that, for any integer n and any

non-zero integer d, if x is make_rat(n,d), then

numer(x)

denom(x)
=

n

d

In fact, this is the only condition make_rat, numer, and denom must ful�ll in order to form a

suitable basis for a rational-number representation. In general, we can think of data as de�ned
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by some collection of selectors and constructors, together with speci�ed conditions that these

functions must ful�ll in order to be a valid representation.
4

This point of view can serve to de�ne not only “high-level” data objects, such as rational

numbers, but lower-level objects as well. Consider the notion of a pair, which we used in order

to de�ne our rational numbers. We never actually said what a pair was, only that the language

supplied functions pair, head, and tail for operating on pairs. But the only thing we need to

know about these three operations is that if we glue two objects together using pair we can

retrieve the objects using head and tail. That is, the operations satisfy the condition that, for

any objects x and y, if z is pair(x, y) then head(z) is x and tail(z) is y. Indeed, we mentioned

that these three functions are included as primitives in our language. However, any triple of

functions that satis�es the above condition can be used as the basis for implementing pairs.

This point is illustrated strikingly by the fact that we could implement pair, head, and tail

without using any data structures at all but only using functions. Here are the de�nitions:
5

Ifunction pair(x, y) {

function dispatch(m) {

return m === 0

? x

: m === 1

? y

: error(m, "Argument not 0 or 1 -- pair");

}

return dispatch;

}

function head(z) {

return z(0);

}

function tail(z) {

return z(1);

}

This use of functions corresponds to nothing like our intuitive notion of what data should

be. Nevertheless, all we need to do to show that this is a valid way to represent pairs is to

4
Surprisingly, this idea is very di�cult to formulate rigorously. There are two approaches to giving such a

formulation. One, pioneered by C. A. R. Hoare (1972), is known as the method of abstract models. It formalizes

the “functions plus conditions” speci�cation as outlined in the rational-number example above. Note that the

condition on the rational-number representation was stated in terms of facts about integers (equality and division).

In general, abstract models de�ne new kinds of data objects in terms of previously de�ned types of data objects.

Assertions about data objects can therefore be checked by reducing them to assertions about previously de�ned

data objects. Another approach, introduced by Zilles at MIT, by Goguen, Thatcher, Wagner, and Wright at IBM (see

Thatcher, Wagner, and Wright 1978), and by Guttag at Toronto (see Guttag 1977), is called algebraic speci�cation.

It regards the “functions” as elements of an abstract algebraic system whose behavior is speci�ed by axioms that

correspond to our “conditions,” and uses the techniques of abstract algebra to check assertions about data objects.

Both methods are surveyed in the paper by Liskov and Zilles (1975).

5
The function error introduced in section 1.3.3 takes as optional second argument a string that gets displayed

before the �rst argument.
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verify that these functions satisfy the condition given above.

The subtle point to notice is that the value returned by pair(x, y) is a function—namely

the internally de�ned function dispatch, which takes one argument and returns either x

or y depending on whether the argument is 0 or 1. Correspondingly, head(z) is de�ned to

apply z to 0. Hence, if z is the function formed by pair(x, y), then z applied to 0 will yield x.

Thus, we have shown that head(pair(x, y)) yields x, as desired. Similarly, tail(pair(x, y))

applies the function returned by pair(x, y) to 1, which returns y. Therefore, this functional

implementation of pairs is a valid implementation, and if we access pairs using only pair, head,

and tail we cannot distinguish this implementation from one that uses “real” data structures.

The point of exhibiting the functional representation of pairs is not that our language works

this way (an e�cient implementation of pairs might use JavaScript’s primitive data structures

of arrays or objects) but that it could work this way. The functional representation, although

obscure, is a perfectly adequate way to represent pairs, since it ful�lls the only conditions that

pairs need to ful�ll. This example also demonstrates that the ability to manipulate functions

as objects automatically provides the ability to represent compound data. This may seem a

curiosity now, but functional representations of data will play a central role in our programming

repertoire. This style of programming is often called message passing, and we will be using it

as a basic tool in chapter 3 when we address the issues of modeling and simulation.

Exercise 2.4

Here is an alternative functional representation of pairs. For this representation, verify that

head(pair(x, y)) yields x for any objects x and y.

Ifunction pair(x, y) {

return m => m(x, y);

}

function head(z) {

return z((p, q) => p);

}

What is the corresponding de�nition of tail? (Hint: To verify that this works, make use of

the substitution model of section 1.1.5.)

Exercise 2.5

Show that we can represent pairs of nonnegative integers using only numbers and arithmetic

operations if we represent the pair a and b as the integer that is the product 2
a
3
b
. Give the

corresponding de�nitions of the functions pair, head, and tail.
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Exercise 2.6

In case representing pairs as functions wasn’t mind-boggling enough, consider that, in a lan-

guage that can manipulate functions, we can get by without numbers (at least insofar as

nonnegative integers are concerned) by implementing 0 and the operation of adding 1 as

Iconst zero = f => x => x;

function add_1(n) {

return f => x => f(n(f)(x));

}

This representation is known as Church numerals, after its inventor, Alonzo Church, the logi-

cian who invented the λ calculus. De�ne one and two directly (not in terms of zero and add_1).

(Hint: Use substitution to evaluate add_1(zero)). Give a direct de�nition of the addition func-

tion plus (not in terms of repeated application of add_1).

2.1.4 Extended Exercise: Interval Arithmetic

Alyssa P. Hacker is designing a system to help people solve engineering problems. One feature

she wants to provide in her system is the ability to manipulate inexact quantities (such as

measured parameters of physical devices) with known precision, so that when computations

are done with such approximate quantities the results will be numbers of known precision.

Electrical engineers will be using Alyssa’s system to compute electrical quantities. It is

sometimes necessary for them to compute the value of a parallel equivalent resistance Rp of

two resistors R1 and R2 using the formula

Rp =
1

1/R1 + 1/R2

Resistance values are usually known only up to some tolerance guaranteed by the manufac-

turer of the resistor. For example, if you buy a resistor labeled “6.8 ohms with 10% tolerance” you

can only be sure that the resistor has a resistance between 6.8−0.68 = 6.12 and 6.8+0.68 = 7.48

ohms. Thus, if you have a 6.8-ohm 10% resistor in parallel with a 4.7-ohm 5% resistor, the re-

sistance of the combination can range from about 2.58 ohms (if the two resistors are at the

lower bounds) to about 2.97 ohms (if the two resistors are at the upper bounds).

Alyssa’s idea is to implement “interval arithmetic” as a set of arithmetic operations for com-

bining “intervals” (objects that represent the range of possible values of an inexact quantity).

The result of adding, subtracting, multiplying, or dividing two intervals is itself an interval,

representing the range of the result.

Alyssa postulates the existence of an abstract object called an “interval” that has two end-
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points: a lower bound and an upper bound. She also presumes that, given the endpoints of an

interval, she can construct the interval using the data constructor make_interval. Alyssa �rst

writes a function for adding two intervals. She reasons that the minimum value the sum could

be is the sum of the two lower bounds and the maximum value it could be is the sum of the

two upper bounds:

Ifunction add_interval(x, y) {

return make_interval(lower_bound(x) + lower_bound(y),

upper_bound(x) + upper_bound(y));

}

Alyssa also works out the product of two intervals by �nding the minimum and the maximum

of the products of the bounds and using them as the bounds of the resulting interval. (math_min

and math_max are primitives that �nd the minimum or maximum of any number of arguments.)

Ifunction mul_interval(x, y) {

const p1 = lower_bound(x) * lower_bound(y);

const p2 = lower_bound(x) * upper_bound(y);

const p3 = upper_bound(x) * lower_bound(y);

const p4 = upper_bound(x) * upper_bound(y);

return make_interval(math_min(p1, p2, p3, p4),

math_max(p1, p2, p3, p4));

}

To divide two intervals, Alyssa multiplies the �rst by the reciprocal of the second. Note that

the bounds of the reciprocal interval are the reciprocal of the upper bound and the reciprocal

of the lower bound, in that order.

Ifunction div_interval(x,y) {

return mul_interval(x, make_interval(1 / upper_bound(y),

1 / lower_bound(y)));

}

Exercise 2.7

Alyssa’s program is incomplete because she has not speci�ed the implementation of the inter-

val abstraction. Here is a de�nition of the interval constructor:

function make_interval(x, y) {

return pair(x, y);

}

De�ne selectors upper_bound and lower_bound to complete the implementation.
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Exercise 2.8

Using reasoning analogous to Alyssa’s, describe how the di�erence of two intervals may be

computed. De�ne a corresponding subtraction function, called sub_interval.

Exercise 2.9

Thewidth of an interval is half of the di�erence between its upper and lower bounds. The width

is a measure of the uncertainty of the number speci�ed by the interval. For some arithmetic

operations the width of the result of combining two intervals is a function only of the widths

of the argument intervals, whereas for others the width of the combination is not a function

of the widths of the argument intervals. Show that the width of the sum (or di�erence) of two

intervals is a function only of the widths of the intervals being added (or subtracted). Give

examples to show that this is not true for multiplication or division.

Exercise 2.10

Ben Bitdiddle, an expert systems programmer, looks over Alyssa’s shoulder and comments

that it is not clear what it means to divide by an interval that spans zero. Modify Alyssa’s

program to check for this condition and to signal an error if it occurs.

Exercise 2.11

In passing, Ben also cryptically comments: “By testing the signs of the endpoints of the in-

tervals, it is possible to break mul_interval into nine cases, only one of which requires more

than two multiplications.” Rewrite this function using Ben’s suggestion.

After debugging her program, Alyssa shows it to a potential user, who complains that her

program solves the wrong problem. He wants a program that can deal with numbers repre-

sented as a center value and an additive tolerance; for example, he wants to work with intervals

such as 3.5 ± 0.15 rather than [3.35, 3.65]. Alyssa returns to her desk and �xes this problem

by supplying an alternate constructor and alternate selectors:

Ifunction make_center_width(c, w) {

return make_interval(c - w, c + w);

}

function center(i) {

return (lower_bound(i) + upper_bound(i)) / 2;

}

function width(i) {

return (upper_bound(i) - lower_bound(i)) / 2;

}
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Unfortunately, most of Alyssa’s users are engineers. Real engineering situations usually in-

volve measurements with only a small uncertainty, measured as the ratio of the width of the

interval to the midpoint of the interval. Engineers usually specify percentage tolerances on

the parameters of devices, as in the resistor speci�cations given earlier.

Exercise 2.12

De�ne a constructor make_center_percent that takes a center and a percentage tolerance

and produces the desired interval. You must also de�ne a selector percent that produces the

percentage tolerance for a given interval. The center selector is the same as the one shown

above.

Exercise 2.13

Show that under the assumption of small percentage tolerances there is a simple formula for

the approximate percentage tolerance of the product of two intervals in terms of the tolerances

of the factors. You may simplify the problem by assuming that all numbers are positive.

After considerable work, Alyssa P. Hacker delivers her �nished system. Several years later,

after she has forgotten all about it, she gets a frenzied call from an irate user, Lem E. Tweakit.

It seems that Lem has noticed that the formula for parallel resistors can be written in two

algebraically equivalent ways:

R1R2

R1 + R2

and

1

1/R1 + 1/R2

He has written the following two programs, each of which computes the parallel-resistors

formula di�erently:

Ifunction par1(r1, r2) {

return div_interval(mul_interval(r1, r2),

add_interval(r1, r2));

}

function par2(r1, r2) {

const one = make_interval(1, 1);

return div_interval(one,

add_interval(div_interval(one, r1),

div_interval(one, r2)));

}

Lem complains that Alyssa’s program gives di�erent answers for the two ways of computing.

This is a serious complaint.
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Exercise 2.14

Demonstrate that Lem is right. Investigate the behavior of the system on a variety of arithmetic

expressions. Make some intervalsA andB, and use them in computing the expressionsA/A and

A/B. You will get the most insight by using intervals whose width is a small percentage of the

center value. Examine the results of the computation in center-percent form (see exercise 2.12).

Exercise 2.15

Eva Lu Ator, another user, has also noticed the di�erent intervals computed by di�erent but

algebraically equivalent expressions. She says that a formula to compute with intervals using

Alyssa’s system will produce tighter error bounds if it can be written in such a form that

no name that represents an uncertain number is repeated. Thus, she says, par2 is a “better”

program for parallel resistances than par1. Is she right? Why?

Exercise 2.16

Explain, in general, why equivalent algebraic expressions may lead to di�erent answers. Can

you devise an interval-arithmetic package that does not have this shortcoming, or is this task

impossible? (Warning: This problem is very di�cult.)

2.2 Hierarchical Data and the Closure Property

As we have seen, pairs provide a primitive “glue” that we can use to construct compound data

objects. Figure 2.2 shows a standard way to visualize a pair—in this case, the pair formed by

pair(1, 2).

21

Figure 2.2: Box-and-pointer representation of pair(1, 2).

In this representation, which is called box-and-pointer notation, each compound object is

shown as a pointer to a box. The box for a pair has two parts, the left part containing the head

of the pair and the right part containing the tail.

We have already seen that pair can be used to combine not only numbers but pairs as well.

(You made use of this fact, or should have, in doing exercises 2.2 and 2.3.) As a consequence,
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pairs provide a universal building block from which we can construct all sorts of data structures.

Figure 2.3 shows two ways to use pairs to combine the numbers 1, 2, 3, and 4.

1

4

2 3

3 4

1 2

pair( pair( 1, 2 ), 
      pair( 3, 4) )

pair( pair( 1,
            pair( 2, 3 ) ),
      4)

Figure 2.3: Two ways to combine 1, 2, 3, and 4 using pairs.

The ability to create pairs whose elements are pairs is the essence of list structure’s im-

portance as a representational tool. We refer to this ability as the closure property of pair. In

general, an operation for combining data objects satis�es the closure property if the results of

combining things with that operation can themselves be combined using the same operation.
6

Closure is the key to power in any means of combination because it permits us to create hier-
archical structures—structures made up of parts, which themselves are made up of parts, and

so on.

From the outset of chapter 1, we’ve made essential use of closure in dealing with functions,

because all but the very simplest programs rely on the fact that the elements of a combination

can themselves be combinations. In this section, we take up the consequences of closure

for compound data. We describe some conventional techniques for using pairs to represent

sequences and trees, and we exhibit a graphics language that illustrates closure in a vivid way.

2.2.1 Representing Sequences

1 42 3

Figure 2.4: The sequence 1, 2, 3, 4 represented as a chain of pairs.

6
The use of the word “closure” here comes from abstract algebra, where a set of elements is said to be closed

under an operation if applying the operation to elements in the set produces an element that is again an element

of the set. The programming languages community also (unfortunately) uses the word “closure” to describe a

totally unrelated concept: A closure is an implementation technique for representing functions with free names.

We do not use the word “closure” in this second sense in this book.
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One of the useful structures we can build with pairs is a sequence—an ordered collection of

data objects. There are, of course, many ways to represent sequences in terms of pairs. One

particularly straightforward representation is illustrated in �gure 2.4, where the sequence 1, 2,

3, 4 is represented as a chain of pairs. The head of each pair is the corresponding item in the

chain, and the tail of the pair is the next pair in the chain. The tail of the �nal pair signals

the end of the sequence by pointing to a distinguished value that is not a pair, represented in

box-and-pointer diagrams as a diagonal line and in programs as JavaScript’s primitive value

null. The entire sequence is constructed by nested pair operations:

Ipair(1,

pair(2,

pair(3,

pair(4, null))));

Such a sequence of pairs, formed by nested pair applications, is called a list, and our JavaScript

environment provides a primitive called list to help in constructing lists.
7

The above sequence could be produced by list(1, 2, 3, 4). In general,

list(a1, a2, . . ., an)

is equivalent to

pair(a1, pair(a2, pair(. . ., pair(an, null). . .)))

Our interpreter prints pairs using a textual representation of box-and-pointer diagrams,

which we shall call box notation. The result of pair(1, 2) is printed as [1, 2], and the data

object in �gure 2.4 is printed as [1, [2, [3, [4, null]]]]:

Iconst one_through_four = list(1, 2, 3, 4);

Box notation is sometimes di�cult to read. When we want to indicate the list nature of a

data structure, we shall often employ the alternative list notation, using the list function: We

simply write applications of list whose evaluation would result in the desired structure. So

for example, instead of the box notation [1, [2, [[3, [4, null]], [5, null]]]] we can

write list(1, 2, list(3, 4), 5) in list notation.

We can think of head as selecting the �rst item in the list, and of tail as selecting the sublist

consisting of all but the �rst item. Nested applications of head and tail can be used to extract

the second, third, and subsequent items in the list. The constructor pair makes a list like the

original one, but with an additional item at the beginning.

Ihead(one_through_four);

1

7
In this book, we use list to mean a chain of pairs terminated by the end-of-list marker. In contrast, the term

list structure refers to any data structure made out of pairs, not just to lists.
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Itail(one_through_four);

[ 2 , [ 3 , [ 4 , nu l l ] ] ]

or in list notation

l i s t ( 2 , 3 , 4 )

Ihead(tail(one_through_four));

2

Ipair(10, one_through_four);

[ 1 0 , [ 1 , [ 2 , [ 3 , [ 4 , nu l l ] ] ] ] ]
( us ing box no ta t i on )

Ipair(5, one_through_four);

l i s t ( 5 , 1 , 2 , 3 , 4 )
( us ing l i s t no ta t i on )

The value null, used to terminate the chain of pairs, can be thought of as a sequence of no

elements, the empty list.8

List operations

The use of pairs to represent sequences of elements as lists is accompanied by conventional

programming techniques for manipulating lists by successively “tailing down” the lists. For

example, the function list_ref takes as arguments a list and a number n and returns the

nth item of the list. It is customary to number the elements of the list beginning with 0. The

method for computing list_ref is the following:

– For n = 0, list_ref should return the head of the list.

– Otherwise, list_ref should return the (n − 1)st item of the tail of the list.

Ifunction list_ref(items, n) {

return n === 0

? head(items)

: list_ref(tail(items), n - 1);

}

Iconst squares = list(1, 4, 9, 16, 25);

list_ref(squares, 3);

8
The value null is used in JavaScript for various purposes, but in this book we shall only use it to represent

the empty list.
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16

Often we tail down the whole list. To aid in this, our JavaScript environment includes a

predicate is_null, which tests whether its argument is the empty list. The function length,

which returns the number of items in a list, illustrates this typical pattern of use:

Ifunction length(items) {

return is_null(items)

? 0

: 1 + length(tail(items));

}

The length function implements a simple recursive plan. The reduction step is:

– The length of any list is 1 plus the length of the tail of the list.

This is applied successively until we reach the base case:

– The length of the empty list is 0.

We could also compute length in an iterative style:

Ifunction length(items) {

function length_iter(a, count) {

return is_null(a)

? count

: length_iter(tail(a), count + 1);

}

return length_iter(items, 0);

}

Another conventional programming technique is to “pair up” an answer list while tailing

down a list, as in the function append, which takes two lists as arguments and combines their

elements to make a new list:

Iappend(squares, odds);

l i s t ( 1 , 4 , 9 , 16 , 25 , 1 , 3 , 5 , 7 )
( l i s t no ta t i on )

Iappend(odds, squares);

[ 1 , [ 3 , [ 5 , [ 7 , [ 1 , [ 4 , [ 9 , [ 1 6 , [ 2 5 , nu l l ] ] ] ] ] ] ] ] ]
( box no ta t i on )

The function append is also implemented using a recursive plan. To append lists list1 and

list2, do the following:

– If list1 is the empty list, then the result is just list2.

– Otherwise, append the tail of list1 and list2, and pair the head of list1 onto the
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result:

Ifunction append(list1, list2) {

return is_null(list1)

? list2

: pair(head(list1), append(tail(list1), list2));

}

Exercise 2.17

De�ne a function last_pair that returns the list that contains only the last element of a given

(nonempty) list:

Ilast_pair(list(23, 72, 149, 34));

[ 3 4 , nu l l ]

Exercise 2.18

De�ne a function reverse that takes a list as argument and returns a list of the same elements

in reverse order:

Ireverse(list(1, 4, 9, 16, 25));

[ 2 5 , [ 1 6 , [ 9 , [ 4 , [ 1 , nu l l ] ] ] ] ]

Exercise 2.19

Consider the change-counting program of section 1.2.2. It would be nice to be able to easily

change the currency used by the program, so that we could compute the number of ways to

change a British pound, for example. As the program is written, the knowledge of the cur-

rency is distributed partly into the function first_denomination and partly into the function

count_change (which knows that there are �ve kinds of U.S. coins). It would be nicer to be

able to supply a list of coins to be used for making change.

We want to rewrite the function cc so that its second argument is a list of the values of the

coins to use rather than an integer specifying which coins to use. We could then have lists

that de�ned each kind of currency:

Iconst us_coins = list(50, 25, 10, 5, 1);

const uk_coins = list(100, 50, 20, 10, 5, 2, 1, 0.5);

We could then call cc as follows:

Icc(100, us_coins);
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To do this will require changing the program cc somewhat. It will still have the same form,

but it will access its second argument di�erently, as follows:

Ifunction cc(amount, coin_values) {

return amount === 0

? 1

: amount < 0 || no_more(coin_values)

? 0

: cc(amount,

except_first_denomination(coin_values))

+

cc(amount - first_denomination(coin_values),

coin_values);

}

De�ne the functions first_denomination, except_first_denomination, and no_more in

terms of primitive operations on list structures. Does the order of the list coin_values a�ect

the answer produced by cc? Why or why not?

Exercise 2.20

In the presence of higher-order functions, it is not strictly necessary for functions to have mul-

tiple parameters; one would su�ce.
9

If we have a function such as plus that naturally requires

two parameters, we could write a variant of the function to which we pass the arguments one

at at time. An application of the variant to the �rst argument could return a function that we

can then apply to the second argument, and so on. This practice—called currying and named

after the American mathematician and logician Haskell Brooks Curry—is quite common in

programming languages such as Haskell
10

and Ocaml. In JavaScript, a curried version of plus

looks as follows.

Ifunction plus_curried(x) {

return y => x + y;

}

Write a function brooks, that takes a curried function as �rst argument and as second argu-

ment a list of arguments to which the curried function is then applied, one by one, in the

given order. For example, the following application of brooks should have the same e�ect as

plus_curried(3)(4).

Ibrooks(plus_curried, list(3, 4));

9
Exercise 2.20 of the original book deals with Scheme operators that take variable numbers of arguments.

This concept exists in JavaScript, but plays a less prominent role and is therefore omitted in this adaptation. The

book adaptors decided to sneak in currying on this occasion.

10
The attentive reader might venture a guess after whom this programming language is named.
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While we are at it, we might as well curry the function brooks! Write a function brooks_curried

that can be applied as follows, to yield the same result 7:

Ibrooks_curried(list(plus_curried, 3, 4));

With this function brooks_curried what are the results of evaluating the following two state-

ments?

Ibrooks_curried(list(brooks_curried,

list(plus_curried, 3, 4)));

Ibrooks_curried(list(brooks_curried,

list(brooks_curried,

list(plus_curried, 3, 4))));

Mapping over lists

One extremely useful operation is to apply some transformation to each element in a list and

generate the list of results. For instance, the following function scales each number in a list by

a given factor:

Ifunction scale_list(items, factor) {

return is_null(items)

? null

: pair(head(items) * factor,

scale_list(tail(items), factor));

}

We can abstract this general idea and capture it as a common pattern expressed as a higher-

order function, just as in section 1.3. The higher-order function here is called map. The function

map takes as arguments a function of one argument and a list, and returns a list of the results

produced by applying the function to each element in the list:

Ifunction map(fun, items) {

return is_null(items)

? null

: pair(fun(head(items)),

map(fun, tail(items)));

}

Imap(abs, list(-10, 2.5, -11.6, 17));

[ 1 0 , [ 2 . 5 , [ 1 1 . 6 , [ 1 7 , nu l l ] ] ] ]

Imap(x => x * x, list(1, 2, 3, 4));

[ 1 , [ 4 , [ 9 , [ 1 6 , nu l l ] ] ] ]

Now we can give a new de�nition of scale_list in terms of map:
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Ifunction scale_list(items, factor) {

return map(x => x * factor, items);

}

The function map is an important construct, not only because it captures a common pat-

tern, but because it establishes a higher level of abstraction in dealing with lists. In the orig-

inal de�nition of scale_list, the recursive structure of the program draws attention to the

element-by-element processing of the list. De�ning scale_list in terms of map suppresses

that level of detail and emphasizes that scaling transforms a list of elements to a list of results.

The di�erence between the two de�nitions is not that the computer is performing a di�erent

process (it isn’t) but that we think about the process di�erently. In e�ect, map helps estab-

lish an abstraction barrier that isolates the implementation of functions that transform lists

from the details of how the elements of the list are extracted and combined. Like the barriers

shown in �gure 2.1, this abstraction gives us the �exibility to change the low-level details of

how sequences are implemented, while preserving the conceptual framework of operations

that transform sequences to sequences. section 2.2.3 expands on this use of sequences as a

framework for organizing programs.

Exercise 2.21

The function square_list takes a list of numbers as argument and returns a list of the squares

of those numbers.

Isquare_list(list(1, 2, 3, 4));

[ 1 , [ 4 , [ 9 , [ 1 6 , nu l l ] ] ] ]

Here are two di�erent de�nitions of square_list. Complete both of them by �lling in the

missing expressions:

Ifunction square_list(items) {

return is_null(items)

? null

: pair(〈??〉, 〈??〉);

}

Ifunction square_list(items) {

return map(〈??〉, 〈??〉);

}

Exercise 2.22

Louis Reasoner tries to rewrite the �rst square_list function of exercise 2.21 so that it evolves

an iterative process:
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Ifunction square_list(items) {

function iter(things, answer) {

return is_null(things)

? answer

: iter(tail(things),

pair(square(head(things)),

answer));

}

return iter(items, null);

}

Unfortunately, de�ning square_list this way produces the answer list in the reverse order of

the one desired. Why? Louis then tries to �x his bug by interchanging the arguments to pair:

Ifunction square_list(items) {

function iter(things, answer) {

return is_null(things)

? answer

: iter(tail(things),

pair(answer,

square(head(things))));

}

return iter(items, null);

}

This doesn’t work either. Explain.

Exercise 2.23

The function for_each is similar to map. It takes as arguments a function and a list of elements.

However, rather than forming a list of the results, for_each just applies the function to each

of the elements in turn, from left to right. The values returned by applying the function to the

elements are not used at all—for_each is used with functions that perform an action, such as

printing. For example,

Ifor_each(x => display(x),

list(57, 321, 88));

57
321
88

The value returned by the call to for_each (not illustrated above) can be something arbitrary,

such as true. Give an implementation of for_each.
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2.2.2 Hierarchical Structures

The representation of sequences in terms of lists generalizes naturally to represent sequences

whose elements may themselves be sequences. For example, we can regard the object

[[1, [2, null]], [3, [4, null]]]

constructed by

Ipair(list(1, 2), list(3, 4));

as a list of three items, the �rst of which is itself a list, [1, [2, null]]. Figure 2.5 shows the

representation of this structure in terms of pairs.

[1, [2, null]]

4

1 2

3

[3, [4, null]][[1, [2, null]], [3, [4, null]]]

Figure 2.5: Structure formed by pair(list(1, 2), list(3, 4)).

Another way to think of sequences whose elements are sequences is as trees. The elements

of the sequence are the branches of the tree, and elements that are themselves sequences are

subtrees. Figure 2.6 shows the structure in �gure 2.5 viewed as a tree.

[[1, [2, []]], [3, [4, []]]]

[1, [2, []]]

3 4

1 2

Figure 2.6: The list structure in �gure 2.5 viewed as a tree.

Recursion is a natural tool for dealing with tree structures, since we can often reduce op-

erations on trees to operations on their branches, which reduce in turn to operations on the

branches of the branches, and so on, until we reach the leaves of the tree. As an example,

compare the length function of section 2.2.1 with the count_leaves function, which returns

the total number of leaves of a tree:
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Iconst x = pair(pair(1, pair(2,null)), pair(3, pair(4,null)));

Ilength(x);

3

Icount_leaves(x);

4

Ilist(x, x);

l i s t ( l i s t ( l i s t ( 1 , 2 ) , 3 , 4 ) ,
l i s t ( l i s t ( 1 , 2 ) , 3 , 4 ) )

Ilength(list(x, x));

2

Icount_leaves(list(x, x));

8

To implement count_leaves, recall the recursive plan for computing length:

– The length of a list x is 1 plus the length of the tail of x.

– The length of the empty list is 0.

The function count_leaves is similar. The value for the empty list is the same:

– count_leaves of the empty list is 0.

But in the reduction step, where we strip o� the head of the list, we must take into account that

the head may itself be a tree whose leaves we need to count. Thus, the appropriate reduction

step is

– count_leaves of a tree x is count_leaves of the head of x plus count_leaves of the tail

of x.

Finally, by taking heads we reach actual leaves, so we need another base case:

– count_leaves of a leaf is 1.

To aid in writing recursive functions on trees, our JavaScript environment provides the prim-

itive predicate is_pair, which tests whether its argument is a pair. Here is the complete

function:

Ifunction count_leaves(x) {

return is_null(x)

? 0

: ! is_pair(x)

? 1
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: count_leaves(head(x)) +

count_leaves(tail(x));

}

Exercise 2.24

Suppose we evaluate the expression list(1, list(2, list(3, 4))). Give the result printed

by the interpreter, the corresponding box-and-pointer structure, and the interpretation of this

as a tree (as in �gure 2.6).

Exercise 2.25

Give combinations of heads and tails that will pick 7 from each of the following lists, given

in list notation:

list(1, 3, list(5, 7), 9)

list(list(7))

list(1, list(2, list(3, list(4, list(5, list(6, 7))))))

Exercise 2.26

Suppose we de�ne x and y to be two lists:

Iconst x = list(1, 2, 3);

const y = list(4, 5, 6);

What result is printed by the interpreter in response to evaluating each of the following ex-

pressions:

Iappend(x, y);

Ipair(x, y);

Ilist(x, y);

Exercise 2.27

Modify your reverse function of exercise 2.18 to produce a deep_reverse function that takes

a list as argument and returns as its value the list with its elements reversed and with all

sublists deep-reversed as well. For example,

Iconst x = list(list(1, 2), list(3, 4));
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Ix;

l i s t ( l i s t ( 1 , 2 ) , l i s t ( 3 , 4 ) )

Ireverse(x);

l i s t ( l i s t ( 3 , 4 ) , l i s t ( 1 , 2 ) )

Ideep_reverse(x);

l i s t ( l i s t ( 4 , 3 ) , l i s t ( 2 , 1 ) )

Exercise 2.28

Write a function fringe that takes as argument a tree (represented as a list) and returns a list

whose elements are all the leaves of the tree arranged in left-to-right order. For example,

Iconst x = list(list(1, 2), list(3, 4));

Ifringe(x);

l i s t ( 1 , 2 , 3 , 4 )

Ifringe(list(x, x));

l i s t ( 1 , 2 , 3 , 4 , 1 , 2 , 3 , 4 )

Exercise 2.29

A binary mobile consists of two branches, a left branch and a right branch. Each branch is a

rod of a certain length, from which hangs either a weight or another binary mobile. We can

represent a binary mobile using compound data by constructing it from two branches (for

example, using list):

Ifunction make_mobile(left, right) {

return list(left, right);

}

A branch is constructed from a length (which must be a number) together with a structure,

which may be either a number (representing a simple weight) or another mobile:

Ifunction make_branch(length, structure) {

return list(length, structure);

}

a. Write the corresponding selectors left_branch and right_branch, which return the

branches of a mobile, and branch_length and branch_structure, which return the com-

ponents of a branch.
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b. Using your selectors, de�ne a function total_weight that returns the total weight of a

mobile.

c. A mobile is said to be balanced if the torque applied by its top-left branch is equal to

that applied by its top-right branch (that is, if the length of the left rod multiplied by the

weight hanging from that rod is equal to the corresponding product for the right side)

and if each of the submobiles hanging o� its branches is balanced. Design a predicate

that tests whether a binary mobile is balanced.

d. Suppose we change the representation of mobiles so that the constructors are

Ifunction make_mobile(left, right) {

return pair(left, right);

}

function make_branch(length, structure) {

return pair(length, structure);

}

How much do you need to change your programs to convert to the new representation?

Mapping over trees

Just as map is a powerful abstraction for dealing with sequences, map together with recursion is

a powerful abstraction for dealing with trees. For instance, the scale_tree function, analogous

to scale_list of section 2.2.1, takes as arguments a numeric factor and a tree whose leaves

are numbers. It returns a tree of the same shape, where each number is multiplied by the factor.

The recursive plan for scale_tree is similar to the one for count_leaves:

Ifunction scale_tree(tree, factor) {

return is_null(tree)

? null

: ! is_pair(tree)

? tree * factor

: pair(scale_tree(head(tree), factor),

scale_tree(tail(tree), factor));

}

Iscale_tree(list(1, list(2, list(3, 4), 5), list(6, 7)),

10);

l i s t ( 1 0 , l i s t ( 2 0 , l i s t ( 3 0 , 4 0 ) , 5 0 ) , l i s t ( 6 0 , 7 0 ) )

Another way to implement scale_tree is to regard the tree as a sequence of sub-trees and

use map. We map over the sequence, scaling each sub-tree in turn, and return the list of results.

In the base case, where the tree is a leaf, we simply multiply by the factor:

Ifunction scale_tree(tree, factor) {

return map(sub_tree => is_pair(sub_tree)

128 Generated 2020-08-18 16:40:02Z

http://source-academy.github.io/playground#chap=4&prgrm=GYVwdgxgLglg9mABAWwIYGsCmB9ZcBGMANpgBQnBQA0iATjAOYAWUAlIgN4BQivtmUELSQAHVDFrlMlGvWZsA3FwC+XUJFgIUGHPlqpITKWAZQmNAM5RaIaEMztuvOgKGjxkkibOXrtwfysSspAA
http://source-academy.github.io/playground#chap=4&prgrm=GYVwdgxgLglg9mABAZwgQwDYFMD6UBOWWAFAUQDSLBrRz4CUiA3gFCLuKFQj5IzI4wIDBlKEs9Nh2kcA-IiEipM6QC5EAQkT8cABzQx8YopJVn5ZLIgBUVGlDrKzHdfsPFUmXJeIALLGgAJsYSlNS0DJROzs6e2HjipAailvRh9nT09ADcLAC+LCxx3okY-FDEAIyUZcgVAEw15cQAzJQALGmIAKxdtRUAbJQA7Fnk0SqVAAw5QA
http://source-academy.github.io/playground#chap=4&prgrm=GYVwdgxgLglg9mABAZwgQwDYFMD6UBOWWAFAUQDSLBrRz4CUiA3gFCLuKFQj5IzI4wIDBlKEs9Nh2kcA-IiEipM6QC5EAQkT8cABzQx8YopJVn5ZLIgBUVGlDrKzHdfsPFUmXJeIALLGgAJsYSlNS0DJROzs6e2HjipAailvRh9nT09ADcLAC+LHHeiRj8UMQAjJSlyOUATNVlxADMlAAsaYgArJ015QBslADsWeTRKhUADDlAA
http://source-academy.github.io/playground#chap=4&prgrm=GYVwdgxgLglg9mABAZwgQwDYFMD6UBOWWAFAUQDSLBrRz4CUiA3gFCLuKFQj5IC2aAA7FkIAEZ5CWRAF4AfIhjIcgtDHwjxkovTYd9Bw0cQB+FOmzaSoiWSyVqtBnuOvjALhRa7iAFRUaKDpKFzd2O3oAbhYAXxYWVExcO2IMJShiAEZKNOQMgCYc9OIAZkoAFnpKAFYqxFyMgDZKAHZ6KtCjTIAGKKA


Building Abstractions with Data 2.2.2

? scale_tree(sub_tree, factor)

: sub_tree * factor,

tree);

}

Many tree operations can be implemented by similar combinations of sequence operations

and recursion.

Exercise 2.30

Declare a function square_tree analogous to the square_list function of exercise 2.21. That

is, square_tree should behave as follows:

Isquare_tree(list(1,

list(2, list(3, 4), 5),

list(6, 7)));

l i s t ( 1 , l i s t ( 4 , l i s t ( 9 , 1 6 ) , 2 5 ) , l i s t ( 3 6 , 4 9 ) ) )

Declare square_tree both directly (i.e., without using any higher-order functions) and also

by using map and recursion.

Exercise 2.31

Abstract your answer to exercise 2.30 to produce a function tree_map with the property that

square_tree could be de�ned as

Ifunction square_tree(tree) {

return tree_map(square, tree);

}

Exercise 2.32

We can represent a set as a list of distinct elements, and we can represent the set of all subsets

of the set as a list of lists. For example, if the set is list(1, 2, 3), then the set of all subsets

looks as follows:

list(null, list(3), list(2), list(2, 3),

list(1), list(1, 3), list(1, 2),

list(1, 2, 3))

Complete the following declaration of a function that generates the set of subsets of a set and

give a clear explanation of why it works:

Ifunction subsets(s) {

if (is_null(s)) {
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return list(null);

} else {

const rest = subsets(tail(s));

return append(rest, map(〈??〉, rest));

}

}

2.2.3 Sequences as Conventional Interfaces

In working with compound data, we’ve stressed how data abstraction permits us to design pro-

grams without becoming enmeshed in the details of data representations, and how abstraction

preserves for us the �exibility to experiment with alternative representations. In this section,

we introduce another powerful design principle for working with data structures—the use of

conventional interfaces.

In section 1.3 we saw how program abstractions, implemented as higher-order functions, can

capture common patterns in programs that deal with numerical data. Our ability to formulate

analogous operations for working with compound data depends crucially on the style in which

we manipulate our data structures. Consider, for example, the following function, analogous

to the count_leaves function of section 2.2.2, which takes a tree as argument and computes

the sum of the squares of the leaves that are odd:

Ifunction sum_odd_squares(tree) {

return is_null(tree)

? 0

: ! is_pair(tree)

? (is_odd(tree) ? square(tree) : 0)

: sum_odd_squares(head(tree))

+

sum_odd_squares(tail(tree));

}

On the surface, this function is very di�erent from the following one, which constructs a

list of all the even Fibonacci numbers Fib(k), where k is less than or equal to a given integer n:

Ifunction even_fibs(n) {

function next(k) {

if (k > n) {

return null;

} else {

const f = fib(k);

return is_even(f)

? pair(f, next(k + 1))

: next(k + 1);

}
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}

return next(0);

}

Despite the fact that these two functions are structurally very di�erent, a more abstract

description of the two computations reveals a great deal of similarity. The �rst program

– enumerates the leaves of a tree;

– �lters them, selecting the odd ones;

– squares each of the selected ones; and

– accumulates the results using +, starting with 0.

The second program

– enumerates the integers from 0 to n;

– computes the Fibonacci number for each integer;

– �lters them, selecting the even ones; and

– accumulates the results using pair, starting with the empty list.

A signal-processing engineer would �nd it natural to conceptualize these processes in terms

of signals �owing through a cascade of stages, each of which implements part of the program

plan, as shown in �gure 2.7. In sum_odd_squares, we begin with an enumerator, which gener-

ates a “signal” consisting of the leaves of a given tree. This signal is passed through a �lter,
which eliminates all but the odd elements. The resulting signal is in turn passed through a

map, which is a “transducer” that applies the square function to each element. The output of

the map is then fed to an accumulator, which combines the elements using +, starting from an

initial 0. The plan for even_fibs is analogous.

enumerate: filter: map: accumulate:

enumerate: map: filter: accumulate:

tree leaves is_odd square +, 0

integers fib is_even pair, null

Figure 2.7: The signal-�ow plans for the functions sum_odd_squares (top) and even_fibs (bot-

tom) reveal the commonality between the two programs.

Unfortunately, the two function declarations above fail to exhibit this signal-�ow structure.

For instance, if we examine the sum_odd_squares function, we �nd that the enumeration is

implemented partly by the is_null and is_pair tests and partly by the tree-recursive structure

of the function. Similarly, the accumulation is found partly in the tests and partly in the addition

used in the recursion. In general, there are no distinct parts of either function that correspond
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to the elements in the signal-�ow description. Our two functions decompose the computations

in a di�erent way, spreading the enumeration over the program and mingling it with the map,

the �lter, and the accumulation. If we could organize our programs to make the signal-�ow

structure manifest in the functions we write, this would increase the conceptual clarity of the

resulting program.

Sequence Operations

The key to organizing programs so as to more clearly re�ect the signal-�ow structure is to

concentrate on the “signals” that �ow from one stage in the process to the next. If we represent

these signals as lists, then we can use list operations to implement the processing at each of

the stages. For instance, we can implement the mapping stages of the signal-�ow diagrams

using the map function from section 2.2.1:

Imap(square, list(1, 2, 3, 4, 5));

l i s t ( 1 , 4 , 9 , 16 , 25 )

Filtering a sequence to select only those elements that satisfy a given predicate is accom-

plished by

Ifunction filter(predicate, sequence) {

return is_null(sequence)

? null

: predicate(head(sequence))

? pair(head(sequence),

filter(predicate, tail(sequence)))

: filter(predicate, tail(sequence));

}

For example,

Ifilter(is_odd, list(1, 2, 3, 4, 5));

l i s t ( 1 , 3 , 5 )

Accumulations can be implemented by

Ifunction accumulate(op, initial, sequence) {

return is_null(sequence)

? initial

: op(head(sequence),

accumulate(op, initial, tail(sequence)));

}

Iaccumulate(plus, 0, list(1, 2, 3, 4, 5));

15
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Iaccumulate(times, 1, list(1, 2, 3, 4, 5));

120

Iaccumulate(pair, null, list(1, 2, 3, 4, 5));

l i s t ( 1 , 2 , 3 , 4 , 5 )

All that remains to implement signal-�ow diagrams is to enumerate the sequence of elements

to be processed. For even_fibs, we need to generate the sequence of integers in a given range,

which we can do as follows:

Ifunction enumerate_interval(low, high) {

return low > high

? null

: pair(low,

enumerate_interval(low + 1, high));

}

Ienumerate_interval(2, 7);

l i s t ( 2 , 3 , 4 , 5 , 6 , 7 )

To enumerate the leaves of a tree, we can use
11

Ifunction enumerate_tree(tree) {

return is_null(tree)

? null

: ! is_pair(tree)

? list(tree)

: append(enumerate_tree(head(tree)),

enumerate_tree(tail(tree)));

}

Ienumerate_tree(list(1, list(2, list(3, 4)), 5));

l i s t ( 1 , 2 , 3 , 4 , 5 )

Now we can reformulate sum_odd_squares and even_fibs as in the signal-�ow diagrams.

For sum_odd_squares, we enumerate the sequence of leaves of the tree, �lter this to keep only

the odd numbers in the sequence, square each element, and sum the results:

Ifunction sum_odd_squares(tree) {

return accumulate(plus,

0,

map(square,

filter(is_odd,

enumerate_tree(tree))));

11
This is, in fact, precisely the fringe function from exercise 2.28. Here we’ve renamed it to emphasize that it

is part of a family of general sequence-manipulation functions.
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}

For even_fibs, we enumerate the integers from 0 to n, generate the Fibonacci number for

each of these integers, �lter the resulting sequence to keep only the even elements, and accu-

mulate the results into a list:

Ifunction even_fibs(n) {

return accumulate(pair,

null,

filter(is_even,

map(fib,

enumerate_interval(0, n))));

}

The value of expressing programs as sequence operations is that this helps us make program

designs that are modular, that is, designs that are constructed by combining relatively indepen-

dent pieces. We can encourage modular design by providing a library of standard components

together with a conventional interface for connecting the components in �exible ways.

Modular construction is a powerful strategy for controlling complexity in engineering de-

sign. In real signal-processing applications, for example, designers regularly build systems by

cascading elements selected from standardized families of �lters and transducers. Similarly,

sequence operations provide a library of standard program elements that we can mix and

match. For instance, we can reuse pieces from the sum_odd_squares and even-fibs functions

in a program that constructs a list of the squares of the �rst n + 1 Fibonacci numbers:

Ifunction list_fib_squares(n) {

return accumulate(pair,

null,

map(square,

map(fib,

enumerate_interval(0, n))));

}

Ilist_fib_squares(10);

l i s t ( 0 , 1 , 1 , 4 , 9 , 25 , 64 , 169 , 441 , 1156 , 3025)

We can rearrange the pieces and use them in computing the product of the squares of the

odd integers in a sequence:

Ifunction product_of_squares_of_odd_elements(sequence) {

return accumulate(times,

1,

map(square,

filter(is_odd, sequence)));

}
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Iproduct_of_squares_of_odd_elements(list(1, 2, 3, 4, 5));

225

We can also formulate conventional data-processing applications in terms of sequence op-

erations. Suppose we have a sequence of personnel records and we want to �nd the salary of

the highest-paid programmer. Assume that we have a selector salary that returns the salary

of a record, and a predicate is_programmer that tests if a record is for a programmer. Then we

can write

Ifunction salary_of_highest_paid_programmer(records) {

return accumulate(math_max,

0,

map(salary,

filter(is_programmer, records)));

}

These examples give just a hint of the vast range of operations that can be expressed as

sequence operations.
12

Sequences, implemented here as lists, serve as a conventional interface that permits us to com-

bine processing modules. Additionally, when we uniformly represent structures as sequences,

we have localized the data-structure dependencies in our programs to a small number of se-

quence operations. By changing these, we can experiment with alternative representations of

sequences, while leaving the overall design of our programs intact. We will exploit this capa-

bility in section 3.5, when we generalize the sequence-processing paradigm to admit in�nite

sequences.

Exercise 2.33

Fill in the missing expressions to complete the following de�nitions of some basic list-manipulation

operations as accumulations:

Ifunction map(f, sequence) {

return accumulate((x, y) => 〈??〉,

null, sequence);

}

function append(seq1, seq2) {

12
Richard Waters (1979) developed a program that automatically analyzes traditional Fortran programs, viewing

them in terms of maps, �lters, and accumulations. He found that fully 90 percent of the code in the Fortran

Scienti�c Subroutine Package �ts neatly into this paradigm. One of the reasons for the success of Lisp as a

programming language is that lists provide a standard medium for expressing ordered collections so that they

can be manipulated using higher-order operations. The programming language APL owes much of its power and

appeal to a similar choice. In APL all data are represented as arrays, and there is a universal and convenient set

of generic operators for all sorts of array operations.
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return accumulate(pair, 〈??〉, 〈??〉);

}

function length(sequence) {

return accumulate(〈??〉, 0, sequence);

}

Exercise 2.34

Evaluating a polynomial in x at a given value of x can be formulated as an accumulation. We

evaluate the polynomial

anx
n + an−1x

n−1 + · · · + a1x + a0

using a well-known algorithm called Horner’s rule, which structures the computation as

(· · · (anx + an−1)x + · · · + a1)x + a0

In other words, we start with an, multiply by x , add an−1, multiply by x , and so on, until we

reach a0.
13

Fill in the following template to produce a function that evaluates a polynomial

using Horner’s rule. Assume that the coe�cients of the polynomial are arranged in a sequence,

from a0 through an.

Ifunction horner_eval(x, coefficient_sequence) {

return accumulate((this_coeff, higher_terms) => 〈??〉,

0,

coefficient_sequence);

}

For example, to compute 1 + 3x + 5x3 + x5
at x = 2 you would evaluate

Ihorner_eval(2, list(1, 3, 0, 5, 0, 1));

Exercise 2.35

Rede�ne count_leaves from section 2.2.2 as an accumulation:

Ifunction count_leaves(t) {

13
According to Knuth (1981), this rule was formulated by W. G. Horner early in the nineteenth century, but

the method was actually used by Newton over a hundred years earlier. Horner’s rule evaluates the polynomial

using fewer additions and multiplications than does the straightforward method of �rst computing anx
n

, then

adding an−1x
n−1

, and so on. In fact, it is possible to prove that any algorithm for evaluating arbitrary polynomials

must use at least as many additions and multiplications as does Horner’s rule, and thus Horner’s rule is an

optimal algorithm for polynomial evaluation. This was proved (for the number of additions) by A. M. Ostrowski

in a 1954 paper that essentially founded the modern study of optimal algorithms. The analogous statement for

multiplications was proved by V. Y. Pan in 1966. The book by Borodin and Munro (1975) provides an overview

of these and other results about optimal algorithms.
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return accumulate(〈??〉, 〈??〉, map(〈??〉, 〈??〉));

}

Exercise 2.36

The function accumulate_n is similar to accumulate except that it takes as its third argument a

sequence of sequences, which are all assumed to have the same number of elements. It applies

the designated accumulation function to combine all the �rst elements of the sequences, all

the second elements of the sequences, and so on, and returns a sequence of the results. For

instance, if s is a sequence containing four sequences

list(list( 1, 2, 3),

list( 4, 5, 6),

list( 7, 8, 9),

list(10, 11, 12))

then the value of accumulate_n(plus, 0, s) should be the sequence list(22, 26, 30). Fill

in the missing expressions in the following de�nition of accumulate_n:

Ifunction accumulate_n(op, init, seqs) {

return is_null(head(seqs))

? null

: pair(accumulate(op, init, 〈??〉),

accumulate_n(op, init, 〈??〉));

}

Exercise 2.37

Suppose we represent vectors v = (vi) as sequences of numbers, and matrices m = (mij) as

sequences of vectors (the rows of the matrix). For example, the matrix


1 2 3 4

4 5 6 6

6 7 8 9


is represented as the following sequence:

list(list(1, 2, 3, 4),

list(4, 5, 6, 6),

list(6, 7, 8, 9))

With this representation, we can use sequence operations to concisely express the basic matrix

and vector operations. These operations (which are described in any book on matrix algebra)

are the following:
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– dot_product(v, w) returns the sum

∑
i viwi .

– matrix_times_vector(m, v) returns the vector t , where ti =
∑

jmijvj .

– matrix_times_matrix(m, n) returns the matrix p, where pij =
∑

kmiknkj .

– transpose(m) returns the matrix n, where nij =mji .

We can de�ne the dot product as
14

Ifunction dot_product(v, w) {

return accumulate(plus, 0,

accumulate_n(times, 1, list(v, w)));

}

Fill in the missing expressions in the following functions for computing the other matrix

operations. (The function accumulate_n is declared in exercise 2.36.)

Ifunction matrix_times_vector(m, v) {

return map(〈??〉, m);

}

function transpose(mat) {

return accumulate_n(〈??〉, 〈??〉, mat);

}

function matrix_times_matrix(n, m) {

const cols = transpose(n);

return map(〈??〉, m);

}

Exercise 2.38

The accumulate function is also known as fold_right, because it combines the �rst element

of the sequence with the result of combining all the elements to the right. There is also a

fold_left, which is similar to fold_right, except that it combines elements working in the

opposite direction:

Ifunction fold_left(op, initial, sequence) {

function iter(result, rest) {

return is_null(rest)

? result

: iter(op(result, head(rest)),

tail(rest));

}

return iter(initial, sequence);

}

14
This de�nition uses the function accumulate_n from exercise 2.36.
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What are the values of

Ifold_right(divide, 1, list(1, 2, 3));

Ifold_left(divide, 1, list(1, 2, 3));

Ifold_right(list, null, list(1, 2, 3));

Ifold_left(list, null, list(1, 2, 3));

Give a property that op should satisfy to guarantee that fold_right and fold_left will pro-

duce the same values for any sequence.

Exercise 2.39

Complete the following de�nitions of reverse (exercise 2.18) in terms of fold_right and

fold_left from exercise 2.38:

Ifunction reverse(sequence) {

return fold_right((x, y) => 〈??〉, null, sequence);

}

Ifunction reverse(sequence) {

return fold_left((x, y) => 〈??〉, null, sequence);

}

Nested Mappings

We can extend the sequence paradigm to include many computations that are commonly

expressed using nested loops.
15

Consider this problem: Given a positive integer n, �nd all ordered pairs of distinct positive

integers i and j, where 1 ≤ j < i ≤ n, such that i + j is prime. For example, if n is 6, then the

pairs are the following:

i 2 3 4 4 5 6 6

j 1 2 1 3 2 1 5

i + j 3 5 5 7 7 7 11

A natural way to organize this computation is to generate the sequence of all ordered pairs

of positive integers less than or equal to n, �lter to select those pairs whose sum is prime, and

then, for each pair (i, j) that passes through the �lter, produce the triple (i, j, i + j).

15
This approach to nested mappings was shown to us by David Turner, whose languages KRC and Miranda

provide elegant formalisms for dealing with these constructs. The examples in this section (see also exercise 2.42)

are adapted from Turner 1981. In section 3.5.3, we’ll see how this approach generalizes to in�nite sequences.
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Here is a way to generate the sequence of pairs: For each integer i ≤ n, enumerate the

integers j < i , and for each such i and j generate the pair (i, j). In terms of sequence operations,

we map along the sequence enumerate_interval(1, n). For each i in this sequence, we map

along the sequence enumerate_interval(1, i - 1). For each j in this latter sequence, we

generate the pair list(i, j). This gives us a sequence of pairs for each i . Combining all

the sequences for all the i (by accumulating with append) produces the required sequence of

pairs:
16

Iaccumulate(append,

null,

map(i => map(j => list(i, j),

enumerate_interval(1, i - 1)),

enumerate_interval(1, n)));

The combination of mapping and accumulating with append is so common in this sort of

program that we will isolate it as a separate function:

Ifunction flatmap(f, seq) {

return accumulate(append, null, map(f, seq));

}

Now �lter this sequence of pairs to �nd those whose sum is prime. The �lter predicate is

called for each element of the sequence; its argument is a pair and it must extract the integers

from the pair. Thus, the predicate to apply to each element in the sequence is

Ifunction is_prime_sum(pair) {

return is_prime(head(pair) + head(tail(pair)));

}

Finally, generate the sequence of results by mapping over the �ltered pairs using the follow-

ing function, which constructs a triple consisting of the two elements of the pair along with

their sum:

Ifunction make_pair_sum(pair) {

return list(head(pair), head(tail(pair)),

head(pair) + head(tail(pair)));

}

Combining all these steps yields the complete function:

Ifunction prime_sum_pairs(n) {

return map(make_pair_sum,

filter(is_prime_sum,

flatmap(i => map(j => list(i, j),

enumerate_interval(1, i - 1)),

enumerate_interval(1, n))));

16
We’re representing a pair here as a list of two elements rather than as an ordinary pair. Thus, the “pair” (i, j)

is represented as list(i, j), not pair(i, j).
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}

Nested mappings are also useful for sequences other than those that enumerate intervals.

Suppose we wish to generate all the permutations of a set S ; that is, all the ways of ordering

the items in the set. For instance, the permutations of {1, 2, 3} are {1, 2, 3}, {1, 3, 2}, {2, 1, 3},

{2, 3, 1}, {3, 1, 2}, and {3, 2, 1}. Here is a plan for generating the permutations of S : For each

item x in S , recursively generate the sequence of permutations of S − x ,
17

and adjoin x to the

front of each one. This yields, for each x in S , the sequence of permutations of S that begin

with x . Combining these sequences for all x gives all the permutations of S :
18

Ifunction permutations(s) {

return is_null(s) // empty set?

? list(null) // sequence containing empty set

: flatmap(x => map(p => pair(x, p),

permutations(remove(x, s))),

s);

}

Notice how this strategy reduces the problem of generating permutations of S to the problem

of generating the permutations of sets with fewer elements than S . In the terminal case, we

work our way down to the empty list, which represents a set of no elements. For this, we

generate list(null), which is a sequence with one item, namely the set with no elements.

The remove function used in permutations returns all the items in a given sequence except

for a given item. This can be expressed as a simple �lter:

Ifunction remove(item, sequence) {

return filter(x => !(x === item),

sequence);

}

Exercise 2.40

De�ne a function unique_pairs that, given an integer n, generates the sequence of pairs (i, j)

with 1 ≤ j < i ≤ n. Use unique_pairs to simplify the de�nition of prime_sum_pairs given

above.

Exercise 2.41

Write a function to �nd all ordered triples of distinct positive integers i , j, and k less than or

equal to a given integer n that sum to a given integer s .

17
The set S − x is the set of all elements of S , excluding x .

18
The character sequence // in JavaScript programs is used to introduce comments. Everything from // to

the end of the line is ignored by the interpreter. In this book we don’t use many comments; we try to make our

programs self-documenting by using descriptive names.
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Exercise 2.42

Figure 2.8: A solution to the eight-queens puzzle.

The “eight-queens puzzle” asks how to place eight queens on a chessboard so that no queen

is in check from any other (i.e., no two queens are in the same row, column, or diagonal). One

possible solution is shown in �gure 2.8. One way to solve the puzzle is to work across the

board, placing a queen in each column. Once we have placed k − 1 queens, we must place the

kth queen in a position where it does not check any of the queens already on the board. We

can formulate this approach recursively: Assume that we have already generated the sequence

of all possible ways to place k − 1 queens in the �rst k − 1 columns of the board. For each of

these ways, generate an extended set of positions by placing a queen in each row of the kth

column. Now �lter these, keeping only the positions for which the queen in the kth column is

safe with respect to the other queens. This produces the sequence of all ways to place k queens

in the �rst k columns. By continuing this process, we will produce not only one solution, but

all solutions to the puzzle.

We implement this solution as a function queens, which returns a sequence of all solutions to

the problem of placing n queens on an n × n chessboard. The function queens has an internal

function queens_cols that returns the sequence of all ways to place queens in the �rst k

columns of the board.

Ifunction queens(board_size) {

function queen_cols(k) {

return k === 0

? list(empty_board)

: filter(
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positions => is_safe(k, positions),

flatmap(rest_of_queens =>

map(new_row => adjoin_position(

new_row, k,

rest_of_queens),

enumerate_interval(1,

board_size)),

queen_cols(k - 1)));

}

return queen_cols(board_size);

}

In this function rest_of_queens is a way to place k − 1 queens in the �rst k − 1 columns,

and new_row is a proposed row in which to place the queen for the kth column. Complete

the program by implementing the representation for sets of board positions, including the

function adjoin_position, which adjoins a new row-column position to a set of positions,

and empty_board, which represents an empty set of positions. You must also write the function

is_safe, which determines for a set of positions, whether the queen in the kth column is safe

with respect to the others. (Note that we need only check whether the new queen is safe—the

other queens are already guaranteed safe with respect to each other.)

Exercise 2.43

Louis Reasoner is having a terrible time doing exercise 2.42. His queens function seems to

work, but it runs extremely slowly. (Louis never does manage to wait long enough for it to

solve even the 6 × 6 case.) When Louis asks Eva Lu Ator for help, she points out that he has

interchanged the order of the nested mappings in the flatmap, writing it as

flatmap(new_row =>

map(rest_of_queens => adjoin_position(

new_row, k,

rest_of_queens),

queen_cols(k - 1)),

enumerate_interval(1, board_size));

Explain why this interchange makes the program run slowly. Estimate how long it will take

Louis’s program to solve the eight-queens puzzle, assuming that the program in exercise 2.42

solves the puzzle in time T .
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2.2.4 Example: A Picture Language

This section presents a simple language for drawing pictures that illustrates the power of

data abstraction and closure, and also exploits higher-order functions in an essential way. The

language is designed to make it easy to experiment with patterns such as the ones in �gure 2.9,

which are composed of repeated elements that are shifted and scaled.
19

In this language, the

data objects being combined are represented as functions rather than as list structure. Just as

pair, which satis�es the closure property, allowed us to easily build arbitrarily complicated

list structure, the operations in this language, which also satisfy the closure property, allow

us to easily build arbitrarily complicated patterns.

(a)

Figure 2.9: Designs generated with the picture language.

The picture language

When we began our study of programming in section 1.1, we emphasized the importance of

describing a language by focusing on the language’s primitives, its means of combination, and

its means of abstraction. We’ll follow that framework here.

Part of the elegance of this picture language is that there is only one kind of element,

called a painter. A painter draws an image that is shifted and scaled to �t within a desig-

nated parallelogram-shaped frame. For example, there’s a primitive painter we’ll call wave that

makes a crude line drawing, as shown in �gure 2.10.

19
The picture language is based on the language Peter Henderson created to construct images like M.C. Escher’s

“Square Limit” woodcut (see Henderson 1982). The woodcut incorporates a repeated scaled pattern, similar to the

arrangements drawn using the square_limit function in this section.
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Figure 2.10: Images produced by the wave painter, with respect to four di�erent frames. The

frames, shown with dotted lines, are not part of the images.

The actual shape of the drawing depends on the frame—all four images in �gure 2.10 are

produced by the same wave painter, but with respect to four di�erent frames. Painters can be

more elaborate than this: The primitive painter called rogers paints a picture of MIT’s founder,

William Barton Rogers, as shown in �gure 2.11.
20

The four images in �gure 2.11 are drawn

20

William Barton Rogers (1804–1882) was the founder and �rst president of MIT. A geologist and talented

teacher, he taught at William and Mary College and at the University of Virginia. In 1859 he moved to Boston,

where he had more time for research, worked on a plan for establishing a “polytechnic institute,” and served as

Massachusetts’s �rst State Inspector of Gas Meters.

When MIT was established in 1861, Rogers was elected its �rst president. Rogers espoused an ideal of “useful

learning” that was di�erent from the university education of the time, with its overemphasis on the classics,

which, as he wrote, “stand in the way of the broader, higher and more practical instruction and discipline of the

natural and social sciences.” This education was likewise to be di�erent from narrow trade-school education. In

Rogers’s words:

The world-enforced distinction between the practical and the scienti�c worker is utterly futile,

and the whole experience of modern times has demonstrated its utter worthlessness.

Rogers served as president of MIT until 1870, when he resigned due to ill health. In 1878 the second president

of MIT, John Runkle, resigned under the pressure of a �nancial crisis brought on by the Panic of 1873 and strain

of �ghting o� attempts by Harvard to take over MIT. Rogers returned to hold the o�ce of president until 1881.

Rogers collapsed and died while addressing MIT’s graduating class at the commencement exercises of 1882.

Runkle quoted Rogers’s last words in a memorial address delivered that same year:

“As I stand here today and see what the Institute is, . . . I call to mind the beginnings of science.

I remember one hundred and �fty years ago Stephen Hales published a pamphlet on the subject

of illuminating gas, in which he stated that his researches had demonstrated that 128 grains of

bituminous coal—”

“Bituminous coal,” these were his last words on earth. Here he bent forward, as if consulting some

notes on the table before him, then slowly regaining an erect position, threw up his hands, and was

translated from the scene of his earthly labors and triumphs to “the tomorrow of death,” where the

mysteries of life are solved, and the disembodied spirit �nds unending satisfaction in contemplating

the new and still unfathomable mysteries of the in�nite future.

In the words of Francis A. Walker (MIT’s third president):

145 Generated 2020-08-18 16:40:02Z



Building Abstractions with Data 2.2.4

with respect to the same four frames as the wave images in �gure 2.10.

Figure 2.11: Images of William Barton Rogers, founder and �rst president of MIT, painted with

respect to the same four frames as in �gure 2.10 (original image reprinted with the permission

of the MIT Museum).

To combine images, we use various operations that construct new painters from given

painters. For example, the beside operation takes two painters and produces a new, com-

pound painter that draws the �rst painter’s image in the left half of the frame and the second

painter’s image in the right half of the frame. Similarly, below takes two painters and produces

a compound painter that draws the �rst painter’s image below the second painter’s image.

Some operations transform a single painter to produce a new painter. For example, flip_vert

takes a painter and produces a painter that draws its image upside-down, and flip_horiz

produces a painter that draws the original painter’s image left-to-right reversed.

All his life he had borne himself most faithfully and heroically, and he died as so good a knight

would surely have wished, in harness, at his post, and in the very part and act of public duty.
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Iconst wave2 = beside(wave, flip_vert(wave));

const wave4 = below(wave2, wave2);

Figure 2.12: Creating a complex �gure, starting from the wave painter of �gure 2.10.

Figure 2.12 shows the drawing of a painter called wave4 that is built up in two stages starting

from wave:

Iconst wave2 = beside(wave, flip_vert(wave));

const wave4 = below(wave2, wave2);

In building up a complex image in this manner we are exploiting the fact that painters are

closed under the language’s means of combination. The beside or below of two painters is itself

a painter; therefore, we can use it as an element in making more complex painters. As with

building up list structure using pair, the closure of our data under the means of combination

is crucial to the ability to create complex structures while using only a few operations.

Once we can combine painters, we would like to be able to abstract typical patterns of

combining painters. We will implement the painter operations as JavaScript functions. This

means that we don’t need a special abstraction mechanism in the picture language: Since the

means of combination are ordinary JavaScript functions, we automatically have the capability

to do anything with painter operations that we can do with functions. For example, we can

abstract the pattern in wave4 as

Ifunction flipped_pairs(painter) {

const painter2 = beside(painter, flip_vert(painter));

return below(painter2, painter2);

}

and de�ne wave4 as an instance of this pattern:

Iconst wave4 = flipped_pairs(wave);
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right_split
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right_split

right_split(n)
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n--1

Figure 2.13: Recursive plans for right_split(n) and corner_split(n).

We can also de�ne recursive operations. Here’s one that makes painters split and branch

towards the right as shown in �gures 2.13 and �gures 2.14.

Ifunction right_split(painter, n) {

if (n === 0) {

return painter;

} else {

const smaller = right_split(painter, n - 1);

return beside(painter, below(smaller, smaller));

}

}
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We can produce balanced patterns by branching upwards as well as towards the right (see

exercise 2.44 and �gure 2.13).

Ifunction corner_split(painter, n) {

if (n === 0) {

return painter;

} else {

const up = up_split(painter, n - 1);

const right = right_split(painter, n - 1);

const top_left = beside(up, up);

const bottom_right = below(right, right);

const corner = corner_split(painter, n - 1);

return beside(below(painter, top_left),

below(bottom_right, corner));

}

}
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right_split(wave, 5) right_split(rogers, 5)

corner_split(wave, 5) corner_split(rogers, 5)

Figure 2.14: The recursive operation right_split applied to the painters wave and rogers.

Combining four corner_split �gures produces symmetric square_limit as shown in �g-

ure 2.9.

By placing four copies of a corner_split appropriately, we obtain a pattern called square_limit,

whose application to wave and rogers is shown in �gure 2.9:

Ifunction square_limit(painter, n) {

const quarter = corner_split(painter, n);

const half = beside(flip_horiz(quarter), quarter);

return below(flip_vert(half), half);

}

150 Generated 2020-08-18 16:40:02Z

http://source-academy.github.io/playground#chap=4&prgrm=GYVwdgxgLglg9mABAJxgcwBZQPoGcAOANjFABT4CGMYUApsgDSJgCUiA3gFCI+IzCJSSALyjEABjZdeMlLSghkSStTrIA3N14BfRLUK5aHLbMQQEuKIlwBbCoUL1EwlOix4iJclRr0mSAFpEAEYWTVMeZHlFJAAjWlwYABNab1U--LdxcprwYWg8yYABWCp1CAA


Building Abstractions with Data 2.2.4

Exercise 2.44

De�ne the function up_split used by corner_split. It is similar to right_split, except that

it switches the roles of below and beside.

Higher-order operations

In addition to abstracting patterns of combining painters, we can work at a higher level, ab-

stracting patterns of combining painter operations. That is, we can view the painter operations

as elements to manipulate and can write means of combination for these elements—functions

that take painter operations as arguments and create new painter operations.

For example, flipped_pairs and square_limit each arrange four copies of a painter’s image

in a square pattern; they di�er only in how they orient the copies. One way to abstract this

pattern of painter combination is with the following function, which takes four one-argument

painter operations and produces a painter operation that transforms a given painter with those

four operations and arranges the results in a square.
21

The functions tl, tr, bl, and br are the

transformations to apply to the top left copy, the top right copy, the bottom left copy, and the

bottom right copy, respectively.

Ifunction square_of_four(tl, tr, bl, br) {

return painter => {

const top = beside(tl(painter), tr(painter));

const bottom = beside(bl(painter), br(painter));

return below(bottom, top);

};

}

Then flipped_pairs can be de�ned in terms of square_of_four as follows:
22

Ifunction flipped_pairs(painter) {

const combine4 = square_of_four(identity, flip_vert,

identity, flip_vert);

return combine4(painter);

}

21
In square_of_four, we make use of an extension of the syntax of lambda expressions, compared to sec-

tion 1.3.2: The body of a lambda expression can be a block, not just a single return expression. Such lambda

expressions have the following shape:

( parameters ) => { statements }

22
Equivalently, we could write

Iconst flipped_pairs =
square_of_four(identity, flip_vert, identity, flip_vert);
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and square_limit can be expressed as
23

Ifunction square_limit(painter, n) {

const combine4 = square_of_four(flip_horiz, identity,

rotate180, flip_vert);

return combine4(corner_split(painter, n));

}

Exercise 2.45

The functions right_split and up_split can be expressed as instances of a general splitting

operation. Declare a function split with the property that evaluating

Iconst right_split = split(beside, below);

const up_split = split(below, beside);

produces functions right_split and up_split with the same behaviors as the ones already

de�ned.

Frames

Before we can show how to implement painters and their means of combination, we must �rst

consider frames. A frame can be described by three vectors—an origin vector and two edge

vectors. The origin vector speci�es the o�set of the frame’s origin from some absolute origin

in the plane, and the edge vectors specify the o�sets of the frame’s corners from its origin. If

the edges are perpendicular, the frame will be rectangular. Otherwise the frame will be a more

general parallelogram.

Figure 2.15 shows a frame and its associated vectors. In accordance with data abstraction, we

need not be speci�c yet about how frames are represented, other than to say that there is a con-

structor make_frame, which takes three vectors and produces a frame, and three corresponding

selectors origin_frame, edge1_frame, and edge2_frame (see exercise 2.47).

23
The function rotate180 rotates a painter by 180 degrees. Instead of rotate180 we could say

compose(flip_vert, flip_horiz), using the compose function from exercise 1.42.
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Figure 2.15: A frame is described by three vectors—an origin and two edges.

We will use coordinates in the unit square (0 ≤ x ,y ≤ 1) to specify images. With each frame,

we associate a frame coordinate map, which will be used to shift and scale images to �t the

frame. The map transforms the unit square into the frame by mapping the vector v = (x ,y) to

the vector sum

Origin(Frame) + x · Edge
1

(Frame) + y · Edge
2

(Frame)

For example, (0, 0) is mapped to the origin of the frame, (1, 1) to the vertex diagonally opposite

the origin, and (0.5, 0.5) to the center of the frame. We can create a frame’s coordinate map

with the following function:
24

Ifunction frame_coord_map(frame) {

return v => add_vect(origin_frame(frame),

add_vect(scale_vect(xcor_vect(v),

edge1_frame(frame)),

scale_vect(ycor_vect(v),

edge2_frame(frame))));

}

Observe that applying frame_coord_map to a frame returns a function that, given a vector,

returns a vector. If the argument vector is in the unit square, the result vector will be in the

frame. For example,

Iframe_coord_map(a_frame)(make_vect(0, 0));

returns the same vector as

Iorigin_frame(a_frame);

24
The function frame_coord_map uses the vector operations described in exercise 2.46 below, which we assume

have been implemented using some representation for vectors. Because of data abstraction, it doesn’t matter

what this vector representation is, so long as the vector operations behave correctly.
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Exercise 2.46

A two-dimensional vectorv running from the origin to a point can be represented as a pair con-

sisting of an x-coordinate and a y-coordinate. Implement a data abstraction for vectors by giv-

ing a constructor make_vect and corresponding selectors xcor_vect and ycor_vect. In terms

of your selectors and constructor, implement functions add_vect, sub_vect, and scale_vect

that perform the operations vector addition, vector subtraction, and multiplying a vector by a

scalar:

(x1,y1) + (x2,y2) = (x1 + x2,y1 + y2)

(x1,y1) − (x2,y2) = (x1 − x2,y1 − y2)

s · (x ,y) = (sx , sy)

Exercise 2.47

Here are two possible constructors for frames:

function make_frame(origin, edge1, edge2) {

return list(origin, edge1, edge2);

}

function make_frame(origin, edge1, edge2) {

return pair(origin, pair(edge1, edge2));

}

For each constructor supply the appropriate selectors to produce an implementation for frames.

Painters

A painter is represented as a function that, given a frame as argument, draws a particular

image shifted and scaled to �t the frame. That is to say, if p is a painter and f is a frame, then

we produce p’s image in f by calling p with f as argument.

The details of how primitive painters are implemented depend on the particular characteris-

tics of the graphics system and the type of image to be drawn. For instance, suppose we have

a function draw_line that draws a line on the screen between two speci�ed points. Then we

can create painters for line drawings, such as the wave painter in �gure 2.10, from lists of line

segments as follows:
25

25
The function segments_to_painter uses the representation for line segments described in exercise 2.48

below. It also uses the for_each function described in exercise 2.23.
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Ifunction segments_to_painter(segment_list) {

return frame =>

for_each(segment =>

draw_line(frame_coord_map(frame)

(start_segment(segment)),

frame_coord_map(frame)

(end_segment(segment))),

segment_list);

}

The segments are given using coordinates with respect to the unit square. For each segment

in the list, the painter transforms the segment endpoints with the frame coordinate map and

draws a line between the transformed points.

Representing painters as functions erects a powerful abstraction barrier in the picture lan-

guage. We can create and intermix all sorts of primitive painters, based on a variety of graphics

capabilities. The details of their implementation do not matter. Any function can serve as a

painter, provided that it takes a frame as argument and draws something scaled to �t the

frame.
26

Exercise 2.48

A directed line segment in the plane can be represented as a pair of vectors—the vector running

from the origin to the start-point of the segment, and the vector running from the origin to

the end-point of the segment. Use your vector representation from exercise 2.46 to de�ne a

representation for segments with a constructor make_segment and selectors start_segment

and end_segment.

Exercise 2.49

Use segments_to_painter to de�ne the following primitive painters:

a. The painter that draws the outline of the designated frame.

b. The painter that draws an “X” by connecting opposite corners of the frame.

c. The painter that draws a diamond shape by connecting the midpoints of the sides of the

frame.

26
For example, the rogers painter of �gure 2.11 was constructed from a gray-level image. For each point in a

given frame, the rogers painter determines the point in the image that is mapped to it under the frame coordinate

map, and shades it accordingly. By allowing di�erent types of painters, we are capitalizing on the abstract data

idea discussed in section 2.1.3, where we argued that a rational-number representation could be anything at

all that satis�es an appropriate condition. Here we’re using the fact that a painter can be implemented in any

way at all, so long as it draws something in the designated frame. Section 2.1.3 also showed how pairs could be

implemented as functions. Painters are our second example of a functional representation for data.
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Transforming and combining painters

An operation on painters (such as flip_vert or beside) works by creating a painter that

invokes the original painters with respect to frames derived from the argument frame. Thus,

for example, flip_vert doesn’t have to know how a painter works in order to �ip it—it just has

to know how to turn a frame upside down: The �ipped painter just uses the original painter,

but in the inverted frame.

Painter operations are based on the function transform_painter, which takes as arguments

a painter and information on how to transform a frame and produces a new painter. The

transformed painter, when called on a frame, transforms the frame and calls the original painter

on the transformed frame. The arguments to transform_painter are points (represented as

vectors) that specify the corners of the new frame: When mapped into the frame, the �rst

point speci�es the new frame’s origin and the other two specify the ends of its edge vectors.

Thus, arguments within the unit square specify a frame contained within the original frame.

Ifunction transform_painter(painter, origin,

corner1, corner2) {

return frame => {

const m = frame_coord_map(frame);

const new_origin = m(origin);

return painter(make_frame(

new_origin,

sub_vect(m(corner1),

new_origin),

sub_vect(m(corner2),

new_origin)));

};

}

Here’s how to �ip painter images vertically:

Ifunction flip_vert(painter) {

return transform_painter(painter,

make_vect(0.0, 1.0), // new origin

make_vect(1.0, 1.0), // new end of edge1

make_vect(0.0, 0.0)); // new end of edge2

}

Using transform_painter, we can easily de�ne new transformations. For example, we can

de�ne a painter that shrinks its image to the upper-right quarter of the frame it is given:

Ifunction shrink_to_upper_right(painter) {

return transform_painter(painter,

make_vect(0.5, 0.5),

make_vect(1.0, 0.5),

make_vect(0.5, 1.0));
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}

Other transformations rotate images counterclockwise by 90 degrees
27

Ifunction rotate90(painter) {

return transform_painter(painter,

make_vect(1.0, 0.0),

make_vect(1.0, 1.0),

make_vect(0.0, 0.0));

}

or squash images towards the center of the frame:
28

Ifunction squash_inwards(painter) {

return transform_painter(painter,

make_vect(0.0, 0.0),

make_vect(0.65, 0.35),

make_vect(0.35, 0.65));

}

Frame transformation is also the key to de�ning means of combining two or more painters.

The beside function, for example, takes two painters, transforms them to paint in the left and

right halves of an argument frame respectively, and produces a new, compound painter. When

the compound painter is given a frame, it calls the �rst transformed painter to paint in the

left half of the frame and calls the second transformed painter to paint in the right half of the

frame:

Ifunction beside(painter1, painter2) {

const split_point = make_vect(0.5, 0.0);

const paint_left = transform_painter(painter1,

make_vect(0.0, 0.0),

split_point,

make_vect(0.0, 1.0));

const paint_right = transform_painter(painter2,

split_point,

make_vect(1.0, 0.0),

make_vect(0.5, 1.0));

return frame => {

paint_left(frame);

paint_right(frame);

};

}

Observe how the painter data abstraction, and in particular the representation of painters

as functions, makes beside easy to implement. The beside function need not know anything

27
The function rotate90 is a pure rotation only for square frames, because it also stretches and shrinks the

image to �t into the rotated frame.

28
The diamond-shaped images in �gures 2.10 and 2.11 were created with squash_inwards applied to wave and

rogers.
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about the details of the component painters other than that each painter will draw something

in its designated frame.

Exercise 2.50

De�ne the transformation flip_horiz, which �ips painters horizontally, and transformations

that rotate painters counterclockwise by 180 degrees and 270 degrees.

Exercise 2.51

De�ne the below operation for painters. The function below takes two painters as arguments.

The resulting painter, given a frame, draws with the �rst painter in the bottom of the frame

and with the second painter in the top. De�ne below in two di�erent ways—�rst by writing a

function that is analogous to the beside function given above, and again in terms of beside

and suitable rotation operations (from exercise 2.50).

Levels of language for robust design

The picture language exercises some of the critical ideas we’ve introduced about abstraction

with functions and data. The fundamental data abstractions, painters, are implemented using

functional representations, which enables the language to handle di�erent basic drawing ca-

pabilities in a uniform way. The means of combination satisfy the closure property, which

permits us to easily build up complex designs. Finally, all the tools for abstracting functions

are available to us for abstracting means of combination for painters.

We have also obtained a glimpse of another crucial idea about languages and program de-

sign. This is the approach of strati�ed design, the notion that a complex system should be

structured as a sequence of levels that are described using a sequence of languages. Each level

is constructed by combining parts that are regarded as primitive at that level, and the parts

constructed at each level are used as primitives at the next level. The language used at each

level of a strati�ed design has primitives, means of combination, and means of abstraction

appropriate to that level of detail.

Strati�ed design pervades the engineering of complex systems. For example, in computer

engineering, resistors and transistors are combined (and described using a language of ana-

log circuits) to produce parts such as and-gates and or-gates, which form the primitives of a

language for digital-circuit design.
29

These parts are combined to build processors, bus struc-

tures, and memory systems, which are in turn combined to form computers, using languages

29
Section 3.3.4 describes one such language.
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appropriate to computer architecture. Computers are combined to form distributed systems,

using languages appropriate for describing network interconnections, and so on.

As a tiny example of strati�cation, our picture language uses primitive elements (primitive

painters) that specify points and lines to provide the shapes of a painter like rogers. The

bulk of our description of the picture language focused on combining these primitives, using

geometric combiners such as beside and below. We also worked at a higher level, regarding

beside and below as primitives to be manipulated in a language whose operations, such as

square_of_four, capture common patterns of combining geometric combiners.

Strati�ed design helps make programs robust, that is, it makes it likely that small changes

in a speci�cation will require correspondingly small changes in the program. For instance,

suppose we wanted to change the image based on wave shown in �gure 2.9. We could work at

the lowest level to change the detailed appearance of the wave element; we could work at the

middle level to change the way corner_split replicates the wave; we could work at the highest

level to change how square_limit arranges the four copies of the corner. In general, each level

of a strati�ed design provides a di�erent vocabulary for expressing the characteristics of the

system, and a di�erent kind of ability to change it.

Exercise 2.52

Make changes to the square limit of wave shown in �gure 2.9 by working at each of the levels

described above. In particular:

a. Change the pattern constructed by corner_split (for example, by using only one copy

of the up_split and right_split images instead of two).

b. Modify the version of square_limit that uses square_of_four so as to assemble the

corners in a di�erent pattern.
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2.3 Symbolic Data

All the compound data objects we have used so far were constructed ultimately from numbers.

In this section we extend the representational capability of our language by introducing the

ability to work with strings of characters as data.

2.3.1 Strings

So far, we have used strings in order to display messages, using the functions display and

error, as for example in exercise 1.22). We can form compound data using strings and have

lists such as

list("a", "b", "c", "d")

list(23, 45, 17)

list(list("Norah", 12), list("Molly", 9),

list("Anna", 7), list("Lauren", 6),

list("Charlotte", 4))

Note that in order to distinguish strings from names, we surround them with double quotation

marks. For example, the JavaScript expression z denotes the value of the name z, whereas the

JavaScript expression "z" denotes a string that consists of one single character, namely the

last letter in the English alphabet in lower case.

Via quotation marks, we can distinguish between strings and names:

Iconst a = 1;

const b = 2;

Ilist(a, b);

[ 1 , [ 2 , nu l l ] ]

Ilist("a", "b");

[ " a " , [ " b " , nu l l ] ]

Ilist("a", b);

[ " a " , [ 2 , nu l l ] ]

In section 1.1.6, we applied the primitive predicate === to numbers. From now on, we shall

allow === to take strings as operands, in which case it returns true if and only if the two strings

are the same.
30

Using ===, we can implement a useful function called member. This takes two

30
We can consider two strings to be “the same” if they consist of the same characters in the same order. Such a

de�nition skirts a deep issue that we are not yet ready to address: the meaning of “sameness” in a programming

language. We will return to this in chapter 3 (section 3.1.3).
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arguments, a string and a list. If the string is not contained in the list (i.e., is not === to any item

in the list), then member returns null. Otherwise, it returns the sublist of the list beginning

with the �rst occurrence of the string:

Ifunction member(item, x) {

return is_null(x)

? null

: item === head(x)

? x

: member(item, tail(x));

}

For example, the value of

Imember("apple", list("pear", "banana", "prune"));

is null, whereas the value of

Imember("apple",

list("x", list("apple","sauce"), "y", "apple", "pear"));

is ["apple", ["pear", null]].

Exercise 2.53

What would the interpreter print in response to evaluating each of the following statements?

Ilist("a", "b", "c");

Ilist(list("george"));

Itail(list(list("x1", "x2"), list("y1", "y2")));

Itail(head(list(list("x1", "x2"), list("y1", "y2"))));

Imember("red", list(list("red", "shoes"), list("blue", "socks")));

Imember("red", list("red", "shoes", "blue", "socks"));

Exercise 2.54

Two lists are said to be equal if they contain equal elements arranged in the same order. For

example,

Iequal(list("this", "is", "a", "list"),

list("this", "is", "a", "list"));

is true, but

Iequal(list("this", "is", "a", "list"),
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list("this", list("is", "a"), "list"));

is false. To be more precise, we can de�ne equal recursively in terms of the basic === equality

of strings by saying that a and b are equal with respect to equal if they are both strings and

the strings are equal with respect to ===, or if they are both lists such that head(a) is equal

with respect to equal to head(b) and tail(a) is equal with respect to equal to tail(b). Using

this idea, implement equal as a function.
31

Exercise 2.55

The JavaScript interpreter reads the characters after the double quotation mark " until it �nds

another double quotation mark. All characters between the two are part of the string, excluding

the double quotation marks, themselves. What if we want a string to contain double quotation

marks? For this purpose, JavaScript also allows single quotation marks to form strings, as

for example in 'say your name aloud'. Within singly-quoted strings, we can use double

quotation marks, and vice versa, so 'say "your name" aloud' and "say 'your name' aloud"

are valid strings that have di�erent characters in positions 5 and 15, if we start counting at 1.

Depending on the font in use, two single quotation marks might not be easily distinguishable

from a double quotation mark. Can you spot which is which and work out the value of the

following expression?

I'"' === ""

2.3.2 Example: Symbolic Di�erentiation

As an illustration of symbol manipulation and a further illustration of data abstraction, consider

the design of a function that performs symbolic di�erentiation of algebraic expressions. We

would like the function to take as arguments an algebraic expression and a variable and

to return the derivative of the expression with respect to the variable. For example, if the

arguments to the function are ax2 +bx +c and x , the function should return 2ax +b. Symbolic

di�erentiation is of special historical signi�cance in Lisp. It was one of the motivating examples

behind the development of a computer language for symbol manipulation. Furthermore, it

marked the beginning of the line of research that led to the development of powerful systems

for symbolic mathematical work, which are currently being used by a growing number of

applied mathematicians and physicists.

In developing the symbolic-di�erentiation program, we will follow the same strategy of data

31
In practice, programmers use equal to compare lists that contain numbers as well as strings. Numbers are

not considered to be strings. A better de�nition of equal (such as the one we assume given in our JavaScript

environment) would also stipulate that if a and b are both numbers, then a and b are equal with respect to equal
if they are numerically equal.
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abstraction that we followed in developing the rational-number system of section 2.1.1. That

is, we will �rst de�ne a di�erentiation algorithm that operates on abstract objects such as

“sums,” “products,” and “variables” without worrying about how these are to be represented.

Only afterward will we address the representation problem.

The di�erentiation program with abstract data

In order to keep things simple, we will consider a very simple symbolic-di�erentiation pro-

gram that handles expressions that are built up using only the operations of addition and

multiplication with two arguments. Di�erentiation of any such expression can be carried out

by applying the following reduction rules:

dc

dx
= 0 for c a constant or a variable di�erent from x

dx

dx
= 1

d(u +v)

dx
=
du

dx
+
dv

dx

d(uv)

dx
= u

(
dv

dx

)
+v

(
du

dx

)
Observe that the latter two rules are recursive in nature. That is, to obtain the derivative of

a sum we �rst �nd the derivatives of the terms and add them. Each of the terms may in turn

be an expression that needs to be decomposed. Decomposing into smaller and smaller pieces

will eventually produce pieces that are either constants or variables, whose derivatives will be

either 0 or 1.

To embody these rules in a function we indulge in a little wishful thinking, as we did in

designing the rational-number implementation. If we had a means for representing algebraic

expressions, we should be able to tell whether an expression is a sum, a product, a constant,

or a variable. We should be able to extract the parts of an expression. For a sum, for example

we want to be able to extract the addend (�rst term) and the augend (second term). We should

also be able to construct expressions from parts. Let us assume that we already have functions

to implement the following selectors, constructors, and predicates:
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is_variable(e) Is e a variable?

is_same_variable(v1, v2) Are v1 and v2 the same variable?

is_sum(e) Is e a sum?

addend(e) Addend of the sum e.

augend(e) Augend of the sum e.

make_sum(a1, a2) Construct the sum of a1 and a2.

is_product(e) Is e a product?

multiplier(e) Multiplier of the product e.

multiplicand(e) Multiplicand of the product e.

make_product(m1, m2) Construct the product of m1 and m2.

Using these, and the primitive predicate is_number, which identi�es numbers, we can express

the di�erentiation rules as the following function:

Ifunction deriv(exp, variable) {

return is_number(exp)

? 0

: is_variable(exp)

? (is_same_variable(exp, variable)) ? 1 : 0

: is_sum(exp)

? make_sum(deriv(addend(exp), variable),

deriv(augend(exp), variable))

: is_product(exp)

? make_sum(make_product(multiplier(exp),

deriv(multiplicand(exp),

variable)),

make_product(deriv(multiplier(exp),

variable),

multiplicand(exp)))

: error(exp,

"unknown expression type in deriv");

}

This deriv function incorporates the complete di�erentiation algorithm. Since it is expressed

in terms of abstract data, it will work no matter how we choose to represent algebraic expres-

sions, as long as we design a proper set of selectors and constructors. This is the issue we must

address next.
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Representing algebraic expressions

We can imagine many ways to use list structure to represent algebraic expressions. For example,

we could use lists of symbols that mirror the usual algebraic notation, representing ax + b

as list( "a", "*", "x", "+", "b"). However, it will be more convenient, if we re�ect the

mathematical structure of the expression in the JavaScript value representing it; that is, to

represent ax +b as list("+", list("*", "a", "x"), "b"). Then our data representation for

the di�erentiation problem is as follows:

– The variables are strings. They are identi�ed by the primitive predicate is_string:

Ifunction is_variable(x) {

return is_string(x);

}

– Two variables are the same if the strings representing them are equal:

Ifunction is_same_variable(v1, v2) {

return is_variable(v1) &&

is_variable(v2) && v1 === v2;

}

– Sums and products are constructed as lists:

Ifunction make_sum(a1, a2) {

return list("+", a1, a2);

}

Ifunction make_product(m1, m2) {

return list("*", m1, m2);

}

– A sum is a list whose �rst element is the string "+":

Ifunction is_sum(x) {

return is_pair(x) && head(x) === "+";

}

– The addend is the second item of the sum list:

Ifunction addend(s) {

return head(tail(s));

}

– The augend is the third item of the sum list:

Ifunction augend(s) {

return head(tail(tail(s)));

}

– A product is a list whose �rst element is the string "*":

Ifunction is_product(x) {

return is_pair(x) && head(x) === "*";
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}

– The multiplier is the second item of the product list:

Ifunction multiplier(s) {

return head(tail(s));

}

– The multiplicand is the third item of the product list:

Ifunction multiplicand(s) {

return head(tail(tail(s)));

}

Thus, we need only combine these with the algorithm as embodied by deriv in order to have

a working symbolic-di�erentiation program. Let us look at some examples of its behavior:
32

Ideriv(list("+", "x", 3), "x");

l i s t ( "+ " , 1 , 0 )

Ideriv(list("*", "x", "y"), "x");

l i s t ( "+ " , l i s t ( " ∗ " , " x " , 0 ) ,
l i s t ( " ∗ " , 1 , " y " ) )

Ideriv(list("*", list("*", "x", "y"), list("+", "x", 3)), "x");

l i s t ( "+ " , l i s t ( " ∗ " , l i s t ( " ∗ " , " x " , " y " ) ,
l i s t ( "+ " , 1 , 0 ) ) ,

l i s t ( " ∗ " , l i s t ( "+ " , l i s t ( " ∗ " , " x " , 0 ) ,
l i s t ( " ∗ " , 1 , " y " ) ) ,

l i s t ( "+ " , " x " , 3 ) ) )

The program produces answers that are correct; however, they are unsimpli�ed. It is true

that

d(xy)

dx
= x · 0 + 1 · y

but we would like the program to know that x · 0 = 0, 1 · y = y, and 0 +y = y. The answer for

the second example should have been simply y. As the third example shows, this becomes a

serious issue when the expressions are complex.

Our di�culty is much like the one we encountered with the rational-number implementation:

we haven’t reduced answers to simplest form. To accomplish the rational-number reduction,

we needed to change only the constructors and the selectors of the implementation. We can

adopt a similar strategy here. We won’t change deriv at all. Instead, we will change make_sum

so that if both summands are numbers, make_sum will add them and return their sum. Also, if

one of the summands is 0, then make_sum will return the other summand.

32
The box notation introduced in section 2.2.1 becomes hard to read when nested lists are involved. Thus we

shall take the liberty to indicate the list structure by abusing the name list where convenient.
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Ifunction make_sum(a1, a2) {

return number_equal(a1, 0)

? a2

: number_equal(a2, 0)

? a1

: is_number(a1) && is_number(a2)

? a1 + a2

: list("+", a1, a2);

}

This uses the function number_equal, which checks whether an expression is equal to a given

number:

Ifunction number_equal(exp, num) {

return is_number(exp) && exp === num;

}

Similarly, we will change make_product to build in the rules that 0 times anything is 0 and 1

times anything is the thing itself:

Ifunction make_product(m1, m2) {

return number_equal(m1, 0) || number_equal(m2, 0)

? 0

: number_equal(m1, 1)

? m2

: number_equal(m2, 1)

? m1

: is_number(m1) && is_number(m2)

? m1 * m2

: list("*", m1, m2);

}

Here is how this version works on our three examples:

Ideriv(list("+", "x", 3), "x");

1

Ideriv(list("*", "x", "y"), "x");

" y "

Ideriv(list("*", list("*", "x", "y"), list("+", "x", 3)), "x");

l i s t ( "+ " ,
l i s t ( " ∗ " , " x " , " y " ) ,
l i s t ( " ∗ " , " y " , l i s t ( "+ " , " x " , 3 ) ) )

Although this is quite an improvement, the third example shows that there is still a long way to

go before we get a program that puts expressions into a form that we might agree is “simplest.”
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The problem of algebraic simpli�cation is complex because, among other reasons, a form that

may be simplest for one purpose may not be for another.

Exercise 2.56

Show how to extend the basic di�erentiator to handle more kinds of expressions. For instance,

implement the di�erentiation rule

d(un)

dx
= nun−1

(
du

dx

)
by adding a new clause to the deriv program and de�ning appropriate functions is_exp, base,

exponent, and make_exp. (You may use the string "**" to denote exponentiation.) Build in the

rules that anything raised to the power 0 is 1 and anything raised to the power 1 is the thing

itself.

Exercise 2.57

Extend the di�erentiation program to handle sums and products of arbitrary numbers of (two

or more) terms. Then the last example above could be expressed as

Ideriv(list("*", "x", "y", list("+", "x", 3)), "x");

Try to do this by changing only the representation for sums and products, without changing

the deriv function at all. For example, the addend of a sum would be the �rst term, and the

augend would be the sum of the rest of the terms.

Exercise 2.58

Suppose we want to modify the di�erentiation program so that it works with ordinary mathe-

matical notation, in which "+" and "*" are in�x rather than pre�x operators. Since the di�er-

entiation program is de�ned in terms of abstract data, we can modify it to work with di�erent

representations of expressions solely by changing the predicates, selectors, and constructors

that de�ne the representation of the algebraic expressions on which the di�erentiator is to

operate.

a. Show how to do this in order to di�erentiate algebraic expressions presented in in�x

form, as in this example:

list("x", "+",

list(3, "*",

list("x", "+",

list("y", "+", 2))))

168 Generated 2020-08-18 16:40:02Z

http://source-academy.github.io/playground#chap=4&prgrm=GYVwdgxgLglg9mABDAzgfQG4EMBOMsBGANgKYAUAHgJSIDeAUIk4jiVCDkqmilHmAHNKVANz0AvvVCRYCZOhRYAtiUy58xchgCMAGkQYATDQbMWbDl3TY8hUmR00AZE8Zn38tbc0PjiFwbaiAC8oQaGYpLS0PBWPCBKwnRuTKzsnJ4ADlgwOEkBABYkWAAmSaHBiABEANRVkVLgMXJgCQQkOGgkAI4gWERkJBSZ+q1KJinm6XFj7XlDmc5OiAshYWMN0bJISlgA1qooCWRYeohYfqbMaZaIsx1dvf0nZwAMVJMeiAD854afHgAXHc2g8en0Bhd9O8AV9fqd6ABIdzA7j3PKnJaedEnYywr4-c5BGp-fFfYFEVBQMi1Kr6U704ybJrbRC7A5oTI4OAlEDQMhKM5KS6TG4ZdGPCECt40AA+spBSjmkuewuhHwJzF+rzJTGBEvBqrO2g1mq1bP+ZuY+tBnUNAzViBNuvNgpdeuxtulWLRXuFpqtTF+gsQACoLe7rYhKbwaaG6WyhUyJI0ZLFziUSiQwGUUBMzGKkEVSmQoDkBnnRCmtunuFyeXzqdRkgWLBk6zk8s3CsUys2KtV48y03IlCAiLBMpSOmQ8y3rm2i73S+XZ1Qq5IAPSbxAQApYQQkRBQIrmLkkFDZsusuDAY8dJQoejbxAEACeiCzwBgYB-AnOIACNmJTnDmbLjpOlIQAeJT0KmzRIFmeAYIMwz6DYGikPmC7TJ6SozgsAYEtqLqotY6h2OQhGRr8ZDcIoKheJhVFoQYFGaDQvxBMCMKBogZHxIk1F8UGbL7IcxxITAKGlFmOaoYs6HsVhuiRnxUkyYBwEKVQSneFhRFWgJ9a8vywkiaJ7ISYkVmctypnUmOE4wFOMAEcMulqRZzAaQKEEuVBME6ap3mhe4GGUeuIVhZqtkmY2ZBeaFvlOZBbnzB50UxaFEUcVl2Wxf5rnQfJhHrkl-ErDg3IZSMFUElU4B7GAcAAO5IAsrAoCg6ZQG+mRHj+n4dNJVQbvQvkxtSVTxvoVQUAmVRvgmU00nUc0LfoADMUXVAtohAA


Building Abstractions with Data 2.3.3

To simplify the task, assume that "+" and "*" always take two arguments and that

expressions are fully parenthesized.

b. The problem becomes substantially harder if we allow a notation closer to in�x notation,

assuming that multiplication has higher precedence than addition, as in this example:

list("x", "+", "3", "*", list("x", "+", "y", "+", 2))

Can you design appropriate predicates, selectors, and constructors for this notation such

that our derivative program still works?

2.3.3 Example: Representing Sets

In the previous examples we built representations for two kinds of compound data objects:

rational numbers and algebraic expressions. In one of these examples we had the choice of

simplifying (reducing) the expressions at either construction time or selection time, but other

than that the choice of a representation for these structures in terms of lists was straightforward.

When we turn to the representation of sets, the choice of a representation is not so obvious.

Indeed, there are a number of possible representations, and they di�er signi�cantly from one

another in several ways.

Informally, a set is simply a collection of distinct objects. To give a more precise de�nition

we can employ the method of data abstraction. That is, we de�ne “set” by specifying the opera-

tions that are to be used on sets. These are union_set, intersection_set, is_element_of_set,

and adjoin_set. The function is_element_of_set is a predicate that determines whether a

given element is a member of a set. The function adjoin_set takes an object and a set as ar-

guments and returns a set that contains the elements of the original set and also the adjoined

element. The function union_set computes the union of two sets, which is the set containing

each element that appears in either argument. The function intersection_set computes the

intersection of two sets, which is the set containing only elements that appear in both argu-

ments. From the viewpoint of data abstraction, we are free to design any representation that

implements these operations in a way consistent with the interpretations given above.
33

33
If we want to be more formal, we can specify “consistent with the interpretations given above” to mean that

the operations satisfy a collection of rules such as these:

– For any set S and any object x, is_element_of_set(x,S) is true (informally: “Adjoining an object to a set

produces a set that contains the object”).

– For any sets S and T and any object x, is_element_of_set(x,union_set(S,T)) is equal to

is_element_of_set(x,S) || is_element_of_set(x,T) (informally: “The elements of union(S,T) are

the elements that are in S or in T”).

– For any object x, is_element_of_set(x,null) is false (informally: “No object is an element of the empty

set”).
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Sets as unordered lists

One way to represent a set is as a list of its elements in which no element appears more than

once. The empty set is represented by the empty list. In this representation,is_element_of_set

is similar to the function member of section 2.3.1. It uses equal instead of === so that the set

elements need not be just numbers or strings:

Ifunction is_element_of_set(x, set) {

return ! is_null(set) &&

( equal(x, head(set)) ||

is_element_of_set(x, tail(set)) );

}

Using this, we can write adjoin_set. If the object to be adjoined is already in the set, we

just return the set. Otherwise, we use pair to add the object to the list that represents the set:

Ifunction adjoin_set(x, set) {

return is_element_of_set(x, set)

? set

: pair(x, set);

}

For intersection_set we can use a recursive strategy. If we know how to form the inter-

section of set2 and the tail of set1, we only need to decide whether to include the head of

set1 in this. But this depends on whether head(set1) is also in set2. Here is the resulting

function:

Ifunction intersection_set(set1, set2) {

return is_null(set1) || is_null(set2)

? null

: is_element_of_set(head(set1), set2)

? pair(head(set1),

intersection_set(tail(set1), set2))

: intersection_set(tail(set1), set2);

}

In designing a representation, one of the issues we should be concerned with is e�ciency.

Consider the number of steps required by our set operations. Since they all use is_element_of_set,

the speed of this operation has a major impact on the e�ciency of the set implementation as

a whole. Now, in order to check whether an object is a member of a set, is_element_of_set

may have to scan the entire set. (In the worst case, the object turns out not to be in the set.)

Hence, if the set has n elements, is_element_of_set might take up to n steps. Thus, the num-

ber of steps required grows as Θ(n). The number of steps required by adjoin-set, which uses

this operation, also grows as Θ(n). For intersection_set, which does an is_element_of_set

check for each element of set1, the number of steps required grows as the product of the sizes
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of the sets involved, or Θ(n2) for two sets of size n. The same will be true of union_set.

Exercise 2.59

Implement the union_set operation for the unordered-list representation of sets.

Exercise 2.60

We speci�ed that a set would be represented as a list with no duplicates. Now suppose we allow

duplicates. For instance, the set {1, 2, 3} could be represented as the list list(2, 3, 2, 1, 3,

2, 2). Design functions is_element_of_set, adjoin_set, union_set, and intersection_set

that operate on this representation. How does the e�ciency of each compare with the corre-

sponding function for the non-duplicate representation? Are there applications for which you

would use this representation in preference to the non-duplicate one?

Sets as ordered lists

One way to speed up our set operations is to change the representation so that the set elements

are listed in increasing order. To do this, we need some way to compare two objects so that

we can say which is bigger. For example, we could compare symbols lexicographically, or we

could agree on some method for assigning a unique number to an object and then compare the

elements by comparing the corresponding numbers. To keep our discussion simple, we will

consider only the case where the set elements are numbers, so that we can compare elements

using > and <. We will represent a set of numbers by listing its elements in increasing order.

Whereas our �rst representation above allowed us to represent the set {1, 3, 6, 10} by listing

the elements in any order, our new representation allows only the list list(1, 3, 6, 10).

One advantage of ordering shows up in is_element_of_set: In checking for the presence

of an item, we no longer have to scan the entire set. If we reach a set element that is larger

than the item we are looking for, then we know that the item is not in the set:

Ifunction is_element_of_set(x,set) {

return ! is_null(set) && x === head(set)

? true

: x < head(set)

? false

: is_element_of_set(x, tail(set));

}

How many steps does this save? In the worst case, the item we are looking for may be the

largest one in the set, so the number of steps is the same as for the unordered representation.

On the other hand, if we search for items of many di�erent sizes we can expect that sometimes
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we will be able to stop searching at a point near the beginning of the list and that other times

we will still need to examine most of the list. On the average we should expect to have to

examine about half of the items in the set. Thus, the average number of steps required will be

about n/2. This is still Θ(n) growth, but it does save us, on the average, a factor of 2 in number

of steps over the previous implementation.

We obtain a more impressive speedup with intersection_set. In the unordered represen-

tation this operation required Θ(n2) steps, because we performed a complete scan of set2 for

each element of set1. But with the ordered representation, we can use a more clever method.

Begin by comparing the initial elements, x1 and x2, of the two sets. If x1 equals x2, then that

gives an element of the intersection, and the rest of the intersection is the intersection of the

tails of the two sets. Suppose, however, that x1 is less than x2. Since x2 is the smallest element

in set2, we can immediately conclude that x1 cannot appear anywhere in set2 and hence is

not in the intersection. Hence, the intersection is equal to the intersection of set2 with the

tail of set1. Similarly, if x2 is less than x1, then the intersection is given by the intersection

of set1 with the tail of set2. Here is the function:

Ifunction intersection_set(set1, set2) {

if (is_null(set1) || is_null(set2)) {

return null;

} else {

const x1 = head(set1);

const x2 = head(set2);

return x1 === x2

? pair(x1, intersection_set(tail(set1),

tail(set2)))

: x1 < x2

? intersection_set(tail(set1), set2)

: intersection_set(set1,

tail(set2));

}

}

To estimate the number of steps required by this process, observe that at each step we reduce

the intersection problem to computing intersections of smaller sets—removing the �rst element

from set1 or set2 or both. Thus, the number of steps required is at most the sum of the sizes

of set1 and set2, rather than the product of the sizes as with the unordered representation.

This is Θ(n) growth rather than Θ(n2)—a considerable speedup, even for sets of moderate size.
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Exercise 2.61

Give an implementation of adjoin_set using the ordered representation. By analogy with

is_element_of_set show how to take advantage of the ordering to produce a function that

requires on the average about half as many steps as with the unordered representation.

Exercise 2.62

Give a Θ(n) implementation of union_set for sets represented as ordered lists.

Sets as binary trees

We can do better than the ordered-list representation by arranging the set elements in the

form of a tree. Each node of the tree holds one element of the set, called the “entry” at that

node, and a link to each of two other (possibly empty) nodes. The “left” link points to elements

smaller than the one at the node, and the “right” link to elements greater than the one at the

node. Figure 2.16 shows some trees that represent the set {1, 3, 5, 7, 9, 11}. The same set may

be represented by a tree in a number of di�erent ways. The only thing we require for a valid

representation is that all elements in the left subtree be smaller than the node entry and that

all elements in the right subtree be larger.

7 3 5

3 9 1 7 93

1 11 5 9 1 7 11

11

5

Figure 2.16: Various binary trees that represent the set {1, 3, 5, 7, 9, 11}.

The advantage of the tree representation is this: Suppose we want to check whether a number

x is contained in a set. We begin by comparing x with the entry in the top node. If x is less than

this, we know that we need only search the left subtree; if x is greater, we need only search

the right subtree. Now, if the tree is “balanced,” each of these subtrees will be about half the

size of the original. Thus, in one step we have reduced the problem of searching a tree of size

n to searching a tree of size n/2. Since the size of the tree is halved at each step, we should

173 Generated 2020-08-18 16:40:02Z



Building Abstractions with Data 2.3.3

expect that the number of steps needed to search a tree of size n grows as Θ(logn).34
For large

sets, this will be a signi�cant speedup over the previous representations.

We can represent trees by using lists. Each node will be a list of three items: the entry at

the node, the left subtree, and the right subtree. A left or a right subtree of the empty list will

indicate that there is no subtree connected there. We can describe this representation by the

following functions:
35

Ifunction entry(tree) {

return head(tree);

}

function left_branch(tree) {

return head(tail(tree));

}

function right_branch(tree) {

return head(tail(tail(tree)));

}

function make_tree(entry,left,right) {

return list(entry,left,right);

}

Now we can write the is_element_of_set function using the strategy described above:

Ifunction is_element_of_set(x, set) {

return ! is_null(set) &&

( x === entry(set) ||

( x < entry(set)

? is_element_of_set(x, left_branch(set))

: is_element_of_set(x, right_branch(set))

)

);

}

Adjoining an item to a set is implemented similarly and also requires Θ(logn) steps. To

adjoin an item x, we compare x with the node entry to determine whether x should be added

to the right or to the left branch, and having adjoined x to the appropriate branch we piece

this newly constructed branch together with the original entry and the other branch. If x is

equal to the entry, we just return the node. If we are asked to adjoin x to an empty tree, we

generate a tree that has x as the entry and empty right and left branches. Here is the function:

Ifunction adjoin_set(x,set) {

return is_null(set)

34
Halving the size of the problem at each step is the distinguishing characteristic of logarithmic growth, as we

saw with the fast-exponentiation algorithm of section 1.2.4 and the half-interval search method of section 1.3.3.

35
We are representing sets in terms of trees, and trees in terms of lists—in e�ect, a data abstraction built upon

a data abstraction. We can regard the functions entry, left_branch, right_branch, and make_tree as a way of

isolating the abstraction of a “binary tree” from the particular way we might wish to represent such a tree in

terms of list structure.
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? make_tree(x, null, null)

: x === entry(set)

? set

: x < entry(set)

? make_tree(entry(set),

adjoin_set(x, left_branch(set)),

right_branch(set))

: make_tree(entry(set),

left_branch(set),

adjoin_set(x, right_branch(set)));

}

The above claim that searching the tree can be performed in a logarithmic number of steps

rests on the assumption that the tree is “balanced,” i.e., that the left and the right subtree of

every tree have approximately the same number of elements, so that each subtree contains

about half the elements of its parent. But how can we be certain that the trees we construct

will be balanced? Even if we start with a balanced tree, adding elements with adjoin_set may

produce an unbalanced result. Since the position of a newly adjoined element depends on how

the element compares with the items already in the set, we can expect that if we add elements

“randomly” the tree will tend to be balanced on the average. But this is not a guarantee. For

example, if we start with an empty set and adjoin the numbers 1 through 7 in sequence we

end up with the highly unbalanced tree shown in �gure 2.17. In this tree all the left subtrees

are empty, so it has no advantage over a simple ordered list. One way to solve this problem

is to de�ne an operation that transforms an arbitrary tree into a balanced tree with the same

elements. Then we can perform this transformation after every few adjoin_set operations to

keep our set in balance. There are also other ways to solve this problem, most of which involve

designing new data structures for which searching and insertion both can be done in Θ(logn)

steps.
36

36
Examples of such structures include B-trees and red-black trees. There is a large literature on data structures

devoted to this problem. See Cormen, Leiserson, and Rivest 1990.
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1
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4

5
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7

Figure 2.17: Unbalanced tree produced by adjoining 1 through 7 in sequence.

Exercise 2.63

Each of the following two functions converts a binary tree to a list.

Ifunction tree_to_list_1(tree) {

return is_null(tree)

? null

: append(tree_to_list_1(left_branch(tree)),

pair(entry(tree),

tree_to_list_1(right_branch(tree))));

}

Ifunction tree_to_list_2(tree) {

function copy_to_list(tree, result_list) {

return is_null(tree)

? result_list

: copy_to_list(left_branch(tree),

pair(entry(tree),

copy_to_list(right_branch(tree),

result_list)));

}

return copy_to_list(tree, null);

}

a. Do the two functions produce the same result for every tree? If not, how do the results

di�er? What lists do the two functions produce for the trees in �gure 2.16?

b. Do the two functions have the same order of growth in the number of steps required to

convert a balanced tree with n elements to a list? If not, which one grows more slowly?
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Exercise 2.64

The following function list_to_tree converts an ordered list to a balanced binary tree. The

helper function partial_tree takes as arguments an integer n and list of at least n elements

and constructs a balanced tree containing the �rst n elements of the list. The result returned

by partial_tree is a pair (formed with pair) whose head is the constructed tree and whose

tail is the list of elements not included in the tree.

Ifunction list_to_tree(elements) {

return head(partial_tree(elements,length(elements)));

}

function partial_tree(elts, n) {

if (n === 0) {

return pair(null,elts);

} else {

const left_size = math_floor((n - 1) / 2);

const left_result = partial_tree(elts, left_size);

const left_tree = head(left_result);

const non_left_elts = tail(left_result);

const right_size = n - (left_size + 1);

const this_entry = head(non_left_elts);

const right_result = partial_tree(tail(non_left_elts),

right_size);

const right_tree = head(right_result);

const remaining_elts = tail(right_result);

return pair(make_tree(this_entry,

left_tree,

right_tree),

remaining_elts);

}

}

a. Write a short paragraph explaining as clearly as you can how partial_treeworks. Draw

the tree produced by list_to_tree for the list list(1, 3, 5, 7, 9, 11).

b. What is the order of growth in the number of steps required by list_to_tree to convert

a list of n elements?
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Exercise 2.65

Use the results of exercises 2.63 and 2.64 to give Θ(n) implementations of union_set and

intersection_set for sets implemented as (balanced) binary trees.
37

Sets and information retrieval

We have examined options for using lists to represent sets and have seen how the choice of

representation for a data object can have a large impact on the performance of the programs

that use the data. Another reason for concentrating on sets is that the techniques discussed

here appear again and again in applications involving information retrieval.

Consider a data base containing a large number of individual records, such as the personnel

�les for a company or the transactions in an accounting system. A typical data-management

system spends a large amount of time accessing or modifying the data in the records and

therefore requires an e�cient method for accessing records. This is done by identifying a part

of each record to serve as an identifying key. A key can be anything that uniquely identi�es the

record. For a personnel �le, it might be an employee’s ID number. For an accounting system,

it might be a transaction number. Whatever the key is, when we de�ne the record as a data

structure we should include a key selector function that retrieves the key associated with a

given record.

Now we represent the data base as a set of records. To locate the record with a given key we

use a function lookup, which takes as arguments a key and a data base and which returns the

record that has that key, or false if there is no such record. The function lookup is implemented

in almost the same way as is_element_of_set. For example, if the set of records is implemented

as an unordered list, we could use

Ifunction lookup(given_key, set_of_records) {

return ! is_null(set_of_records) &&

( equal(given_key, key(head(set_of_records)))

? head(set_of_records)

: lookup(given_key, tail(set_of_records))

);

}

Of course, there are better ways to represent large sets than as unordered lists. Information-

retrieval systems in which records have to be “randomly accessed” are typically implemented

by a tree-based method, such as the binary-tree representation discussed previously. In de-

signing such a system the methodology of data abstraction can be a great help. The designer

can create an initial implementation using a simple, straightforward representation such as

37
Exercises 2.63– 2.65 are due to Paul Hil�nger.
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unordered lists. This will be unsuitable for the eventual system, but it can be useful in pro-

viding a “quick and dirty” data base with which to test the rest of the system. Later on, the

data representation can be modi�ed to be more sophisticated. If the data base is accessed in

terms of abstract selectors and constructors, this change in representation will not require any

changes to the rest of the system.

Exercise 2.66

Implement the lookup function for the case where the set of records is structured as a binary

tree, ordered by the numerical values of the keys.

2.3.4 Example: Hu�man Encoding Trees

This section provides practice in the use of list structure and data abstraction to manipulate

sets and trees. The application is to methods for representing data as sequences of ones and

zeros (bits). For example, the ASCII standard code used to represent text in computers encodes

each character as a sequence of seven bits. Using seven bits allows us to distinguish 2
7
, or 128,

possible di�erent characters. In general, if we want to distinguish n di�erent symbols, we will

need to use log
2
n bits per symbol. If all our messages are made up of the eight symbols A, B,

C, D, E, F, G, and H, we can choose a code with three bits per character, for example

A 000   C 010   E 100   G 110
B 001   D 011   F 101   H 111

With this code, the message

BACADAEAFABBAAAGAH

is encoded as the string of 54 bits

001000010000011000100000101000001001000000000110000111

Codes such as ASCII and the A-through-H code above are known as �xed-length codes, because

they represent each symbol in the message with the same number of bits. It is sometimes

advantageous to use variable-length codes, in which di�erent symbols may be represented by

di�erent numbers of bits. For example, Morse code does not use the same number of dots and

dashes for each letter of the alphabet. In particular, E, the most frequent letter, is represented

by a single dot. In general, if our messages are such that some symbols appear very frequently

and some very rarely, we can encode data more e�ciently (i.e., using fewer bits per message)
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if we assign shorter codes to the frequent symbols. Consider the following alternative code

for the letters A through H:

A   0   C 1010   E 1100   G 1110
B 100   D 1011   F 1101   H 1111

With this code, the same message as above is encoded as the string

100010100101101100011010100100000111001111

This string contains 42 bits, so it saves more than 20% in space in comparison with the �xed-

length code shown above.

One of the di�culties of using a variable-length code is knowing when you have reached

the end of a symbol in reading a sequence of zeros and ones. Morse code solves this problem

by using a special separator code (in this case, a pause) after the sequence of dots and dashes

for each letter. Another solution is to design the code in such a way that no complete code for

any symbol is the beginning (or pre�x) of the code for another symbol. Such a code is called

a pre�x code. In the example above, A is encoded by 0 and B is encoded by 100, so no other

symbol can have a code that begins with 0 or with 100.

In general, we can attain signi�cant savings if we use variable-length pre�x codes that take

advantage of the relative frequencies of the symbols in the messages to be encoded. One

particular scheme for doing this is called the Hu�man encoding method, after its discoverer,

David Hu�man. A Hu�man code can be represented as a binary tree whose leaves are the

symbols that are encoded. At each non-leaf node of the tree there is a set containing all the

symbols in the leaves that lie below the node. In addition, each symbol at a leaf is assigned a

weight (which is its relative frequency), and each non-leaf node contains a weight that is the

sum of all the weights of the leaves lying below it. The weights are not used in the encoding

or the decoding process. We will see below how they are used to help construct the tree.
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{A B C D E F G H} 17

{B C D E F G H} 9

A 8

{B C D} 5

{C D} 2

D 1C 1

B 3

{E F G H} 4

{G H} 2

{E F} 2

E 1 F 1

H 1G 1

Figure 2.18: A Hu�man encoding tree.

Figure 2.18 shows the Hu�man tree for the A-through-H code given above. The weights at

the leaves indicate that the tree was designed for messages in which A appears with relative

frequency 8, B with relative frequency 3, and the other letters each with relative frequency 1.

Given a Hu�man tree, we can �nd the encoding of any symbol by starting at the root and

moving down until we reach the leaf that holds the symbol. Each time we move down a left

branch we add a 0 to the code, and each time we move down a right branch we add a 1. (We

decide which branch to follow by testing to see which branch either is the leaf node for the

symbol or contains the symbol in its set.) For example, starting from the root of the tree in

�gure 2.18, we arrive at the leaf for D by following a right branch, then a left branch, then a

right branch, then a right branch; hence, the code for D is 1011.

To decode a bit sequence using a Hu�man tree, we begin at the root and use the successive

zeros and ones of the bit sequence to determine whether to move down the left or the right

branch. Each time we come to a leaf, we have generated a new symbol in the message, at which

point we start over from the root of the tree to �nd the next symbol. For example, suppose we

are given the tree above and the sequence 10001010. Starting at the root, we move down the

right branch, (since the �rst bit of the string is 1), then down the left branch (since the second

bit is 0), then down the left branch (since the third bit is also 0). This brings us to the leaf for B,

so the �rst symbol of the decoded message is B. Now we start again at the root, and we make

a left move because the next bit in the string is 0. This brings us to the leaf for A. Then we

start again at the root with the rest of the string 1010, so we move right, left, right, left and

reach C. Thus, the entire message is BAC.
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Generating Hu�man trees

Given an “alphabet” of symbols and their relative frequencies, how do we construct the “best”

code? (In other words, which tree will encode messages with the fewest bits?) Hu�man gave an

algorithm for doing this and showed that the resulting code is indeed the best variable-length

code for messages where the relative frequency of the symbols matches the frequencies with

which the code was constructed. We will not prove this optimality of Hu�man codes here, but

we will show how Hu�man trees are constructed.
38

The algorithm for generating a Hu�man tree is very simple. The idea is to arrange the tree

so that the symbols with the lowest frequency appear farthest away from the root. Begin with

the set of leaf nodes, containing symbols and their frequencies, as determined by the initial

data from which the code is to be constructed. Now �nd two leaves with the lowest weights

and merge them to produce a node that has these two nodes as its left and right branches. The

weight of the new node is the sum of the two weights. Remove the two leaves from the original

set and replace them by this new node. Now continue this process. At each step, merge two

nodes with the smallest weights, removing them from the set and replacing them with a node

that has these two as its left and right branches. The process stops when there is only one

node left, which is the root of the entire tree. Here is how the Hu�man tree of �gure 2.18 was

generated:

Initial leaves {(A, 8), (B, 3), (C, 1), (D, 1), (E, 1), (F , 1), (G, 1), (H , 1)}

Merge {(A, 8), (B, 3), ({C,D}, 2), (E, 1), (F , 1), (G, 1), (H , 1)}

Merge {(A, 8), (B, 3), ({C,D}, 2), ({E, F }, 2), (G, 1), (H , 1)}

Merge {(A, 8), (B, 3), ({C,D}, 2), ({E, F }, 2), ({G,H }, 2)}

Merge {(A, 8), (B, 3), ({C,D}, 2), ({E, F ,G,H }, 4)}

Merge {(A, 8), ({B,C,D}, 5), ({E, F ,G,H }, 4)}

Merge {(A, 8), ({B,C,D,E, F ,G,H }, 9)}

Final merge {({A,B,C,D,E, F ,G,H }, 17)}

The algorithm does not always specify a unique tree, because there may not be unique

smallest-weight nodes at each step. Also, the choice of the order in which the two nodes are

merged (i.e., which will be the right branch and which will be the left branch) is arbitrary.

38
See Hamming 1980 for a discussion of the mathematical properties of Hu�man codes.
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Representing Hu�man trees

In the exercises below we will work with a system that uses Hu�man trees to encode and

decode messages and generates Hu�man trees according to the algorithm outlined above. We

will begin by discussing how trees are represented.

Leaves of the tree are represented by a list consisting of the string "leaf", the symbol at the

leaf, and the weight:

Ifunction make_leaf(symbol, weight) {

return list("leaf", symbol, weight);

}

function is_leaf(object) {

return head(object) === "leaf";

}

function symbol_leaf(x) {

return head(tail(x));

}

function weight_leaf(x) {

return head(tail(tail(x)));

}

A general tree will be a list of a string "code_tree", a left branch, a right branch, a set of

symbols, and a weight. The set of symbols will be simply a list of the symbols, rather than

some more sophisticated set representation. When we make a tree by merging two nodes, we

obtain the weight of the tree as the sum of the weights of the nodes, and the set of symbols as

the union of the sets of symbols for the nodes. Since our symbol sets are represented as lists,

we can form the union by using the append function we de�ned in section 2.2.1:

Ifunction make_code_tree(left,right) {

return list("code_tree", left, right,

append(symbols(left), symbols(right)),

weight(left) + weight(right));

}

If we make a tree in this way, we have the following selectors:

Ifunction left_branch(tree) {

return head(tail(tree));

}

function right_branch(tree) {

return head(tail(tail(tree)));

}

function symbols(tree) {

return is_leaf(tree)

? list(symbol_leaf(tree))

: head(tail(tail(tail(tree))));
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}

function weight(tree) {

return is_leaf(tree)

? weight_leaf(tree)

: head(tail(tail(tail(tail(tree)))));

}

The functions symbols and weight must do something slightly di�erent depending on

whether they are called with a leaf or a general tree. These are simple examples of generic
functions (functions that can handle more than one kind of data), which we will have much

more to say about in sections 2.4 and 2.5.

The decoding function

The following function implements the decoding algorithm. It takes as arguments a list of

zeros and ones, together with a Hu�man tree.

Ifunction decode(bits, tree) {

function decode_1(bits, current_branch) {

if (is_null(bits)) {

return null;

} else {

const next_branch = choose_branch(head(bits),

current_branch);

return is_leaf(next_branch)

? pair(symbol_leaf(next_branch),

decode_1(tail(bits), tree))

: decode_1(tail(bits), next_branch);

}

}

return decode_1(bits, tree);

}

function choose_branch(bit, branch) {

return bit === 0

? left_branch(branch)

: bit === 1

? right_branch(branch)

: error(bit, "bad bit -- choose_branch");

}

The function decode_1 takes two arguments: the list of remaining bits and the current posi-

tion in the tree. It keeps moving “down” the tree, choosing a left or a right branch according to

whether the next bit in the list is a zero or a one. (This is done with the function choose_branch.)

When it reaches a leaf, it returns the symbol at that leaf as the next symbol in the message by

pairing it onto the result of decoding the rest of the message, starting at the root of the tree.
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Note the error check in the �nal clause of choose_branch, which complains if the function

�nds something other than a zero or a one in the input data.

Sets of weighted elements

In our representation of trees, each non-leaf node contains a set of symbols, which we have

represented as a simple list. However, the tree-generating algorithm discussed above requires

that we also work with sets of leaves and trees, successively merging the two smallest items.

Since we will be required to repeatedly �nd the smallest item in a set, it is convenient to use

an ordered representation for this kind of set.

We will represent a set of leaves and trees as a list of elements, arranged in increasing order of

weight. The following adjoin_set function for constructing sets is similar to the one described

in exercise 2.61; however, items are compared by their weights, and the element being added

to the set is never already in it.

Ifunction adjoin_set(x, set) {

return is_null(set)

? list(x)

: weight(x) < weight(head(set))

? pair(x, set)

: pair(head(set), adjoin_set(x, tail(set)));

}

The following function takes a list of symbol-frequency pairs such as

list(list("A", 4), list("B", 2), list("C", 1), list("D", 1))

and constructs an initial ordered set of leaves, ready to be merged according to the Hu�man

algorithm:

Ifunction make_leaf_set(pairs) {

if (is_null(pairs)) {

return null;

} else {

const first_pair = head(pairs);

return adjoin_set(

make_leaf(head(first_pair), // symb

head(tail(first_pair))), // freq

make_leaf_set(tail(pairs)));

}

}
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Exercise 2.67

De�ne an encoding tree and a sample message:

Iconst sample_tree =

make_code_tree(

make_leaf("A",4),

make_code_tree(

make_leaf("B",2),

make_code_tree(

make_leaf("D",1),

make_leaf("C",1))));

const sample_message =

list(0, 1, 1, 0, 0, 1, 0, 1, 0, 1, 1, 1, 0);

Use the decode function to decode the message, and give the result.

Exercise 2.68

The encode function takes as arguments a message and a tree and produces the list of bits

that gives the encoded message.

Ifunction encode(message, tree) {

return is_null(message)

? null

: append(encode_symbol(head(message), tree),

encode(tail(message), tree));

}

Write the function encode_symbol that returns the list of bits that encodes a given symbol

according to a given tree. You should design encode_symbol so that it signals an error if the

symbol is not in the tree at all. Test your function by encoding the result you obtained in

exercise 2.67 with the sample tree and seeing whether it is the same as the original sample

message.

Exercise 2.69

The following function takes as its argument a list of symbol-frequency pairs (where no symbol

appears in more than one pair) and generates a Hu�man encoding tree according to the

Hu�man algorithm.

Ifunction generate_huffman_tree(pairs) {

return successive_merge(make_leaf_set(pairs));

}

The function make_leaf_set that transforms the list of pairs into an ordered set of leaves
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is given above. Write the function successive_merge using make_code_tree to successively

merge the smallest-weight elements of the set until there is only one element left, which is the

desired Hu�man tree. (This function is slightly tricky, but not really complicated. If you �nd

yourself designing a complex function, then you are almost certainly doing something wrong.

You can take signi�cant advantage of the fact that we are using an ordered set representation.)

Exercise 2.70

The following eight-symbol alphabet with associated relative frequencies was designed to

e�ciently encode the lyrics of 1950s rock songs. (Note that the “symbols” of an “alphabet”

need not be individual letters.)

A 2 NA 16

BOOM 1 SHA 3

GET 1 YIP 9

JOB 2 WAH 1

Use generate_huffman_tree (exercise 2.69) to generate a corresponding Hu�man tree, and

use encode (exercise 2.68) to encode the following message:

Get a job

Sha na na na na na na na na

Get a job

Sha na na na na na na na na

Wah yip yip yip yip yip yip yip yip yip

Sha boom

How many bits are required for the encoding? What is the smallest number of bits that would

be needed to encode this song if we used a �xed-length code for the eight-symbol alphabet?

Exercise 2.71

Suppose we have a Hu�man tree for an alphabet ofn symbols, and that the relative frequencies

of the symbols are 1, 2, 4, . . . , 2
n−1

. Sketch the tree for n=5; for n=10. In such a tree (for general

n) how may bits are required to encode the most frequent symbol? the least frequent symbol?

Exercise 2.72

Consider the encoding function that you designed in exercise 2.68. What is the order of growth

in the number of steps needed to encode a symbol? Be sure to include the number of steps

needed to search the symbol list at each node encountered. To answer this question in general
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is di�cult. Consider the special case where the relative frequencies of the n symbols are as

described in exercise 2.71, and give the order of growth (as a function of n) of the number of

steps needed to encode the most frequent and least frequent symbols in the alphabet.

2.4 Multiple Representations for Abstract Data

We have introduced data abstraction, a methodology for structuring systems in such a way that

much of a program can be speci�ed independent of the choices involved in implementing the

data objects that the program manipulates. For example, we saw in section 2.1.1 how to separate

the task of designing a program that uses rational numbers from the task of implementing

rational numbers in terms of the computer language’s primitive mechanisms for constructing

compound data. The key idea was to erect an abstraction barrier—in this case, the selectors

and constructors for rational numbers (make_rat, numer, denom)—that isolates the way rational

numbers are used from their underlying representation in terms of list structure. A similar

abstraction barrier isolates the details of the functions that perform rational arithmetic add_rat,

sub_rat, mul_rat, and div_rat) from the “higher-level” functions that use rational numbers.

The resulting program has the structure shown in �gure 2.1.

These data-abstraction barriers are powerful tools for controlling complexity. By isolating

the underlying representations of data objects, we can divide the task of designing a large

program into smaller tasks that can be performed separately. But this kind of data abstraction

is not yet powerful enough, because it may not always make sense to speak of “the underlying

representation” for a data object.

For one thing, there might be more than one useful representation for a data object, and

we might like to design systems that can deal with multiple representations. To take a simple

example, complex numbers may be represented in two almost equivalent ways: in rectan-

gular form (real and imaginary parts) and in polar form (magnitude and angle). Sometimes

rectangular form is more appropriate and sometimes polar form is more appropriate. Indeed,

it is perfectly plausible to imagine a system in which complex numbers are represented in

both ways, and in which the functions for manipulating complex numbers work with either

representation.

More importantly, programming systems are often designed by many people working over

extended periods of time, subject to requirements that change over time. In such an environ-

ment, it is simply not possible for everyone to agree in advance on choices of data represen-

tation. So in addition to the data-abstraction barriers that isolate representation from use,

we need abstraction barriers that isolate di�erent design choices from each other and permit

di�erent choices to coexist in a single program. Furthermore, since large programs are often

created by combining pre-existing modules that were designed in isolation, we need conven-
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tions that permit programmers to incorporate modules into larger systems additively, that is,

without having to redesign or reimplement these modules.

In this section, we will learn how to cope with data that may be represented in di�erent

ways by di�erent parts of a program. This requires constructing generic functions—functions

that can operate on data that may be represented in more than one way. Our main technique

for building generic functions will be to work in terms of data objects that have type tags, that

is, data objects that include explicit information about how they are to be processed. We will

also discuss data-directed programming, a powerful and convenient implementation strategy

for additively assembling systems with generic operations.

We begin with the simple complex-number example. We will see how type tags and data-

directed style enable us to design separate rectangular and polar representations for com-

plex numbers while maintaining the notion of an abstract “complex-number” data object.

We will accomplish this by de�ning arithmetic functions for complex numbers (add_complex,

sub_complex, mul_complex, and div_complex) in terms of generic selectors that access parts

of a complex number independent of how the number is represented. The resulting complex-

number system, as shown in �gure 2.19, contains two di�erent kinds of abstraction barriers.

The “horizontal” abstraction barriers play the same role as the ones in �gure 2.1. They isolate

“higher-level” operations from “lower-level” representations. In addition, there is a “vertical”

barrier that gives us the ability to separately design and install alternative representations.

add_complex

Programs that use complex numbers

Complex-arithmetic package

Rectangular
representation

Polar
representation

List structure and 
primitive machine arithmetic

sub_complex

mul_complex

div_complex

Figure 2.19: Data-abstraction barriers in the complex-number system.

In section 2.5 we will show how to use type tags and data-directed style to develop a generic

arithmetic package. This provides functions (add, mul, and so on) that can be used to manipulate

all sorts of “numbers” and can be easily extended when a new kind of number is needed. In
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section 2.5.3, we’ll show how to use generic arithmetic in a system that performs symbolic

algebra.

2.4.1 Representations for Complex Numbers

We will develop a system that performs arithmetic operations on complex numbers as a simple

but unrealistic example of a program that uses generic operations. We begin by discussing

two plausible representations for complex numbers as ordered pairs: rectangular form (real

part and imaginary part) and polar form (magnitude and angle).
39

Section 2.4.2 will show how

both representations can be made to coexist in a single system through the use of type tags

and generic operations.

Like rational numbers, complex numbers are naturally represented as ordered pairs. The set

of complex numbers can be thought of as a two-dimensional space with two orthogonal axes,

the “real” axis and the “imaginary” axis. (See �gure 2.20.) From this point of view, the complex

number z = x + iy (where i2 = −1) can be thought of as the point in the plane whose real

coordinate is x and whose imaginary coordinate is y. Addition of complex numbers reduces

in this representation to addition of coordinates:

Real-part(z1 + z2) = Real-part(z1) + Real-part(z2)

Imaginary-part(z1 + z2) = Imaginary-part(z1) + Imaginary-part(z2)

When multiplying complex numbers, it is more natural to think in terms of representing

a complex number in polar form, as a magnitude and an angle (r and A in �gure 2.20). The

product of two complex numbers is the vector obtained by stretching one complex number by

the length of the other and then rotating it through the angle of the other:

Magnitude(z1 · z2) = Magnitude(z1) ·Magnitude(z2)

Angle(z1 · z2) = Angle(z1) + Angle(z2)

Thus, there are two di�erent representations for complex numbers, which are appropriate for

di�erent operations. Yet, from the viewpoint of someone writing a program that uses complex

numbers, the principle of data abstraction suggests that all the operations for manipulating

complex numbers should be available regardless of which representation is used by the com-

39
In actual computational systems, rectangular form is preferable to polar form most of the time because of

roundo� errors in conversion between rectangular and polar form. This is why the complex-number example is

unrealistic. Nevertheless, it provides a clear illustration of the design of a system using generic operations and a

good introduction to the more substantial systems to be developed later in this chapter.
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puter. For example, it is often useful to be able to �nd the magnitude of a complex number

that is speci�ed by rectangular coordinates. Similarly, it is often useful to be able to determine

the real part of a complex number that is speci�ed by polar coordinates.

Imaginary

Real

z = x + iy = re

A

y

x

r

iA

Figure 2.20: Complex numbers as points in the plane.

To design such a system, we can follow the same data-abstraction strategy we followed in de-

signing the rational-number package in section 2.1.1. Assume that the operations on complex

numbers are implemented in terms of four selectors: real_part, imag_part, magnitude, and

angle. Also assume that we have two functions for constructing complex numbers: make_from_real_imag

returns a complex number with speci�ed real and imaginary parts, and make_from_mag_ang

returns a complex number with speci�ed magnitude and angle. These functions have the

property that, for any complex number z, both

make_from_real_imag(real_part(z),imag_part(z));

and

make_from_mag_ang(magnitude(z), angle(z));

produce complex numbers that are equal to z.

Using these constructors and selectors, we can implement arithmetic on complex numbers

using the “abstract data” speci�ed by the constructors and selectors, just as we did for rational

numbers in section 2.1.1. As shown in the formulas above, we can add and subtract complex

numbers in terms of real and imaginary parts while multiplying and dividing complex numbers

in terms of magnitudes and angles:

function add_complex(z1, z2) {

return make_from_real_imag(

real_part(z1) + real_part(z2),
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imag_part(z1) + imag_part(z2));

}

function sub_complex(z1, z2) {

return make_from_real_imag(

real_part(z1) - real_part(z2),

imag_part(z1) - imag_part(z2));

}

function mul_complex(z1, z2) {

return make_from_mag_ang(

magnitude(z1) * magnitude(z2),

angle(z1) + angle(z2));

}

function div_complex(z1, z2) {

return make_from_mag_ang(

magnitude(z1) / magnitude(z2),

angle(z1) - angle(z2));

}

To complete the complex-number package, we must choose a representation and we must

implement the constructors and selectors in terms of primitive numbers and primitive list

structure. There are two obvious ways to do this: We can represent a complex number in

“rectangular form” as a pair (real part, imaginary part) or in “polar form” as a pair (magnitude,

angle). Which shall we choose?

In order to make the di�erent choices concrete, imagine that there are two programmers,

Ben Bitdiddle and Alyssa P. Hacker, who are independently designing representations for the

complex-number system. Ben chooses to represent complex numbers in rectangular form. With

this choice, selecting the real and imaginary parts of a complex number is straightforward, as

is constructing a complex number with given real and imaginary parts. To �nd the magnitude

and the angle, or to construct a complex number with a given magnitude and angle, he uses

the trigonometric relations

x = r cosA r =
√
x2 + y2

y = r sinA A = arctan(y,x)

which relate the real and imaginary parts (x , y) to the magnitude and the angle (r ,A).40
Ben’s

representation is therefore given by the following selectors and constructors:

Ifunction real_part(z) {

return head(z);

}

function imag_part(z) {

40
The arctangent function referred to here, computed by JavaScript’s math_atan2 function, is de�ned so as to

take two arguments y and x and to return the angle whose tangent is y/x . The signs of the arguments determine

the quadrant of the angle.
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return tail(z);

}

function magnitude(z) {

return math_sqrt(

square(real_part(z)) +

square(imag_part(z)));

}

function angle(z) {

return math_atan2(imag_part(z),real_part(z));

}

function make_from_real_imag(x, y) {

return pair(x, y);

}

function make_from_mag_ang(r, a) {

return pair(r * math_cos(a), r * math_sin(a));

}

Alyssa, in contrast, chooses to represent complex numbers in polar form. For her, selecting

the magnitude and angle is straightforward, but she has to use the trigonometric relations to

obtain the real and imaginary parts. Alyssa’s representation is:

Ifunction real_part(z) {

return magnitude(z) * math_cos(angle(z));

}

function imag_part(z) {

return magnitude(z) * math_sin(angle(z));

}

function magnitude(z) {

return head(z);

}

function angle(z) {

return tail(z);

}

function make_from_real_imag(x, y) {

return pair(math_sqrt(square(x) + square(y)),

math_atan2(y, x));

}

function make_from_mag_ang(r, a) {

return pair(r, a);

}

The discipline of data abstraction ensures that the same implementation of add_complex,

sub_complex, mul_complex, and div_complex will work with either Ben’s representation or

Alyssa’s representation.
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2.4.2 Tagged data

One way to view data abstraction is as an application of the “principle of least commitment.” In

implementing the complex-number system in section 2.4.1, we can use either Ben’s rectangular

representation or Alyssa’s polar representation. The abstraction barrier formed by the selectors

and constructors permits us to defer to the last possible moment the choice of a concrete

representation for our data objects and thus retain maximum �exibility in our system design.

The principle of least commitment can be carried to even further extremes. If we desire, we

can maintain the ambiguity of representation even after we have designed the selectors and

constructors, and elect to use both Ben’s representation and Alyssa’s representation. If both

representations are included in a single system, however, we will need some way to distinguish

data in polar form from data in rectangular form. Otherwise, if we were asked, for instance,

to �nd the magnitude of the pair (3, 4), we wouldn’t know whether to answer 5 (interpreting

the number in rectangular form) or 3 (interpreting the number in polar form). A straightfor-

ward way to accomplish this distinction is to include a type tag—the string "rectangular"

or "polar"—as part of each complex number. Then when we need to manipulate a complex

number we can use the tag to decide which selector to apply.

In order to manipulate tagged data, we will assume that we have functions type_tag and

contents that extract from a data object the tag and the actual contents (the polar or rectangular

coordinates, in the case of a complex number). We will also postulate a function attach_tag

that takes a tag and contents and produces a tagged data object. A straightforward way to

implement this is to use ordinary list structure:

Ifunction attach_tag(type_tag, contents) {

return pair(type_tag, contents);

}

function type_tag(datum) {

return is_pair(datum)

? head(datum)

: error(datum, "bad tagged datum -- type_tag");

}

function contents(datum) {

return is_pair(datum)

? tail(datum)

: error(datum, "bad tagged datum -- contents");

}

Using these functions, we can de�ne predicates is_rectangular and is_polar, which rec-

ognize rectangular and polar numbers, respectively:

function is_rectangular(z) {

return type_tag(z) === "rectangular";
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}

function is_polar(z) {

return type_tag(z) === "polar";

}

With type tags, Ben and Alyssa can now modify their code so that their two di�erent repre-

sentations can coexist in the same system. Whenever Ben constructs a complex number, he

tags it as rectangular. Whenever Alyssa constructs a complex number, she tags it as polar. In

addition, Ben and Alyssa must make sure that the names of their functions do not con�ict.

One way to do this is for Ben to append the su�x rectangular to the name of each of his

representation functions and for Alyssa to append polar to the names of hers. Here is Ben’s

revised rectangular representation from section 2.4.1:

Ifunction real_part_rectangular(z) {

return head(z);

}

function imag_part_rectangular(z) {

return tail(z);

}

function magnitude_rectangular(z) {

return math_sqrt(square(real_part_rectangular(z))

+

square(imag_part_rectangular(z)));

}

function angle_rectangular(z) {

return math_atan(imag_part_rectangular(z),

real_part_rectangular(z));

}

function make_from_real_imag_rectangular(x, y) {

return attach_tag("rectangular",

pair(x, y));

}

function make_from_mag_ang_rectangular(r, a) {

return attach_tag("rectangular",

pair(r * math_cos(a), r * math_sin(a)));

}

and here is Alyssa’s revised polar representation:

Ifunction real_part_polar(z) {

return magnitude_polar(z) * math_cos(angle_polar(z));

}

function imag_part_polar(z) {

return magnitude_polar(z) * math_sin(angle_polar(z));

}

function magnitude_polar(z) {

return head(z);

}

195 Generated 2020-08-18 16:40:02Z

http://source-academy.github.io/playground#chap=4&prgrm=GYVwdgxgLglg9mABAQylZEAWB9dBzACigE8AHAU12TwBpEIEpywoBnASkQG8AoRfxACdyUEIKSlkMQUTKV8dBi2Zt2Abh4BfHqEiwEiEhSqEAJqhABbTrwFCRYpDFbZJ0gudHW+d34gD8iJjkyKYeFt5+vgBciOSCgnAynlZ0AEQARqGG1HjkpogplogAtCWGciZp6lo64NDwSEpMLKzhXjY+-MKi4ojOrlLJEexdUQE5MAA27Vaj4wKx8YnDXulZBfh5BUWl5c0qrNUa2roNBqwAjiDIwgQAHp12PY6I94gAVG8ndXqN9sgpoNBFBsMJoMgwHgQFNbgQAF5PAQvPrBUIImqner6JyWajA0Hg9BQmFwxHcMYopDoaYYn5nHGIPF4MAwUSmShEyHQ2Eycm2ZEOPp4qA4K4gghXG53YSAglg8gQkm8jHzBaIADUYyiUtu5AIMGZ8q5yrJ7HN9Ox-25U05iuJPLNFOeQqQIpwqEhBqNkhBCqVjr57Bo2vVfllQN9hPt3NJQcxv3ObuQAGtKMBEpYFXLDfiTYGHnRiEjuq6UGgMDh8AQ0vm42kQ2Gw24ZPcixbagz-ni09gM3As0buf6HXGCII6MgS-ZekhUOgsCYa3XeQ3Q027C3x58magcAw2lO6IId+7sKwYGACFOO9oeEpWFBEBlmC4GNgwFZEABeXe9-uDviw4rnCACQ-DrhudgAMwAHQAAx0PBsEAOw1DwuZ4MaMamjIBytAQL5gG+cAfnM6hAA
http://source-academy.github.io/playground#chap=4&prgrm=GYVwdgxgLglg9mABAQylZEAWB9dBzACigE8AHAU12TwBpEIEpywoBnASkQG8AoRfxACdyUEIKSlkMQUTKV8dBi2Zt2Abh4BfHqEiwEiEhSqEAJqhABbTrwFCRYpDFbZJ0gudHW+d34gD8iJjkyKYeFt5+vgBciOSCgnAynlZ0AEQARqGG1HjkpogplogAtCWGciZp6lo64NDwSEpMLKzhXjY+-MKi4ojOrlLJEexdUQE5MAA27Vaj4wKx8YnDXulZBfh5BUWl5c0qrNUa2roNBqwAjiDIwgQAHp12PY6I94gAVG8ndXqN9sgpoNBFBXHAprcCAAvJ4CF59SzUMAwUSmSikcGQmGfRCIqA4BhtZBgPBTdGYmQwmqner6JyIvDA0EYiGU2HdBwIpEokBosGs6GcL54nCsGBgAjE0nkgVUn5nOm47momVY9n2XpIYKhQXy2n-KVk-lq7hjeFIdDTXW1BX-REAa0owESlmwwkB2BgDONMnudGI6vNKDQGBw+AIaRZtzSNDGCwWbhkIuwVxBBCuNzuj0QAGpEBnbuQCAH2LH4+W-MnUMTi3RHuxqb9zkgHU6XdhvVKfQRBHRkIHOUhUOgsCYI1HBDG4xXfIme32Gz8eEpWFAUFNiKxWMgXAxsGArIgALxKx3YZ1wV2dknd6cz8YAZgAdAAGOgvp8AdhqPC91CZ3YHK0kobluO7YHuB7WOoQA


Building Abstractions with Data 2.4.2

function angle_polar(z) {

return tail(z);

}

function make_from_real_imag_polar(x, y) {

return attach_tag("polar",

pair(math_sqrt(square(x) + square(y)),

math_atan(y, x)));

}

function make_from_mag_ang_polar(r, a) {

return attach_tag("polar",

pair(r, a));

}

Each generic selector is implemented as a function that checks the tag of its argument and

calls the appropriate function for handling data of that type. For example, to obtain the real

part of a complex number, real_part examines the tag to determine whether to use Ben’s

real_part_rectangular or Alyssa’s real_part_polar. In either case, we use contents to ex-

tract the bare, untagged datum and send this to the rectangular or polar function as required:

Ifunction real_part(z) {

return is_rectangular(z)

? real_part_rectangular(contents(z))

: is_polar(z)

? real_part_polar(contents(z))

: error(z, "Unknown type -- real_part");

}

function imag_part(z) {

return is_rectangular(z)

? imag_part_rectangular(contents(z))

: is_polar(z)

? imag_part_polar(contents(z))

: error(z, "Unknown type -- imag_part");

}

function magnitude(z) {

return is_rectangular(z)

? magnitude_rectangular(contents(z))

: is_polar(z)

? magnitude_polar(contents(z))

: error(z, "Unknown type -- magnitude");

}

function angle(z) {

return is_rectangular(z)

? angle_rectangular(contents(z))

: is_polar(z)

? angle_polar(contents(z))

: error(z, "Unknown type -- angle");

}
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To implement the complex-number arithmetic operations, we can use the same functions

add_complex, sub_complex, mul_complex, and div_complex from section 2.4.1, because the se-

lectors they call are generic, and so will work with either representation. For example, the

function add_complex is still

function add_complex(z1, z2) {

return make_from_real_imag(

real_part(z1) + real_part(z2),

imag_part(z1) + imag_part(z2));

}

Finally, we must choose whether to construct complex numbers using Ben’s representation

or Alyssa’s representation. One reasonable choice is to construct rectangular numbers when-

ever we have real and imaginary parts and to construct polar numbers whenever we have

magnitudes and angles:

Ifunction make_from_real_imag(x, y) {

return make_from_real_imag_rectangular(x, y);

}

function make_from_mag_ang(r, a) {

return make_from_mag_ang_polar(r, a);

}

add_complex  sub_complex  mul_complex  div_complex

Programs that use complex numbers

Complex-arithmetic package

Rectangular
representation

Polar
representation

List structure and primitive machine arithmetic

real_part

imag_part

magnitude

angle

Figure 2.21: Structure of the generic complex-arithmetic system.

The resulting complex-number system has the structure shown in �gure 2.21. The system

has been decomposed into three relatively independent parts: the complex-number-arithmetic

operations, Alyssa’s polar implementation, and Ben’s rectangular implementation. The polar

and rectangular implementations could have been written by Ben and Alyssa working sep-
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arately, and both of these can be used as underlying representations by a third programmer

implementing the complex-arithmetic functions in terms of the abstract constructor/selector

interface.

Since each data object is tagged with its type, the selectors operate on the data in a generic

manner. That is, each selector is de�ned to have a behavior that depends upon the particular

type of data it is applied to. Notice the general mechanism for interfacing the separate rep-

resentations: Within a given representation implementation (say, Alyssa’s polar package) a

complex number is an untyped pair (magnitude, angle). When a generic selector operates on

a number of polar type, it strips o� the tag and passes the contents on to Alyssa’s code. Con-

versely, when Alyssa constructs a number for general use, she tags it with a type so that it can

be appropriately recognized by the higher-level functions. This discipline of stripping o� and

attaching tags as data objects are passed from level to level can be an important organizational

strategy, as we shall see in section 2.5.

2.4.3 Data-Directed Programming and Additivity

The general strategy of checking the type of a datum and calling an appropriate function is

called dispatching on type. This is a powerful strategy for obtaining modularity in system design.

On the other hand, implementing the dispatch as in section 2.4.2 has two signi�cant weaknesses.

One weakness is that the generic interface functions (real_part, imag_part, magnitude, and

angle) must know about all the di�erent representations. For instance, suppose we wanted to

incorporate a new representation for complex numbers into our complex-number system. We

would need to identify this new representation with a type, and then add a clause to each of

the generic interface functions to check for the new type and apply the appropriate selector

for that representation.

Another weakness of the technique is that even though the individual representations can

be designed separately, we must guarantee that no two functions in the entire system have the

same name. This is why Ben and Alyssa had to change the names of their original functions

from section 2.4.1.

The issue underlying both of these weaknesses is that the technique for implementing

generic interfaces is not additive. The person implementing the generic selector functions

must modify those functions each time a new representation is installed, and the people in-

terfacing the individual representations must modify their code to avoid name con�icts. In

each of these cases, the changes that must be made to the code are straightforward, but they

must be made nonetheless, and this is a source of inconvenience and error. This is not much

of a problem for the complex-number system as it stands, but suppose there were not two

but hundreds of di�erent representations for complex numbers. And suppose that there were
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many generic selectors to be maintained in the abstract-data interface. Suppose, in fact, that

no one programmer knew all the interface functions or all the representations. The problem is

real and must be addressed in such programs as large-scale data-base-management systems.

What we need is a means for modularizing the system design even further. This is provided

by the programming technique known as data-directed programming. To understand how data-

directed programming works, begin with the observation that whenever we deal with a set of

generic operations that are common to a set of di�erent types we are, in e�ect, dealing with a

two-dimensional table that contains the possible operations on one axis and the possible types

on the other axis. The entries in the table are the functions that implement each operation for

each type of argument presented. In the complex-number system developed in the previous

section, the correspondence between operation name, data type, and actual function was spread

out among the various conditional clauses in the generic interface functions. But the same

information could have been organized in a table, as shown in �gure 2.22.

Data-directed programming is the technique of designing programs to work with such a table

directly. Previously, we implemented the mechanism that interfaces the complex-arithmetic

code with the two representation packages as a set of functions that each perform an explicit

dispatch on type. Here we will implement the interface as a single function that looks up the

combination of the operation name and argument type in the table to �nd the correct function

to apply, and then applies it to the contents of the argument. If we do this, then to add a new

representation package to the system we need not change any existing functions; we need

only add new entries to the table.

real_part

imag_part

magnitude

angle

real_part_polar

imag_part_polar

magnitude_polar

angle_polar

real_part_rectangular

imag_part_rectangular

magnitude_rectangular

angle_rectangular

Types
Polar RectangularOperations

Figure 2.22: Table of operations for the complex-number system.

To implement this plan, assume that we have two functions, put and get, for manipulating

the operation-and-type table:

– put(op, type, item)

installs the item in the table, indexed by the op and the type.
– get(op, type)
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looks up the op, type entry in the table and returns the item found there. If no item is

found, get returns a unique primitive value that is referred to by the name undefined.
41

For now, we can assume that put and get are included in our language. In chapter 3 (sec-

tion 3.3.3) we will see how to implement these and other operations for manipulating tables.

Here is how data-directed programming can be used in the complex-number system. Ben,

who developed the rectangular representation, implements his code just as he did originally.

He de�nes a collection of functions or a package, and interfaces these to the rest of the system

by adding entries to the table that tell the system how to operate on rectangular numbers. This

is accomplished by calling the following function:

Ifunction install_rectangular_package() {

// internal functions

function real_part(z) { return head(z); }

function imag_part(z) { return tail(z); }

function make_from_real_imag(x, y) { return pair(x, y); }

function magnitude(z) {

return math_sqrt(square(real_part(z)) +

square(imag_part(z)));

}

function angle(z) {

return math_atan(imag_part(z), real_part(z));

}

function make_from_mag_ang(r, a) {

return pair(r * math_cos(a), r * math_sin(a));

}

// interface to the rest of the system

function tag(x) {

return attach_tag("rectangular", x);

}

put("real_part", list("rectangular"), real_part);

put("imag_part", list("rectangular"), imag_part);

put("magnitude", list("rectangular"), magnitude);

put("angle", list("rectangular"), angle);

put("make_from_real_imag", "rectangular",

(x, y) => tag(make_from_real_imag(x, y)));

put("make_from_mag_ang", "rectangular",

(r, a) => tag(make_from_mag_ang(r, a)));

return "done";

}

install_rectangular_package();

41
The name undefined is predeclared in any JavaScript implementation and should not be used other than to

refer to that primitive value.

200 Generated 2020-08-18 16:40:02Z

http://source-academy.github.io/playground#chap=4&prgrm=PTAEHsAcFMCcEMAuBLcA7A+o+AjANtADSiQCuio8aAJqAObSIBQIoAZrOALagDGAFvEiI4oAMygAFAGdovFOnEA6MSoCUTNqTTzUaStOnhekgNbQAnsVhzwsatLWgA3k1DvQNxKVj7k0jDRSPDxJG147Bw0PGJiAflBtamg2ZDRoajdY2IAuUGgAR1J4UPMrUH5oeGpJSuqw23tHNWjs7IS6mvDIxyy2mLz4Q2MzS2JsZFDuppaAbiYAX01tXUUueHMsXAJJJ1cYiLRpCjxjEq38aFAAXlA8f0RJACIAKmxLl6e1eZitHQV9KdwKZSJBRhYMABGYhlDAAJj2fVih2OoGkpBw7wINwMRhMsOhoAmoVOvHOWOgcyRMWQbCk6Mx2yu1xZiRoKTSGUR-RiXh8+iSHPS1B+bQW+Twshc1LaKIo01otyGePB8PG8EmMgxFKpPI8tKkCpurMFqWF3L1sT5vjZyTNGVFevF0ElV32lt5jH5RI1U0a1G+MuyS36IY8Yfcf1WfiOcEeBJhljVoAAbiVSJTpf05WjtUyccqRgmfZrSeSmbq2gatYzLsbbqbOQGs5bZIgtqWzngLgRCEGPe5IBrYJJ7sdVYSh8gR7C4cQ03gMy0+wOB8TR12e5TK8GJVL3Xqc0alcN8Um5yXQgydYGPdXjyb2fbmwePABIfptjtXvOXPsf1d+inEdgNVC8FyXFdANXddrwrKkAPcZ1XRbVcv3XBV53TSlHR5CNYnw-CowBUBqH8IdEAESQuAtbJrX0HgWVuJ4gRBSAnn7NoElY0FOOyPJGNZJ40lkWBEA46DQASES4z4to8jgTgRy4YgngAVTQUw0HAAB3fQoDgJA9FAABaEyfUuL5cPw+jSPIpABHmJYcwMhAAS3HF1k2CldnmHMGAoW5XKM9At2eHj2MDHMyECiAYDcvQwuE2MxKs5Z-mMpBsAELY6EkRALBgXLiEOEQ0EQRxUM8L0bVAgqiuwOgSvQMqKsDJZiOM+roFyyRqCQUgaKq2z-AwUD+u8Gi5I6KoagmwbWh5BTYCUvqBpU0AnhwaofToBhaHmngzKJQqesatKOpWEjSugcrpDWybaOq7wbVG8b1sW-oEnXQ7Pvk-IVrsB7BtU7baEa-bSPW0zzJuu6LvS6M0SKeAbEkAAPJ7bPR0AXlAdGnMRkiROwEIMHCbA0DoYJUbG+BeFMeAGF2KrWDSERfBKdgrr0aQkU6xQbHOIcxMkAAvPZnu9Tpxe+UAiJ5xRkHWOg6dFiWXClm11wl2Z5f5xWGI2HqOG4cmqm7ZWmYx4gLEl2zQPR225YVjK1iZtBkG8ZJZaqz0XqNxB+AwaQClF0PijRoXuxFx4JacABqOTPxRtGrdV2PZZ3fXfkNygqZ2DXX39711iDjAkCoSR07VuO1GsC3a6z6yDbdo3NlNrgMBViuqbCYh4CekvauHMJcdAMvg4ie7B+scfJ5DtJJEH29wyYJE2fKuA2Hpq5EHAIlKmq1FwDpIOrmkCxjmgLhW6RxqMaHjxbKy+ng4fp4Kaoam8FRp5iExi3GIMVnjR1rv-O4DxQFyEpj-P+9dqrC1RogVeg5yDPBrrHCBY5Hifxgd-GmsAvjEEwcg1BJB0FPBVp7b20BsFQLwfIAhv8iEIOoV7UgyRyEgKeN-Ag9DxyMNgYQ4h+c6AEG4ZQryJtOBdzAenCBQjmF-ygtkG2oA7Y3AAHy7WosbDAndzbnHTuou22ceHSIMbI7uTNe50EUV-KmIjVGxH7pQJw1wdEP0sYYnu383Er3IbZJ41B0B0MJkwEmJRuyOLgbAOmDMmbQF8kAA


Building Abstractions with Data 2.4.3

Notice that the internal functions here are the same functions from section 2.4.1 that Ben wrote

when he was working in isolation. No changes are necessary in order to interface them to the

rest of the system. Moreover, since these function declarations are internal to the installation

function, Ben needn’t worry about name con�icts with other functions outside the rectangular

package. To interface these to the rest of the system, Ben installs his real_part function under

the operation name real_part and the type list("rectangular"), and similarly for the other

selectors.
42

The interface also de�nes the constructors to be used by the external system.
43

These are identical to Ben’s internally de�ned constructors, except that they attach the tag.

Alyssa’s polar package is analogous:

Ifunction install_polar_package() {

// internal functions

function magnitude(z) { return head(z); }

function angle(z) { return tail(z); }

function make_from_mag_ang(r, a) { return pair(r, a); }

function real_part(z) {

return magnitude(z) * math_cos(angle(z));

}

function imag_part(z) {

return magnitude(z) * math_sin(angle(z));

}

function make_from_real_imag(x, y) {

return pair(math_sqrt(square(x) + square(y)),

math_atan(y, x));

}

// interface to the rest of the system

function tag(x) { return attach_tag("polar", x); }

put("real_part", list("polar"), real_part);

put("imag_part", list("polar"), imag_part);

put("magnitude", list("polar"), magnitude);

put("angle", list("polar"), angle);

put("make_from_real_imag", "polar",

(x, y) => tag(make_from_real_imag(x, y)));

put("make_from_mag_ang", "polar",

(r, a) => tag(make_from_mag_ang(r, a)));

return "done";

}

Even though Ben and Alyssa both still use their original functions de�ned with the same

names as each other’s (e.g., real_part), these de�nitions are now internal to di�erent functions

(see section 1.1.8), so there is no name con�ict.

42
We use the list list("rectangular") rather than the string "rectangular" to allow for the possibility of

operations with multiple arguments, not all of the same type.

43
The type the constructors are installed under needn’t be a list because a constructor is always used to make

an object of one particular type.
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The complex-arithmetic selectors access the table by means of a general “operation” function

called apply_generic, which applies a generic operation to some arguments. The function

apply_generic looks in the table under the name of the operation and the types of the argu-

ments and applies the resulting function if one is present:
44

function apply_generic(op, args) {

const type_tags = map(type_tag, args);

const fun = get(op, type_tags);

return fun !== undefined

? apply(fun, map(contents, args))

: error(list(op, type_tags),

"No method for these types in apply_generic");

}

Using apply_generic, we can de�ne our generic selectors as follows:

Ifunction real_part(z) {

return apply_generic("real_part", list(z));

}

function imag_part(z) {

return apply_generic("imag_part", list(z));

}

function magnitude(z) {

return apply_generic("magnitude", list(z));

}

function angle(z) {

return apply_generic("angle", list(z));

}

Observe that these do not change at all if a new representation is added to the system.

We can also extract from the table the constructors to be used by the programs external to

the packages in making complex numbers from real and imaginary parts and from magnitudes

and angles. As in section 2.4.2, we construct rectangular numbers whenever we have real and

imaginary parts, and polar numbers whenever we have magnitudes and angles:

Ifunction make_from_real_imag(x, y) {

return get("make_from_real_imag", "rectangular")(x, y);

}

function make_from_mag_ang(r, a) {

return get("make_from_mag_ang", "polar")(r, a);

44
In apply_generic, op has as its value the �rst argument to apply_generic and args has as its value a list of

the remaining arguments.

The function apply_generic also uses the primitive function apply given in our JavaScript environment, which

takes two arguments, a function and a list. The function apply applies the function, using the elements in the

list as arguments. For example,

apply(sum_of_squares, list(1, 3))
returns 10.
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}

Exercise 2.73

Section 2.3.2 described a program that performs symbolic di�erentiation:

Ifunction deriv(exp, variable) {

return is_number(exp)

? 0

: is_variable(exp)

? (is_same_variable(exp, variable)) ? 1 : 0

: is_sum(exp)

? make_sum(deriv(addend(exp), variable),

deriv(augend(exp), variable))

: is_product(exp)

? make_sum(make_product(multiplier(exp),

deriv(multiplicand(exp),

variable)),

make_product(deriv(multiplier(exp),

variable),

multiplicand(exp)))

// more rules can be added here

: error(exp,

"unknown expression type -- deriv");

}

Ideriv(list("*", list("*", "x", "y"), list("+", "x", 4)), "x");

l i s t ( "+ " , l i s t ( " ∗ " , l i s t ( " ∗ " , x , y ) , l i s t ( "+ " , 1 , 0 ) ) ,
l i s t ( " ∗ " , l i s t ( "+ " , l i s t ( " ∗ " , x , 0 ) , l i s t ( " ∗ " , 1 , y ) ) ,

l i s t ( "+ " , x , 4 ) ) )

We can regard this program as performing a dispatch on the type of the expression to be

di�erentiated. In this situation the “type tag” of the datum is the algebraic operator symbol

(such as +) and the operation being performed is deriv. We can transform this program into

data-directed style by rewriting the basic derivative function as

function deriv(exp, variable) {

return is_number(exp)

? 0

: is_variable(exp)

? (is_same_variable(exp, variable) ? 1 : 0)

: get("deriv",

operator(exp))(operands(exp), variable);

}

function operator(exp) {

return head(exp);

}
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function operands(exp) {

return tail(exp);

}

a. Explain what was done above. Why can’t we assimilate the predicates is_number and

is_variable into the data-directed dispatch?

b. Write the functions for derivatives of sums and products, and the auxiliary code required

to install them in the table used by the program above.

c. Choose any additional di�erentiation rule that you like, such as the one for exponents

(exercise 2.56), and install it in this data-directed system.

d. In this simple algebraic manipulator the type of an expression is the algebraic operator

that binds it together. Suppose, however, we indexed the functions in the opposite way,

so that the dispatch line in deriv looked like

get(operator(exp), "deriv")(operands(exp), variable);

What corresponding changes to the derivative system are required?

Exercise 2.74

Insatiable Enterprises, Inc., is a highly decentralized conglomerate company consisting of a

large number of independent divisions located all over the world. The company’s computer

facilities have just been interconnected by means of a clever network-interfacing scheme that

makes the entire network appear to any user to be a single computer. Insatiable’s president,

in her �rst attempt to exploit the ability of the network to extract administrative information

from division �les, is dismayed to discover that, although all the division �les have been

implemented as data structures in JavaScript, the particular data structure used varies from

division to division. A meeting of division managers is hastily called to search for a strategy to

integrate the �les that will satisfy headquarters’ needs while preserving the existing autonomy

of the divisions.

Show how such a strategy can be implemented with data-directed programming. As an

example, suppose that each division’s personnel records consist of a single �le, which contains

a set of records keyed on employees’ names. The structure of the set varies from division

to division. Furthermore, each employee’s record is itself a set (structured di�erently from

division to division) that contains information keyed under identi�ers such as address and

salary. In particular:

a. Implement for headquarters a get_record function that retrieves a speci�ed employee’s

record from a speci�ed personnel �le. The function should be applicable to any division’s

�le. Explain how the individual divisions’ �les should be structured. In particular, what

type information must be supplied?

b. Implement for headquarters a get_salary function that returns the salary information
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from a given employee’s record from any division’s personnel �le. How should the

record be structured in order to make this operation work?

c. Implement for headquarters a find_employee_record function. This should search all

the divisions’ �les for the record of a given employee and return the record. Assume

that this function takes as arguments an employee’s name and a list of all the divisions’

�les.

d. When Insatiable takes over a new company, what changes must be made in order to

incorporate the new personnel information into the central system?

Message passing

The key idea of data-directed programming is to handle generic operations in programs by

dealing explicitly with operation-and-type tables, such as the table in �gure 2.22. The style of

programming we used in section 2.4.2 organized the required dispatching on type by having

each operation take care of its own dispatching. In e�ect, this decomposes the operation-and-

type table into rows, with each generic operation function representing a row of the table.

An alternative implementation strategy is to decompose the table into columns and, in-

stead of using “intelligent operations” that dispatch on data types, to work with “intelligent

data objects” that dispatch on operation names. We can do this by arranging things so that

a data object, such as a rectangular number, is represented as a function that takes as in-

put the required operation name and performs the operation indicated. In such a discipline,

make_from_real_imag could be written as

Ifunction make_from_real_imag(x, y) {

function dispatch(op) {

return op === "real_part"

? x

: op === "imag_part"

? y

: op === "magnitude"

? math_sqrt(square(x) + square(y))

: op === "angle"

? math_atan(y, x)

: error(op,

"Unknown op -- make_from_real_imag");

}

return dispatch;

}

The corresponding apply_generic function, which applies a generic operation to an argument,

now simply feeds the operation’s name to the data object and lets the object do the work:
45

45
One limitation of this organization is it permits only generic functions of one argument.
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Ifunction apply_generic(op, arg) {

return head(arg)(op);

}

Note that the value returned by make_from_real_imag is a function—the internal dispatch

function. This is the function that is invoked when apply_generic requests an operation to

be performed.

This style of programming is called message passing. The name comes from the image that

a data object is an entity that receives the requested operation name as a “message.” We have

already seen an example of message passing in section 2.1.3, where we saw how pair, head,

and tail could be de�ned with no data objects but only functions. Here we see that message

passing is not a mathematical trick but a useful technique for organizing systems with generic

operations. In the remainder of this chapter we will continue to use data-directed programming,

rather than message passing, to discuss generic arithmetic operations. In chapter 3 we will

return to message passing, and we will see that it can be a powerful tool for structuring

simulation programs.

Exercise 2.75

Implement the constructor make_from_mag_ang in message-passing style. This function should

be analogous to the make_from_real_imag function given above.

Exercise 2.76

As a large system with generic operations evolves, new types of data objects or new operations

may be needed. For each of the three strategies—generic operations with explicit dispatch, data-

directed style, and message-passing-style—describe the changes that must be made to a system

in order to add new types or new operations. Which organization would be most appropriate

for a system in which new types must often be added? Which would be most appropriate for

a system in which new operations must often be added?

2.5 Systems with Generic Operations

In the previous section, we saw how to design systems in which data objects can be represented

in more than one way. The key idea is to link the code that speci�es the data operations to the

several representations by means of generic interface functions. Now we will see how to use

this same idea not only to de�ne operations that are generic over di�erent representations but

also to de�ne operations that are generic over di�erent kinds of arguments. We have already
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seen several di�erent packages of arithmetic operations: the primitive arithmetic (+, -, *, /)

built into our language, the rational-number arithmetic (add_rat, sub_rat, mul_rat, div_rat)

of section 2.1.1, and the complex-number arithmetic that we implemented in section 2.4.3. We

will now use data-directed techniques to construct a package of arithmetic operations that

incorporates all the arithmetic packages we have already constructed.

Figure 2.23 shows the structure of the system we shall build. Notice the abstraction barriers.

From the perspective of someone using “numbers,” there is a single function add that operates

on whatever numbers are supplied. The function add is part of a generic interface that allows

the separate ordinary-arithmetic, rational-arithmetic, and complex-arithmetic packages to be

accessed uniformly by programs that use numbers. Any individual arithmetic package (such as

the complex package) may itself be accessed through generic functions (such as add_complex)

that combine packages designed for di�erent representations (such as rectangular and po-

lar). Moreover, the structure of the system is additive, so that one can design the individual

arithmetic packages separately and combine them to produce a generic arithmetic system.

add  sub  mul  div

add_complex

mul_complex

sub_complex

div_complex

Programs that use numbers

Generic arithmetic package

Complex arithmetic

Rectangular Polar

sub_rat

div_rat

add_rat

mul_rat

Rational
arithmetic

Ordinary
arithmetic

List structure and primitive machine arithmetic

+ -- * /

Figure 2.23: Generic arithmetic system.

2.5.1 Generic Arithmetic Operations

The task of designing generic arithmetic operations is analogous to that of designing the

generic complex-number operations. We would like, for instance, to have a generic addition

function add that acts like ordinary primitive addition + on ordinary numbers, like add_rat on

rational numbers, and like add_complex on complex numbers. We can implement add, and the

other generic arithmetic operations, by following the same strategy we used in section 2.4.3 to
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implement the generic selectors for complex numbers. We will attach a type tag to each kind

of number and cause the generic function to dispatch to an appropriate package according to

the data type of its arguments.

The generic arithmetic functions are de�ned as follows:

function add(x, y) {

return apply_generic("add", list(x, y));

}

function sub(x, y) {

return apply_generic("sub", list(x, y));

}

function mul(x, y) {

return apply_generic("mul", list(x, y));

}

function div(x, y) {

return apply_generic("div", list(x, y));

}

We begin by installing a package for handling ordinary numbers, that is, the primitive numbers

of our language. We will tag these with the string "javascript_number". The arithmetic oper-

ations in this package are the primitive arithmetic functions (so there is no need to de�ne extra

functions to handle the untagged numbers). Since these operations each take two arguments,

they are installed in the table keyed by the list list("javascript_number", "javascript_number"):

Ifunction install_javascript_number_package() {

function tag(x) {

return attach_tag("javascript_number", x);

}

put("add", list("javascript_number", "javascript_number"),

(x, y) => tag(x + y));

put("sub", list("javascript_number", "javascript_number"),

(x, y) => tag(x - y));

put("mul", list("javascript_number", "javascript_number"),

(x, y) => tag(x * y));

put("div", list("javascript_number", "javascript_number"),

(x, y) => tag(x / y));

put("make", "javascript_number",

x => tag(x));

return "done";

}

Users of the JavaScript-number package will create (tagged) ordinary numbers by means of

the function:

Ifunction make_javascript_number(n) {

return get("make", "javascript_number")(n);
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}

Now that the framework of the generic arithmetic system is in place, we can readily in-

clude new kinds of numbers. Here is a package that performs rational arithmetic. Notice that,

as a bene�t of additivity, we can use without modi�cation the rational-number code from

section 2.1.1 as the internal functions in the package:

Ifunction install_rational_package() {

// internal functions

function numer(x) {

return head(x);

}

function denom(x) {

return tail(x);

}

function make_rat(n, d) {

let g = gcd(n, d);

return pair(n / g, d / g);

}

function add_rat(x, y) {

return make_rat(numer(x) * denom(y) +

numer(y) * denom(x),

denom(x) * denom(y));

}

function sub_rat(x, y) {

return make_rat(numer(x) * denom(y) -

numer(y) * denom(x),

denom(x) * denom(y));

}

function mul_rat(x, y) {

return make_rat(numer(x) * numer(y),

denom(x) * denom(y));

}

function div_rat(x, y) {

return make_rat(numer(x) * denom(y),

denom(x) * numer(y));

}

// interface to rest of the system

function tag(x) {

return attach_tag("rational", x);

}

put("add", list("rational", "rational"),

(x, y) => tag(add_rat(x, y)));

put("sub", list("rational", "rational"),

(x, y) => tag(sub_rat(x, y)));

put("mul", list("rational", "rational"),

(x, y) => tag(mul_rat(x, y)));
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put("div", list("rational", "rational"),

(x, y) => tag(div_rat(x, y)));

put("make", "rational",

(n, d) => tag(make_rat(n, d)));

return "done";

}

function make_rational(n, d) {

return (get("make", "rational"))(n, d);

}

We can install a similar package to handle complex numbers, using the tag "complex".

In creating the package, we extract from the table the operations make_from_real_imag and

make_from_mag_ang that were de�ned by the rectangular and polar packages. Additivity per-

mits us to use, as the internal operations, the same add_complex, sub_complex, mul_complex,

and div_complex functions from section 2.4.1.

Ifunction install_complex_package() {

// imported functions from rectangular and polar packages

function make_from_real_imag(x, y) {

return get("make_from_real_imag", "rectangular")(x, y);

}

function make_from_mag_ang(r, a) {

return get("make_from_mag_ang", "polar")(r, a);

}

// internal functions

function add_complex(z1, z2) {

return make_from_real_imag(real_part(z1) +

real_part(z2),

imag_part(z1) +

imag_part(z2));

}

function sub_complex(z1, z2) {

return make_from_real_imag(real_part(z1) -

real_part(z2),

imag_part(z1) -

imag_part(z2));

}

function mul_complex(z1, z2) {

return make_from_mag_ang(magnitude(z1) *

magnitude(z2),

angle(z1) +

angle(z2));

}

function div_complex(z1, z2) {

return make_from_mag_ang(magnitude(z1) /

magnitude(z2),
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angle(z1) -

angle(z2));

}

// interface to rest of the system

function tag(z) {

return attach_tag("complex", z);

}

put("add", list("complex", "complex"),

(z1, z2) => tag(add_complex(z1, z2)));

put("sub", list("complex", "complex"),

(z1, z2) => tag(sub_complex(z1, z2)));

put("mul", list("complex", "complex"),

(z1, z2) => tag(mul_complex(z1, z2)));

put("div", list("complex", "complex"),

(z1, z2) => tag(div_complex(z1, z2)));

put("make_from_real_imag", "complex",

(x, y) => tag(make_from_real_imag(x, y)));

put("make_from_mag_ang", "complex",

(r, a) => tag(make_from_mag_ang(r, a)));

return "done";

}

Programs outside the complex-number package can construct complex numbers either from

real and imaginary parts or from magnitudes and angles. Notice how the underlying functions,

originally de�ned in the rectangular and polar packages, are exported to the complex package,

and exported from there to the outside world.

Ifunction make_complex_from_real_imag(x, y){

return get("make_from_real_imag", "complex")(x, y);

}

function make_complex_from_mag_ang(r, a){

return get("make_from_mag_ang", "complex")(r, a);

}

What we have here is a two-level tag system. A typical complex number, such as 3 + 4i in

rectangular form, would be represented as shown in �gure 2.24. The outer tag ("complex") is

used to direct the number to the complex package. Once within the complex package, the next

tag ("rectangular") is used to direct the number to the rectangular package. In a large and

complicated system there might be many levels, each interfaced with the next by means of

generic operations. As a data object is passed “downward,” the outer tag that is used to direct

it to the appropriate package is stripped o� (by applying contents) and the next level of tag

(if any) becomes visible to be used for further dispatching.
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3 4"complex" "rectangular"

Figure 2.24: Representation of 3 + 4i in rectangular form.

In the above packages, we used add_rat, add_complex, and the other arithmetic functions

exactly as originally written. Once these de�nitions are internal to di�erent installation func-

tions, however, they no longer need names that are distinct from each other: we could simply

name them add, sub, mul, and div in both packages.

Exercise 2.77

Louis Reasoner tries to evaluate the expression magnitude(z)where z is the object shown in �g-

ure 2.24. To his surprise, instead of the answer 5 he gets an error message from apply_generic,

saying there is no method for the operation magnitude on the types ["complex", null]. He

shows this interaction to Alyssa P. Hacker, who says “The problem is that the complex-number

selectors were never de�ned for "complex" numbers, just for "polar" and "rectangular" num-

bers. All you have to do to make this work is add the following to the complex package:”

Iput("real_part", list("complex"), real_part);

put("imag_part", list("complex"), imag_part);

put("magnitude", list("complex"), magnitude);

put("angle", list("complex"), angle);

Describe in detail why this works. As an example, trace through all the functions called in eval-

uating the expression magnitude(z) where z is the object shown in �gure 2.24. In particular,

how many times is apply_generic invoked? What function is dispatched to in each case?

Exercise 2.78

The internal functions in the javascript_number package are essentially nothing more than

calls to the primitive functions +, -, etc. It was not possible to use the primitives of the language

directly because our type-tag system requires that each data object have a type attached to

it. In fact, however, all JavaScript implementations do have a type system, which they use

internally. Primitive predicates such as is_string and is_number determine whether data

objects have particular types. Modify the de�nitions of type_tag, contents, and attach_tag

from section 2.4.2 so that our generic system takes advantage of JavaScript’s internal type

system. That is to say, the system should work as before except that ordinary numbers should

be represented simply as JavaScript numbers rather than as pairs whose head is the string

"javascript_number".
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Exercise 2.79

De�ne a generic equality predicate is_equal that tests the equality of two numbers, and install

it in the generic arithmetic package. This operation should work for ordinary numbers, rational

numbers, and complex numbers.

Exercise 2.80

De�ne a generic predicate is_equal_to_zero that tests if its argument is zero, and install it

in the generic arithmetic package. This operation should work for ordinary numbers, rational

numbers, and complex numbers.

2.5.2 Combining Data of Di�erent Types

We have seen how to de�ne a uni�ed arithmetic system that encompasses ordinary numbers,

complex numbers, rational numbers, and any other type of number we might decide to invent,

but we have ignored an important issue. The operations we have de�ned so far treat the

di�erent data types as being completely independent. Thus, there are separate packages for

adding, say, two ordinary numbers, or two complex numbers. What we have not yet considered

is the fact that it is meaningful to de�ne operations that cross the type boundaries, such as

the addition of a complex number to an ordinary number. We have gone to great pains to

introduce barriers between parts of our programs so that they can be developed and understood

separately. We would like to introduce the cross-type operations in some carefully controlled

way, so that we can support them without seriously violating our module boundaries.

One way to handle cross-type operations is to design a di�erent function for each possi-

ble combination of types for which the operation is valid. For example, we could extend the

complex-number package so that it provides a function for adding complex numbers to ordi-

nary numbers and installs this in the table using the tag list("complex","javascript_number"):
46

I// to be included in the complex package

function add_complex_to_javascript_num(z, x) {

return make_complex_from_real_imag(real_part(z) + x,

imag_part(z));

}

put("add", list("complex", "javascript_number"),

(z, x) => add_complex_to_javascript_num(z, x));

This technique works, but it is cumbersome. With such a system, the cost of introducing

a new type is not just the construction of the package of functions for that type but also

46
We also have to supply an almost identical function to handle the types

list("javascript_number","complex").
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the construction and installation of the functions that implement the cross-type operations.

This can easily be much more code than is needed to de�ne the operations on the type itself.

The method also undermines our ability to combine separate packages additively, or least to

limit the extent to which the implementors of the individual packages need to take account of

other packages. For instance, in the example above, it seems reasonable that handling mixed

operations on complex numbers and ordinary numbers should be the responsibility of the

complex-number package. Combining rational numbers and complex numbers, however, might

be done by the complex package, by the rational package, or by some third package that uses

operations extracted from these two packages. Formulating coherent policies on the division

of responsibility among packages can be an overwhelming task in designing systems with

many packages and many cross-type operations.

Coercion

In the general situation of completely unrelated operations acting on completely unrelated

types, implementing explicit cross-type operations, cumbersome though it may be, is the best

that one can hope for. Fortunately, we can usually do better by taking advantage of additional

structure that may be latent in our type system. Often the di�erent data types are not com-

pletely independent, and there may be ways by which objects of one type may be viewed as

being of another type. This process is called coercion. For example, if we are asked to arith-

metically combine an ordinary number with a complex number, we can view the ordinary

number as a complex number whose imaginary part is zero. This transforms the problem to

that of combining two complex numbers, which can be handled in the ordinary way by the

complex-arithmetic package.

In general, we can implement this idea by designing coercion functions that transform an

object of one type into an equivalent object of another type. Here is a typical coercion function,

which transforms a given ordinary number to a complex number with that real part and zero

imaginary part:

function javascript_number_to_complex(n) {

return make_complex_from_real_imag(contents(n), 0);

}

We install these coercion functions in a special coercion table, indexed under the names of the

two types:

Iput_coercion("javascript_number", "complex",

javascript_number_to_complex);

(We assume that there are put_coercion and get_coercion functions available for manipulat-

ing this table.) Generally some of the slots in the table will be empty, because it is not generally
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possible to coerce an arbitrary data object of each type into all other types. For example, there

is no way to coerce an arbitrary complex number to an ordinary number, so there will be no

general complex_to_javascript_number function included in the table.

Once the coercion table has been set up, we can handle coercion in a uniform manner by

modifying the apply_generic function of section 2.4.3. When asked to apply an operation, we

�rst check whether the operation is de�ned for the arguments’ types, just as before. If so, we

dispatch to the function found in the operation-and-type table. Otherwise, we try coercion. For

simplicity, we consider only the case where there are two arguments.
47

We check the coercion

table to see if objects of the �rst type can be coerced to the second type. If so, we coerce the

�rst argument and try the operation again. If objects of the �rst type cannot in general be

coerced to the second type, we try the coercion the other way around to see if there is a way

to coerce the second argument to the type of the �rst argument. Finally, if there is no known

way to coerce either type to the other type, we give up. Here is the function:

Ifunction apply_generic(op, args) {

const type_tags = map(type_tag, args);

const fun = get(op, type_tags);

if (! is_undefined(fun)) {

return apply(fun, map(contents, args));

} else {

if (length(args) === 2) {

const type1 = head(type_tags);

const type2 = head(tail(type_tags));

const a1 = head(args);

const a2 = head(tail(args));

const t1_to_t2 = get_coercion(type1, type2);

const t2_to_t1 = get_coercion(type2, type1);

if (t1_to_t2 !== null) {

return apply_generic(op,list(t1_to_t2(a1),

a2));

} else if (t2_to_t1 !== null) {

return apply_generic(op, list(a1,

t2_to_t1(a2)));

} else {

return error(list(op, type_tags),

"No method for these types");

}

} else {

return error(list(op, type_tags),

"No method for these types");

}

}

}

47
See exercise 2.82 for generalizations.
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This coercion scheme has many advantages over the method of de�ning explicit cross-type

operations, as outlined above. Although we still need to write coercion functions to relate the

types (possibly n2
functions for a system with n types), we need to write only one function for

each pair of types rather than a di�erent function for each collection of types and each generic

operation.
48

What we are counting on here is the fact that the appropriate transformation

between types depends only on the types themselves, not on the operation to be applied.

On the other hand, there may be applications for which our coercion scheme is not general

enough. Even when neither of the objects to be combined can be converted to the type of the

other it may still be possible to perform the operation by converting both objects to a third

type. In order to deal with such complexity and still preserve modularity in our programs, it is

usually necessary to build systems that take advantage of still further structure in the relations

among types, as we discuss next.

Hierarchies of types

The coercion scheme presented above relied on the existence of natural relations between

pairs of types. Often there is more “global” structure in how the di�erent types relate to each

other. For instance, suppose we are building a generic arithmetic system to handle integers,

rational numbers, real numbers, and complex numbers. In such a system, it is quite natural

to regard an integer as a special kind of rational number, which is in turn a special kind of

real number, which is in turn a special kind of complex number. What we actually have is a

so-called hierarchy of types, in which, for example, integers are a subtype of rational numbers

(i.e., any operation that can be applied to a rational number can automatically be applied to an

integer). Conversely, we say that rational numbers form a supertype of integers. The particular

hierarchy we have here is of a very simple kind, in which each type has at most one supertype

and at most one subtype. Such a structure, called a tower, is illustrated in �gure 2.25.

48
If we are clever, we can usually get by with fewer than n2

coercion functions. For instance, if we know how

to convert from type 1 to type 2 and from type 2 to type 3, then we can use this knowledge to convert from type

1 to type 3. This can greatly decrease the number of coercion functions we need to supply explicitly when we

add a new type to the system. If we are willing to build the required amount of sophistication into our system,

we can have it search the “graph” of relations among types and automatically generate those coercion functions

that can be inferred from the ones that are supplied explicitly.
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complex

real

rational

integer

Figure 2.25: A tower of types.

If we have a tower structure, then we can greatly simplify the problem of adding a new

type to the hierarchy, for we need only specify how the new type is embedded in the next

supertype above it and how it is the supertype of the type below it. For example, if we want to

add an integer to a complex number, we need not explicitly de�ne a special coercion function

integer_to_complex. Instead, we de�ne how an integer can be transformed into a rational

number, how a rational number is transformed into a real number, and how a real number is

transformed into a complex number. We then allow the system to transform the integer into

a complex number through these steps and then add the two complex numbers.

We can redesign our apply_generic function in the following way: For each type, we need

to supply a raise function, which “raises” objects of that type one level in the tower. Then

when the system is required to operate on objects of di�erent types it can successively raise

the lower types until all the objects are at the same level in the tower. (Exercises 2.83 and

2.84 concern the details of implementing such a strategy.)

Another advantage of a tower is that we can easily implement the notion that every type

“inherits” all operations de�ned on a supertype. For instance, if we do not supply a special

function for �nding the real part of an integer, we should nevertheless expect that real_part

will be de�ned for integers by virtue of the fact that integers are a subtype of complex numbers.

In a tower, we can arrange for this to happen in a uniform way by modifying apply_generic.

If the required operation is not directly de�ned for the type of the object given, we raise the

object to its supertype and try again. We thus crawl up the tower, transforming our argument

as we go, until we either �nd a level at which the desired operation can be performed or hit

the top (in which case we give up).

Yet another advantage of a tower over a more general hierarchy is that it gives us a simple

way to “lower” a data object to the simplest representation. For example, if we add 2 + 3i to

4−3i , it would be nice to obtain the answer as the integer 6 rather than as the complex number

6 + 0i . Exercise 2.85 discusses a way to implement such a lowering operation. (The trick is
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that we need a general way to distinguish those objects that can be lowered, such as 6 + 0i ,

from those that cannot, such as 6 + 2i .)
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Figure 2.26: Relations among types of geometric �gures.

Inadequacies of hierarchies

If the data types in our system can be naturally arranged in a tower, this greatly simpli�es the

problems of dealing with generic operations on di�erent types, as we have seen. Unfortunately,

this is usually not the case. Figure 2.26 illustrates a more complex arrangement of mixed types,

this one showing relations among di�erent types of geometric �gures. We see that, in general,

a type may have more than one subtype. Triangles and quadrilaterals, for instance, are both

subtypes of polygons. In addition, a type may have more than one supertype. For example, an

isosceles right triangle may be regarded either as an isosceles triangle or as a right triangle.

This multiple-supertypes issue is particularly thorny, since it means that there is no unique

way to “raise” a type in the hierarchy. Finding the “correct” supertype in which to apply an

operation to an object may involve considerable searching through the entire type network on

the part of a function such as apply_generic. Since there generally are multiple subtypes for

a type, there is a similar problem in coercing a value “down” the type hierarchy. Dealing with

large numbers of interrelated types while still preserving modularity in the design of large
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systems is very di�cult, and is an area of much current research.
49

Exercise 2.81

Louis Reasoner has noticed that apply_generic may try to coerce the arguments to each

other’s type even if they already have the same type. Therefore, he reasons, we need to put

functions in the coercion table to “coerce” arguments of each type to their own type. For

example, in addition to the javascript_number_to_complex coercion shown above, he would

do:

function javascript_number_to_javascript_number(n) {

return n;

}

function complex_to_complex(n) {

return n;

}

put_coercion("javascript_number", "javascript_number",

javascript_number_to_javascript_number);

put_coercion("complex", "complex",

complex_to_complex);

a. With Louis’s coercion functions installed, what happens if apply_generic is called with

two arguments of type "javascript_number" or two arguments of type "complex" for

an operation that is not found in the table for those types? For example, assume that

we’ve de�ned a generic exponentiation operation:

function exp(x, y) {

return apply_generic("exp", list(x, y));

}

and have put a function for exponentiation in the JavaScript-number package but not

in any other package:

// following added to JavaScript-number package

put("exp", list("javascript_number", "javascript_number"),

(x, y) => tag(math_exp(x, y))); // using primitive math_exp

49
This statement, which also appears in the �rst edition of this book, is just as true now as it was when we

wrote it twelve years ago. Developing a useful, general framework for expressing the relations among di�erent

types of entities (what philosophers call “ontology”) seems intractably di�cult. The main di�erence between

the confusion that existed ten years ago and the confusion that exists now is that now a variety of inadequate

ontological theories have been embodied in a plethora of correspondingly inadequate programming languages.

For example, much of the complexity of object-oriented programming languages—and the subtle and confusing

di�erences among contemporary object-oriented languages—centers on the treatment of generic operations

on interrelated types. Our own discussion of computational objects in chapter 3 avoids these issues entirely.

Readers familiar with object-oriented programming will notice that we have much to say in chapter 3 about local

state, but we do not even mention “classes” or “inheritance.” In fact, we suspect that these problems cannot be

adequately addressed in terms of computer-language design alone, without also drawing on work in knowledge

representation and automated reasoning.
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What happens if we call exp with two complex numbers as arguments?

b. Is Louis correct that something had to be done about coercion with arguments of the

same type, or does apply_generic work correctly as is?

c. Modify apply_generic so that it doesn’t try coercion if the two arguments have the

same type.

Exercise 2.82

Show how to generalize apply_generic to handle coercion in the general case of multiple

arguments. One strategy is to attempt to coerce all the arguments to the type of the �rst

argument, then to the type of the second argument, and so on. Give an example of a situation

where this strategy (and likewise the two-argument version given above) is not su�ciently

general. (Hint: Consider the case where there are some suitable mixed-type operations present

in the table that will not be tried.)

Exercise 2.83

Suppose you are designing a generic arithmetic system for dealing with the tower of types

shown in �gure 2.25: integer, rational, real, complex. For each type (except complex), design a

function that raises objects of that type one level in the tower. Show how to install a generic

raise operation that will work for each type (except complex).

Exercise 2.84

Using the raise operation of exercise 2.83, modify the apply_generic function so that it

coerces its arguments to have the same type by the method of successive raising, as discussed

in this section. You will need to devise a way to test which of two types is higher in the

tower. Do this in a manner that is “compatible” with the rest of the system and will not lead

to problems in adding new levels to the tower.

Exercise 2.85

This section mentioned a method for “simplifying” a data object by lowering it in the tower of

types as far as possible. Design a function drop that accomplishes this for the tower described

in exercise 2.83. The key is to decide, in some general way, whether an object can be lowered.

For example, the complex number 1.5+0i can be lowered as far as "real", the complex number

1 + 0i can be lowered as far as "integer", and the complex number 2 + 3i cannot be lowered

at all. Here is a plan for determining whether an object can be lowered: Begin by de�ning a

generic operation project that “pushes” an object down in the tower. For example, projecting
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a complex number would involve throwing away the imaginary part. Then a number can be

dropped if, when we project it and raise the result back to the type we started with, we end

up with something equal to what we started with. Show how to implement this idea in detail,

by writing a drop function that drops an object as far as possible. You will need to design the

various projection operations
50

and install project as a generic operation in the system. You

will also need to make use of a generic equality predicate, such as described in exercise 2.79.

Finally, use drop to rewrite apply_generic from exercise 2.84 so that it “simpli�es” its answers.

Exercise 2.86

Suppose we want to handle complex numbers whose real parts, imaginary parts, magnitudes,

and angles can be either ordinary numbers, rational numbers, or other numbers we might

wish to add to the system. Describe and implement the changes to the system needed to

accommodate this. You will have to de�ne operations such as sine and cosine that are generic

over ordinary numbers and rational numbers.

2.5.3 Example: Symbolic Algebra

The manipulation of symbolic algebraic expressions is a complex process that illustrates many

of the hardest problems that occur in the design of large-scale systems. An algebraic expression,

in general, can be viewed as a hierarchical structure, a tree of operators applied to operands.

We can construct algebraic expressions by starting with a set of primitive objects, such as

constants and variables, and combining these by means of algebraic operators, such as addition

and multiplication. As in other languages, we form abstractions that enable us to refer to

compound objects in simple terms. Typical abstractions in symbolic algebra are ideas such as

linear combination, polynomial, rational function, or trigonometric function. We can regard

these as compound “types,” which are often useful for directing the processing of expressions.

For example, we could describe the expression

x2
sin(y2 + 1) + x cos 2y + cos(y3 − 2y2)

as a polynomial in x with coe�cients that are trigonometric functions of polynomials in y

whose coe�cients are integers.

We will not attempt to develop a complete algebraic-manipulation system here. Such sys-

tems are exceedingly complex programs, embodying deep algebraic knowledge and elegant

algorithms. What we will do is look at a simple but important part of algebraic manipulation:

50
A real number can be projected to an integer using the math_round primitive, which returns the closest

integer to its argument.
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the arithmetic of polynomials. We will illustrate the kinds of decisions the designer of such

a system faces, and how to apply the ideas of abstract data and generic operations to help

organize this e�ort.

Arithmetic on polynomials

Our �rst task in designing a system for performing arithmetic on polynomials is to decide

just what a polynomial is. Polynomials are normally de�ned relative to certain variables (the

indeterminates of the polynomial). For simplicity, we will restrict ourselves to polynomials

having just one indeterminate (univariate polynomials).51
We will de�ne a polynomial to be a

sum of terms, each of which is either a coe�cient, a power of the indeterminate, or a product

of a coe�cient and a power of the indeterminate. A coe�cient is de�ned as an algebraic

expression that is not dependent upon the indeterminate of the polynomial. For example,

5x2 + 3x + 7

is a simple polynomial in x , and

(y2 + 1)x3 + (2y)x + 1

is a polynomial in x whose coe�cients are polynomials in y.

Already we are skirting some thorny issues. Is the �rst of these polynomials the same as the

polynomial 5y2 + 3y + 7, or not? A reasonable answer might be “yes, if we are considering a

polynomial purely as a mathematical function, but no, if we are considering a polynomial to

be a syntactic form.” The second polynomial is algebraically equivalent to a polynomial in y

whose coe�cients are polynomials in x . Should our system recognize this, or not? Furthermore,

there are other ways to represent a polynomial—for example, as a product of factors, or (for

a univariate polynomial) as the set of roots, or as a listing of the values of the polynomial at

a speci�ed set of points.
52

We can �nesse these questions by deciding that in our algebraic-

manipulation system a “polynomial” will be a particular syntactic form, not its underlying

mathematical meaning.

Now we must consider how to go about doing arithmetic on polynomials. In this simple

system, we will consider only addition and multiplication. Moreover, we will insist that two

51
On the other hand, we will allow polynomials whose coe�cients are themselves polynomials in other

variables. This will give us essentially the same representational power as a full multivariate system, although it

does lead to coercion problems, as discussed below.

52
For univariate polynomials, giving the value of a polynomial at a given set of points can be a particularly

good representation. This makes polynomial arithmetic extremely simple. To obtain, for example, the sum of two

polynomials represented in this way, we need only add the values of the polynomials at corresponding points. To

transform back to a more familiar representation, we can use the Lagrange interpolation formula, which shows

how to recover the coe�cients of a polynomial of degree n given the values of the polynomial at n + 1 points.
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polynomials to be combined must have the same indeterminate.

We will approach the design of our system by following the familiar discipline of data

abstraction. We will represent polynomials using a data structure called a poly, which con-

sists of a variable and a collection of terms. We assume that we have selectors variable and

term_list that extract those parts from a poly and a constructor make_poly that assembles

a poly from a given variable and a term list. A variable will be just a symbol, so we can use

the is_same_variable function of section 2.3.2 to compare variables. The following functions

de�ne addition and multiplication of polys:

Ifunction add_poly(p1, p2) {

return is_same_variable(variable(p1), variable(p2))

? make_poly(variable(p1),

add_terms(term_list(p1),

term_list(p2)))

: error(list(p1, p2),

"Polys not in same var -- add_poly");

}

function mul_poly(p1, p2) {

return is_same_variable(variable(p1), variable(p2))

? make_poly(variable(p1),

mul_terms(term_list(p1),

term_list(p2)))

: error(list(p1, p2),

"Polys not in same var -- mul_poly");

}

To incorporate polynomials into our generic arithmetic system, we need to supply them

with type tags. We’ll use the tag "polynomial", and install appropriate operations on tagged

polynomials in the operation table. We’ll embed all our code in an installation function for the

polynomial package, similar to the ones in section 2.5.1:

Ifunction install_polynomial_package() {

// internal functions

// representation of poly

function make_poly(variable, term_list) {

return pair(variable, term_list);

}

function variable(p) { return head(p); }

function term_list(p) { return tail(p); }

〈f unctions is_same_variable and is_variable f rom section 2.3.2〉
// representation of terms and term lists

〈f unctions adjoin_term ... coeff f rom text below〉

function add_poly(p1, p2) { ... }

〈f unctions used by add_poly〉

function mul_poly(p1, p2) { ... }
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Building Abstractions with Data 2.5.3

〈f unctions used by mul_poly〉

// interface to rest of the system

function tag(p) {

return attach_tag("polynomial", p);

}

put("add", list("polynomial", "polynomial"),

(p1, p2) => tag(add_poly(p1, p2)));

put("mul", list("polynomial", "polynomial"),

(p1, p2) => tag(mul_poly(p1, p2)));

put("make", "polynomial",

(variable, terms) =>

tag(make_poly(variable, terms)));

return "done";

}

Polynomial addition is performed termwise. Terms of the same order (i.e., with the same power

of the indeterminate) must be combined. This is done by forming a new term of the same order

whose coe�cient is the sum of the coe�cients of the addends. Terms in one addend for which

there are no terms of the same order in the other addend are simply accumulated into the sum

polynomial being constructed.

In order to manipulate term lists, we will assume that we have a constructorthe_empty_termlist

that returns an empty term list and a constructor adjoin_term that adjoins a new term to a

term list. We will also assume that we have a predicate is_empty_termlist that tells if a given

term list is empty, a selector first_term that extracts the highest-order term from a term list,

and a selector rest_terms that returns all but the highest-order term. To manipulate terms,

we will suppose that we have a constructor make_term that constructs a term with given or-

der and coe�cient, and selectors order and coeff that return, respectively, the order and the

coe�cient of the term. These operations allow us to consider both terms and term lists as data

abstractions, whose concrete representations we can worry about separately.

Here is the function that constructs the term list for the sum of two polynomials:
53

Ifunction add_terms(L1, L2) {

if (is_empty_termlist(L1)) {

return L2;

}

else if (is_empty_termlist(L2)) {

return L1;

}

else {

const t1 = first_term(L1);

53
This operation is very much like the ordered union_set operation we developed in exercise 2.62. In fact, if

we think of the terms of the polynomial as a set ordered according to the power of the indeterminate, then the

program that produces the term list for a sum is almost identical to union_set.
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const t2 = first_term(L2);

return order(t1) > order(t2)

? adjoin_term(t1, add_terms(rest_terms(L1), L2))

: order(t1) < order(t2)

? adjoin_term(t2, add_terms(L1, rest_terms(L2)))

: adjoin_term(make_term(order(t1),

add(coeff(t1),

coeff(t2))),

add_terms(rest_terms(L1),

rest_terms(L2)));

}

}

The most important point to note here is that we used the generic addition function add to

add together the coe�cients of the terms being combined. This has powerful consequences,

as we will see below.

In order to multiply two term lists, we multiply each term of the �rst list by all the terms

of the other list, repeatedly using mul_term_by_all_terms, which multiplies a given term by

all terms in a given term list. The resulting term lists (one for each term of the �rst list) are

accumulated into a sum. Multiplying two terms forms a term whose order is the sum of the

orders of the factors and whose coe�cient is the product of the coe�cients of the factors:

Ifunction mul_terms(L1, L2) {

return is_empty_termlist(L1)

? the_empty_termlist

: add_terms(mul_term_by_all_terms(

first_term(L1), L2),

mul_terms(rest_terms(L1), L2));

}

function mul_term_by_all_terms(t1, L) {

if (is_empty_termlist(L)) {

return the_empty_termlist;

} else {

const t2 = first_term(L);

return adjoin_term(

make_term(order(t1) + order(t2),

mul(coeff(t1), coeff(t2))),

mul_term_by_all_terms(t1, rest_terms(L)));

}

}

This is really all there is to polynomial addition and multiplication. Notice that, since we

operate on terms using the generic functions add and mul, our polynomial package is auto-

matically able to handle any type of coe�cient that is known about by the generic arithmetic

package. If we include a coercion mechanism such as one of those discussed in section 2.5.2,

then we also are automatically able to handle operations on polynomials of di�erent coe�cient
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types, such as [
3x2 + (2 + 3i)x + 7

]
·

[
x4 +

2

3

x2 + (5 + 3i)

]
Because we installed the polynomial addition and multiplication functions add_poly and

mul_poly in the generic arithmetic system as the add and mul operations for type polynomial,

our system is also automatically able to handle polynomial operations such as[
(y + 1)x2 + (y2 + 1)x + (y − 1)

]
·
[
(y − 2)x + (y3 + 7)

]
The reason is that when the system tries to combine coe�cients, it will dispatch through

add and mul. Since the coe�cients are themselves polynomials (in y), these will be combined

using add_poly and mul_poly. The result is a kind of “data-directed recursion” in which, for

example, a call to mul_poly will result in recursive calls to mul_poly in order to multiply the

coe�cients. If the coe�cients of the coe�cients were themselves polynomials (as might be

used to represent polynomials in three variables), the data direction would ensure that the

system would follow through another level of recursive calls, and so on through as many levels

as the structure of the data dictates.
54

Representing term lists

Finally, we must confront the job of implementing a good representation for term lists. A

term list is, in e�ect, a set of coe�cients keyed by the order of the term. Hence, any of the

methods for representing sets, as discussed in section 2.3.3, can be applied to this task. On

the other hand, our functions add_terms and mul_terms always access term lists sequentially

from highest to lowest order. Thus, we will use some kind of ordered list representation.

How should we structure the list that represents a term list? One consideration is the “density”

of the polynomials we intend to manipulate. A polynomial is said to be dense if it has nonzero

coe�cients in terms of most orders. If it has many zero terms it is said to be sparse. For example,

A : x5 + 2x4 + 3x2 − 2x − 5

is a dense polynomial, whereas

B : x100 + 2x2 + 1

54
To make this work completely smoothly, we should also add to our generic arithmetic system the ability to

coerce a “number” to a polynomial by regarding it as a polynomial of degree zero whose coe�cient is the number.

This is necessary if we are going to perform operations such as[
x2 + (y + 1)x + 5

]
+

[
x2 + 2x + 1

]
which requires adding the coe�cient y + 1 to the coe�cient 2.
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is sparse.

The term lists of dense polynomials are most e�ciently represented as lists of the coe�cients.

For example,A above would be nicely represented as list(1, 2, 0, 3, -2, -5). The order of

a term in this representation is the length of the sublist beginning with that term’s coe�cient,

decremented by 1.
55

This would be a terrible representation for a sparse polynomial such as B:

There would be a giant list of zeros punctuated by a few lonely nonzero terms. A more reason-

able representation of the term list of a sparse polynomial is as a list of the nonzero terms, where

each term is a list containing the order of the term and the coe�cient for that order. In such a

scheme, polynomialB is e�ciently represented as list(list(100, 1), list(2, 2), list(0, 1)).

As most polynomial manipulations are performed on sparse polynomials, we will use this

method. We will assume that term lists are represented as lists of terms, arranged from highest-

order to lowest-order term. Once we have made this decision, implementing the selectors and

constructors for terms and term lists is straightforward:
56

Ifunction adjoin_term(term, term_list) {

return is_equal_to_zero(coeff(term))

? term_list

: pair(term, term_list);

}

const the_empty_termlist = null;

function first_term(term_list) {

return head(term_list);

}

function rest_terms(term_list) {

return tail(term_list);

}

function is_empty_termlist(term_list) {

return is_null(term_list);

}

function make_term(order, coeff) {

return list(order, coeff);

}

function order(term) {

return head(term);

}

function coeff(term) {

return head(tail(term));

}

55
In these polynomial examples, we assume that we have implemented the generic arithmetic system using

the type mechanism suggested in exercise 2.78. Thus, coe�cients that are ordinary numbers will be represented

as the numbers themselves rather than as pairs whose head is the string "javascript_number".

56
Although we are assuming that term lists are ordered, we have implemented adjoin_term to simply pair

the new term onto the existing term list. We can get away with this so long as we guarantee that the functions

(such as add_terms) that use adjoin_term always call it with a higher-order term than appears in the list. If we

did not want to make such a guarantee, we could have implemented adjoin_term to be similar to the adjoin_set
constructor for the ordered-list representation of sets (exercise 2.61).
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where is_equal_to_zero is as de�ned in exercise 2.80. (See also exercise 2.87 below.)

Users of the polynomial package will create (tagged) polynomials by means of the function:

Ifunction make_polynomial(variable, terms) {

return get("make", "polynomial")(variable, terms);

}

Exercise 2.87

Install is_equal_to_zero for polynomials in the generic arithmetic package. This will allow

adjoin_term to work for polynomials with coe�cients that are themselves polynomials.

Exercise 2.88

Extend the polynomial system to include subtraction of polynomials. (Hint: You may �nd it

helpful to de�ne a generic negation operation.)

Exercise 2.89

Declare functions that implement the term-list representation described above as appropriate

for dense polynomials.

Exercise 2.90

Suppose we want to have a polynomial system that is e�cient for both sparse and dense

polynomials. One way to do this is to allow both kinds of term-list representations in our

system. The situation is analogous to the complex-number example of section 2.4, where we

allowed both rectangular and polar representations. To do this we must distinguish di�erent

types of term lists and make the operations on term lists generic. Redesign the polynomial

system to implement this generalization. This is a major e�ort, not a local change.

Exercise 2.91

A univariate polynomial can be divided by another one to produce a polynomial quotient and

a polynomial remainder. For example,

x5 − 1

x2 − 1

= x3 + x , remainder x − 1

Division can be performed via long division. That is, divide the highest-order term of the

dividend by the highest-order term of the divisor. The result is the �rst term of the quotient.
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Next, multiply the result by the divisor, subtract that from the dividend, and produce the rest

of the answer by recursively dividing the di�erence by the divisor. Stop when the order of the

divisor exceeds the order of the dividend and declare the dividend to be the remainder. Also,

if the dividend ever becomes zero, return zero as both quotient and remainder.

We can design a div_poly function on the model of add_poly and mul_poly. The function

checks to see if the two polys have the same variable. If so, div_poly strips o� the variable

and passes the problem to div_terms, which performs the division operation on term lists.

The function div_poly �nally reattaches the variable to the result supplied by div_terms. It is

convenient to design div_terms to compute both the quotient and the remainder of a division.

The function div_terms can take two term lists as arguments and return a list of the quotient

term list and the remainder term list.

Complete the following de�nition of div_terms by �lling in the missing expressions. Use

this to implement div_poly, which takes two polys as arguments and returns a list of the

quotient and remainder polys.

function div_terms(L1, L2) {

if (is_empty_termlist(L1)) {

return list(the_empty_termlist, the_empty_termlist);

} else {

const t1 = first_term(L1);

const t2 = first_term(L2);

if (order(t2) > order(t1)) {

return list(the_empty_termlist, L1);

} else {

const new_c = div(coeff(t1), coeff(t2));

const new_o = order(t1) - order(t2);

const rest_of_result =

〈compute rest o f result recursively〉;
〈f orm complete result〉

}

}

}

Hierarchies of types in symbolic algebra

Our polynomial system illustrates how objects of one type (polynomials) may in fact be com-

plex objects that have objects of many di�erent types as parts. This poses no real di�culty

in de�ning generic operations. We need only install appropriate generic operations for per-

forming the necessary manipulations of the parts of the compound types. In fact, we saw that

polynomials form a kind of “recursive data abstraction,” in that parts of a polynomial may

themselves be polynomials. Our generic operations and our data-directed programming style

can handle this complication without much trouble.

229 Generated 2020-08-18 16:40:02Z



Building Abstractions with Data 2.5.3

On the other hand, polynomial algebra is a system for which the data types cannot be

naturally arranged in a tower. For instance, it is possible to have polynomials in x whose

coe�cients are polynomials iny. It is also possible to have polynomials iny whose coe�cients

are polynomials in x . Neither of these types is “above” the other in any natural way, yet it is

often necessary to add together elements from each set. There are several ways to do this. One

possibility is to convert one polynomial to the type of the other by expanding and rearranging

terms so that both polynomials have the same principal variable. One can impose a towerlike

structure on this by ordering the variables and thus always converting any polynomial to a

“canonical form” with the highest-priority variable dominant and the lower-priority variables

buried in the coe�cients. This strategy works fairly well, except that the conversion may

expand a polynomial unnecessarily, making it hard to read and perhaps less e�cient to work

with. The tower strategy is certainly not natural for this domain or for any domain where the

user can invent new types dynamically using old types in various combining forms, such as

trigonometric functions, power series, and integrals.

It should not be surprising that controlling coercion is a serious problem in the design

of large-scale algebraic-manipulation systems. Much of the complexity of such systems is

concerned with relationships among diverse types. Indeed, it is fair to say that we do not yet

completely understand coercion. In fact, we do not yet completely understand the concept of a

data type. Nevertheless, what we know provides us with powerful structuring and modularity

principles to support the design of large systems.

Exercise 2.92

By imposing an ordering on variables, extend the polynomial package so that addition and

multiplication of polynomials works for polynomials in di�erent variables. (This is not easy!)

Extended exercise: Rational functions

We can extend our generic arithmetic system to include rational functions. These are “fractions”

whose numerator and denominator are polynomials, such as

x + 1

x3 − 1

The system should be able to add, subtract, multiply, and divide rational functions, and to

perform such computations as

x + 1

x3 − 1

+
x

x2 − 1

=
x3 + 2x2 + 3x + 1

x4 + x3 − x − 1
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(Here the sum has been simpli�ed by removing common factors. Ordinary “cross multiplica-

tion” would have produced a fourth-degree polynomial over a �fth-degree polynomial.)

If we modify our rational-arithmetic package so that it uses generic operations, then it will

do what we want, except for the problem of reducing fractions to lowest terms.

Exercise 2.93

Modify the rational-arithmetic package to use generic operations, but change make_rat so

that it does not attempt to reduce fractions to lowest terms. Test your system by calling

make_rational on two polynomials to produce a rational function

const p1 = make_polynomial("x", list(list(2, 1),

list(0, 1)));

const p2 = make_polynomial("x", list(list(3, 1),

list(0, 1)));

const rf = make_rational(p2, p1);

Now add rf to itself, using add. You will observe that this addition function does not reduce

fractions to lowest terms.

We can reduce polynomial fractions to lowest terms using the same idea we used with inte-

gers: modifying make_rat to divide both the numerator and the denominator by their greatest

common divisor. The notion of “greatest common divisor” makes sense for polynomials. In fact,

we can compute the GCD of two polynomials using essentially the same Euclid’s Algorithm

that works for integers.
57

The integer version is

function gcd(a, b) {

return b === 0

? a

: gcd(b, remainder(a, b));

}

Using this, we could make the obvious modi�cation to de�ne a GCD operation that works on

term lists:

function gcd_terms(a, b) {

return is_empty_termlist(b)

? a

57
The fact that Euclid’s Algorithm works for polynomials is formalized in algebra by saying that polynomials

form a kind of algebraic domain called a Euclidean ring. A Euclidean ring is a domain that admits addition,

subtraction, and commutative multiplication, together with a way of assigning to each element x of the ring a

positive integer “measure”m(x) with the properties thatm(xy) ≥ m(x) for any nonzero x and y and that, given

any x and y, there exists a q such that y = qx + r and either r = 0 orm(r ) < m(x). From an abstract point of view,

this is what is needed to prove that Euclid’s Algorithm works. For the domain of integers, the measurem of an

integer is the absolute value of the integer itself. For the domain of polynomials, the measure of a polynomial is

its degree.
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: gcd_terms(b, remainder_terms(a, b));

}

where remainder_terms picks out the remainder component of the list returned by the term-

list division operation div_terms that was implemented in exercise 2.91.

Exercise 2.94

Using div_terms, implement the function remainder_terms and use this to de�ne gcd_terms

as above. Now write a function gcd_poly that computes the polynomial GCD of two polys.

(The function should signal an error if the two polys are not in the same variable.) Install

in the system a generic operation greatest_common_divisor that reduces to gcd_poly for

polynomials and to ordinary gcd for ordinary numbers. As a test, try

const p1 = make_polynomial("x", list(make_term(4, 1),

make_term(3, -1),

make_term(2, -2),

make_term(1, 2)));

const p2 = make_polynomial("x", list(make_term(3, 1),

make_term(1, -1)));

greatest_common_divisor(p1, p2);

and check your result by hand.

Exercise 2.95

De�ne P1, P2, and P3 to be the polynomials

P1 :x2 − 2x + 1

P2 :11x2 + 7

P3 :13x + 5

Now de�ne Q1 to be the product of P1 and P2 and Q2 to be the product of P1 and P3, and

use greatest_common_divisor (exercise 2.94) to compute the GCD of Q1 and Q2. Note that

the answer is not the same as P1. This example introduces noninteger operations into the

computation, causing di�culties with the GCD algorithm.
58

To understand what is happening,

try tracing gcd_terms while computing the GCD or try performing the division by hand.

We can solve the problem exhibited in exercise 2.95 if we use the following modi�cation

of the GCD algorithm (which really works only in the case of polynomials with integer coef-

�cients). Before performing any polynomial division in the GCD computation, we multiply

58
In JavaScript, division of integers can produce limited-precision decimal numbers, and thus we may fail to

get a valid divisor.
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the dividend by an integer constant factor, chosen to guarantee that no fractions will arise

during the division process. Our answer will thus di�er from the actual GCD by an integer

constant factor, but this does not matter in the case of reducing rational functions to lowest

terms; the GCD will be used to divide both the numerator and denominator, so the integer

constant factor will cancel out.

More precisely, if P and Q are polynomials, let O1 be the order of P (i.e., the order of the

largest term of P ) and letO2 be the order ofQ . Let c be the leading coe�cient ofQ . Then it can

be shown that, if we multiply P by the integerizing factor c1+O1−O2
, the resulting polynomial

can be divided by Q by using the div_terms algorithm without introducing any fractions. The

operation of multiplying the dividend by this constant and then dividing is sometimes called

the pseudodivision of P by Q . The remainder of the division is called the pseudoremainder.

Exercise 2.96

a. Implement the function pseudoremainder_terms, which is just like remainder_terms

except that it multiplies the dividend by the integerizing factor described above before

calling div_terms. Modify gcd_terms to use pseudoremainder_terms, and verify that

greatest_common_divisor now produces an answer with integer coe�cients on the

example in exercise 2.95.

b. The GCD now has integer coe�cients, but they are larger than those of P1. Modify

gcd_terms so that it removes common factors from the coe�cients of the answer by

dividing all the coe�cients by their (integer) greatest common divisor.

Thus, here is how to reduce a rational function to lowest terms:

– Compute the GCD of the numerator and denominator, using the version of gcd_terms

from exercise 2.96.

– When you obtain the GCD, multiply both numerator and denominator by the same

integerizing factor before dividing through by the GCD, so that division by the GCD

will not introduce any noninteger coe�cients. As the factor you can use the leading

coe�cient of the GCD raised to the power 1 + O1 − O2, where O2 is the order of the

GCD and O1 is the maximum of the orders of the numerator and denominator. This will

ensure that dividing the numerator and denominator by the GCD will not introduce any

fractions.

– The result of this operation will be a numerator and denominator with integer coe�-

cients. The coe�cients will normally be very large because of all of the integerizing

factors, so the last step is to remove the redundant factors by computing the (integer)

greatest common divisor of all the coe�cients of the numerator and the denominator
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and dividing through by this factor.

Exercise 2.97

a. Implement this algorithm as a function reduce_terms that takes two term lists n and d

as arguments and returns a list nn, dd, which are n and d reduced to lowest terms via

the algorithm given above. Also write a function reduce_poly, analogous to add_poly,

that checks to see if the two polys have the same variable. If so, reduce_poly strips o�

the variable and passes the problem to reduce_terms, then reattaches the variable to the

two term lists supplied by reduce_terms.

b. De�ne a function analogous to reduce_terms that does what the original make_rat did

for integers:

function reduce_integers(n, d) {

const g = gcd(n, d);

return list(n / g, d / g);

}

and de�ne reduce as a generic operation that calls apply_generic to dispatch to either

reduce_poly (for polynomial arguments) or reduce_integers (for javascript_number

arguments). You can now easily make the rational-arithmetic package reduce fractions to

lowest terms by having make_rat call reduce before combining the given numerator and

denominator to form a rational number. The system now handles rational expressions in

either integers or polynomials. To test your program, try the example at the beginning

of this extended exercise:

const p1 = make_polynomial("x", list(make_term(1, 1),

make_term(0, 1)));

const p2 = make_polynomial("x", list(make_term(3, 1),

make_term(0, -1)));

const p3 = make_polynomial("x", list(make_term(1, 1)));

const p4 = make_polynomial("x", list(make_term(2, 1),

make_term(0, -1)));

const rf1 = make_rational(p1, p2);

const rf2 = make_rational(p3, p4);

add(rf1, rf2);

See if you get the correct answer, correctly reduced to lowest terms.

The GCD computation is at the heart of any system that does operations on rational functions.

The algorithm used above, although mathematically straightforward, is extremely slow. The

slowness is due partly to the large number of division operations and partly to the enormous
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size of the intermediate coe�cients generated by the pseudodivisions. One of the active areas

in the development of algebraic-manipulation systems is the design of better algorithms for

computing polynomial GCDs.
59

59
One extremely e�cient and elegant method for computing polynomial GCDs was discovered by Richard

Zippel (1979). The method is a probabilistic algorithm, as is the fast test for primality that we discussed in chapter 1.

Zippel’s book (1993) describes this method, together with other ways to compute polynomial GCDs.

235 Generated 2020-08-18 16:40:02Z



Building Abstractions with Data 2.5.3

236 Generated 2020-08-18 16:40:02Z



Chapter 3

Modularity, Objects, and State

Mϵταβάλλoν − ναπαύϵται

(Even while it changes, it stands still.)

— Heraclitus

Plus ça change, plus c’est la même chose.

— Alphonse Karr

The preceding chapters introduced the basic elements from which programs are made. We

saw how primitive functions and primitive data are combined to construct compound entities,

and we learned that abstraction is vital in helping us to cope with the complexity of large

systems. But these tools are not su�cient for designing programs. E�ective program synthesis

also requires organizational principles that can guide us in formulating the overall design of

a program. In particular, we need strategies to help us structure large systems so that they

will be modular, that is, so that they can be divided “naturally” into coherent parts that can be

separately developed and maintained.

One powerful design strategy, which is particularly appropriate to the construction of pro-

grams for modeling physical systems, is to base the structure of our programs on the structure

of the system being modeled. For each object in the system, we construct a corresponding

computational object. For each system action, we de�ne a symbolic operation in our computa-

tional model. Our hope in using this strategy is that extending the model to accommodate new

objects or new actions will require no strategic changes to the program, only the addition of

the new symbolic analogs of those objects or actions. If we have been successful in our system

organization, then to add a new feature or debug an old one we will have to work on only a

localized part of the system.
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To a large extent, then, the way we organize a large program is dictated by our perception

of the system to be modeled. In this chapter we will investigate two prominent organizational

strategies arising from two rather di�erent “world views” of the structure of systems. The

�rst organizational strategy concentrates on objects, viewing a large system as a collection of

distinct objects whose behaviors may change over time. An alternative organizational strategy

concentrates on the streams of information that �ow in the system, much as an electrical

engineer views a signal-processing system.

Both the object-based approach and the stream-processing approach raise signi�cant lin-

guistic issues in programming. With objects, we must be concerned with how a computational

object can change and yet maintain its identity. This will force us to abandon our old substitu-

tion model of computation (section 1.1.5) in favor of a more mechanistic but less theoretically

tractable environment model of computation. The di�culties of dealing with objects, change,

and identity are a fundamental consequence of the need to grapple with time in our com-

putational models. These di�culties become even greater when we allow the possibility of

concurrent execution of programs. The stream approach can be most fully exploited when

we decouple simulated time in our model from the order of the events that take place in the

computer during evaluation. We will accomplish this using a technique known as delayed
evaluation.

3.1 Assignment and Local State

We ordinarily view the world as populated by independent objects, each of which has a state

that changes over time. An object is said to “have state” if its behavior is in�uenced by its

history. A bank account, for example, has state in that the answer to the question “Can I

withdraw $100?” depends upon the history of deposit and withdrawal transactions. We can

characterize an object’s state by one or more state variables, which among them maintain

enough information about history to determine the object’s current behavior. In a simple

banking system, we could characterize the state of an account by a current balance rather than

by remembering the entire history of account transactions.

In a system composed of many objects, the objects are rarely completely independent. Each

may in�uence the states of others through interactions, which serve to couple the state vari-

ables of one object to those of other objects. Indeed, the view that a system is composed of

separate objects is most useful when the state variables of the system can be grouped into

closely coupled subsystems that are only loosely coupled to other subsystems.

This view of a system can be a powerful framework for organizing computational models

of the system. For such a model to be modular, it should be decomposed into computational

objects that model the actual objects in the system. Each computational object must have its
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own local state variables describing the actual object’s state. Since the states of objects in the

system being modeled change over time, the state variables of the corresponding computational

objects must also change. If we choose to model the �ow of time in the system by the elapsed

time in the computer, then we must have a way to construct computational objects whose

behaviors change as our programs run. In particular, if we wish to model state variables by

ordinary symbolic names in the programming language, then the language must provide an

assignment operator to enable us to change the value associated with a name.

3.1.1 Local State Variables

To illustrate what we mean by having a computational object with time-varying state, let us

model the situation of withdrawing money from a bank account. We will do this using a func-

tion withdraw, which takes as argument an amount to be withdrawn. If there is enough money

in the account to accommodate the withdrawal, then withdraw should return the balance

remaining after the withdrawal. Otherwise, withdraw should return the message Insu�cient
funds. For example, if we begin with $100 in the account, we should obtain the following

sequence of responses using withdraw:

Iwithdraw(25);

75

Iwithdraw(25);

50

Iwithdraw(60);

" I n s u f f i c i e n t funds "

Iwithdraw(15);

35

Observe that the expression withdraw(25), evaluated twice, yields di�erent values. This

is a new kind of behavior for a function. Until now, all our functions could be viewed as

speci�cations for computing mathematical functions. A call to a function computed the value

of the function applied to the given arguments, and two calls to the same function with the

same arguments always produced the same result.
1

So far, all our names (declared as parameters or as constants using const or function) were

1
Actually, this is not quite true. One exception was the random-number generator in section 1.2.6. Another

exception involved the operation/type tables we introduced in section 2.4.3, where the values of two calls to get
with the same arguments depended on intervening calls to put. On the other hand, until we introduce assignment,

we have no way to create such functions ourselves.
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immutable; once a function is applied or a declaration is evaluated, the declared name did not

change its value. To implement functions like withdraw, we introduce variable declarations
using the keyword let, in addition to constant declarations that use the keyword const. After

declaring a variable balance for the balance of money in the account, we can de�ne withdraw

as a function that accesses balance. The withdraw function checks to see if balance is at least

as large as the requested amount. If so, withdraw decrements balance by amount and returns

the new value of balance. Otherwise, withdraw returns the Insu�cient funds message. Here

are the declarations of balance and withdraw:

Ilet balance = 100;

function withdraw(amount) {

if (balance >= amount) {

balance = balance - amount;

return balance;

} else {

return "Insufficient funds";

}

}

Decrementing balance is accomplished by the statement

balance = balance - amount;

The syntax of such assignments is

name = new-value;

Here name is a symbol and new-value is any expression. The assignment changes name
so that its value is the result obtained by evaluating new-value. In the case at hand, we are

changing balance so that its new value will be the result of subtracting amount from the

previous value of balance.
2

The function withdraw also uses a sequential composition to cause two expressions to be

evaluated in the case where the if test is true: �rst decrementing balance and then returning

the value of balance. In general, executing the statement

2
Note that assignments look similar to and should not be confused with constant and variable declarations

of the form

const name = value;
and

let name = value;
in which a newly declared name is associated with a value. Also similar in looks but not in meaning are expressions

of the form

expression
1
=== expression

2

which evaluate to true if expression
1

evaluates to the same value as expression
2

and to false, otherwise.
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stmt1 stmt2

causes the statements stmt1 and stmt2 to be evaluated in sequence.
3

Although withdraw works as desired, the variable balance presents a problem. As speci�ed

above, balance is a name de�ned in the program environment and is freely accessible to be

examined or modi�ed by any function. It would be much better if we could somehow make

balance internal to withdraw, so that withdraw would be the only function that could access

balance directly and any other function could access balance only indirectly (through calls to

withdraw). This would more accurately model the notion that balance is a local state variable

used by withdraw to keep track of the state of the account.

We can make balance internal to withdraw by rewriting the de�nition as follows:

Ifunction make_withdraw_100() {

let balance = 100;

return amount => {

if (balance >= amount) {

balance = balance - amount;

return balance;

} else {

return "Insufficient funds";

}

};

}

const new_withdraw = make_withdraw_100();

What we have done here is use let to establish an environment with a local variable

balance, bound to the initial value 100. Within this local environment, we use a lambda ex-

pression
4

to create a function that takes amount as an argument and behaves like our previ-

ous withdraw function. This function—returned as the result of evaluating the body of the

make_withdraw_100 function—behaves in precisely the same way as withdraw but whose vari-

able balance is not accessible by any other function.
5

Combining assignments with variable declarations is the general programming technique

we will use for constructing computational objects with local state. Unfortunately, using this

technique raises a serious problem: When we �rst introduced functions, we also introduced the

substitution model of evaluation (section 1.1.5) to provide an interpretation of what function

application means. We said that applying a function should be interpreted as evaluating the

3
We have already used sequential composition implicitly in our programs, because in JavaScript the body of

a function can be a sequence of statements, not just a single return statement, as discussed in section 1.1.8.

4
Blocks as bodies of lambda expressions were introduced in section 2.2.4.

5
In programming-language jargon, the variable balance is said to be encapsulated within the

make_withdraw_100 function. Encapsulation re�ects the general system-design principle known as the hiding
principle: One can make a system more modular and robust by protecting parts of the system from each other;

that is, by providing information access only to those parts of the system that have a “need to know.”
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body of the function with the parameters replaced by their values. The trouble is that, as

soon as we introduce assignment into our language, substitution is no longer an adequate

model of function application. (We will see why this is so in section 3.1.3.) As a consequence,

we technically have at this point no way to understand why the make_withdraw_100 function

behaves as claimed above. In order to really understand a function such as make_withdraw_100,

we will need to develop a new model of function application. In section 3.2 we will introduce

such a model, together with an explanation of assignments and variable declarations. First,

however, we examine some variations on the theme established by make_withdraw_100.

As variables we shall consider not only names declared with let, but also parameters of func-

tions. The following function, make_withdraw, creates “withdrawal processors.” The parameter

balance in make_withdraw speci�es the initial amount of money in the account.

Ifunction make_withdraw(balance) {

return amount => {

if (balance >= amount) {

balance = balance - amount;

return balance;

} else {

return "Insufficient funds";

}

};

}

The function make_withdraw can be used as follows to create two objects W1 and W2:

Iconst W1 = make_withdraw(100);

const W2 = make_withdraw(100);

IW1(50);

50

IW2(70);

30

IW2(40);

" I n s u f f i c i e n t funds "

IW1(40);

10

Observe that W1 and W2 are completely independent objects, each with its own local state

variable balance. Withdrawals from one do not a�ect the other.

We can also create objects that handle deposits as well as withdrawals, and thus we can
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represent simple bank accounts. Here is a function that returns a “bank-account object” with

a speci�ed initial balance:

Ifunction make_account(balance) {

function withdraw(amount) {

if (balance >= amount) {

balance = balance - amount;

return balance;

} else {

return "Insufficient funds";

}

}

function deposit(amount) {

balance = balance + amount;

return balance;

}

function dispatch(m) {

return m === "withdraw"

? withdraw

: m === "deposit"

? deposit

: error(m, "Unknown request -- make_account");

}

return dispatch;

}

Each call to make_account sets up an environment with a local state variable balance. Within

this environment, make_account de�nes functions deposit and withdraw that access balance

and an additional function dispatch that takes a “message” as input and returns one of the

two local functions. The dispatch function itself is returned as the value that represents the

bank-account object. This is precisely the message-passing style of programming that we saw

in section 2.4.3, although here we are using it in conjunction with the ability to modify local

variables.

The function make_account can be used as follows:

Iconst acc = make_account(100);

I(acc("withdraw"))(50);

50

I(acc("withdraw"))(60);

" I n s u f f i c i e n t funds "

I(acc("deposit"))(40);

90
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I(acc("withdraw"))(60);

30

Each call to acc returns the locally de�ned deposit or withdraw function, which is then ap-

plied to the speci�ed amount. As was the case with make_withdraw, another call to make_account

Iconst acc2 = make_account(100);

will produce a completely separate account object, which maintains its own local balance.

Exercise 3.1

An accumulator is a function that is called repeatedly with a single numeric argument and

accumulates its arguments into a sum. Each time it is called, it returns the currently accumu-

lated sum. Write a function make_accumulator that generates accumulators, each maintaining

an independent sum. The input to make_accumulator should specify the initial value of the

sum; for example

Iconst a = make_accumulator(5);

Ia(10);

15

Ia(10);

25

Exercise 3.2

In software-testing applications, it is useful to be able to count the number of times a given

function is called during the course of a computation. Write a function make_monitored that

takes as input a function,f, that itself takes one input. The result returned by make_monitored is

a third function, say mf, that keeps track of the number of times it has been called by maintaining

an internal counter. If the input to mf is the string "how_many_calls", then mf returns the value

of the counter. If the input is the string "reset count", then mf resets the counter to zero. For

any other input, mf returns the result of calling f on that input and increments the counter.

For instance, we could make a monitored version of the sqrt function:

Iconst s = make_monitored(math_sqrt);

Is(100);

10

Is("how_many_calls");
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1

Exercise 3.3

Modify the make_account function so that it creates password-protected accounts. That is,

make_account should take a string as an additional argument, as in

Iconst acc = make_account(100, "secret password");

The resulting account object should process a request only if it is accompanied by the password

with which the account was created, and should otherwise return a complaint:

I(acc("secret password", "withdraw"))(40);

60

I(acc("some other password", "deposit"))(40);

" I n c o r r e c t password "

Exercise 3.4

Modify the make_account function of exercise 3.3 by adding another local state variable so

that, if an account is accessed more than seven consecutive times with an incorrect password,

it invokes the function call_the_cops.

3.1.2 The Benefits of Introducing Assignment

As we shall see, introducing assignment into our programming language leads us into a thicket

of di�cult conceptual issues. Nevertheless, viewing systems as collections of objects with local

state is a powerful technique for maintaining a modular design. As a simple example, consider

the design of a function rand that, whenever it is called, returns an integer chosen at random.

It is not at all clear what is meant by “chosen at random.” What we presumably want is

for successive calls to rand to produce a sequence of numbers that has statistical properties

of uniform distribution. We will not discuss methods for generating suitable sequences here.

Rather, let us assume that we have a function rand_update that has the property that if we

start with a given number x1 and form

x2 = rand_update(x1);

x3 = rand_update(x2);

then the sequence of values x1,x2,x3, . . ., will have the desired statistical properties.
6

6
One common way to implement rand_update is to use the rule that x is updated to ax + b modulo m,
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We can implement rand as a function with a local state variable x that is initialized to some

�xed value random_init. Each call to rand computes rand_update of the current value of x,

returns this as the random number, and also stores this as the new value of x.

Ifunction make_rand() {

let x = random_init;

return () => {

x = rand_update(x);

return x;

};

}

const rand = make_rand();

Of course, we could generate the same sequence of random numbers without using assign-

ment by simply calling rand_update directly. However, this would mean that any part of our

program that used random numbers would have to explicitly remember the current value of

x to be passed as an argument to rand_update. To realize what an annoyance this would be,

consider using random numbers to implement a technique called Monte Carlo simulation.

The Monte Carlo method consists of choosing sample experiments at random from a large

set and then making deductions on the basis of the probabilities estimated from tabulating the

results of those experiments. For example, we can approximate π using the fact that 6/π 2
is

the probability that two integers chosen at random will have no factors in common; that is,

that their greatest common divisor will be 1.
7

To obtain the approximation to π , we perform

a large number of experiments. In each experiment we choose two integers at random and

perform a test to see if their GCD is 1. The fraction of times that the test is passed gives us our

estimate of 6/π 2
, and from this we obtain our approximation to π .

The heart of our program is a function monte_carlo, which takes as arguments the number

of times to try an experiment, together with the experiment, represented as a no-argument

function that will return either true or false each time it is run. The function monte_carlo runs

the experiment for the designated number of trials and returns a number telling the fraction

of the trials in which the experiment was found to be true.

Ifunction estimate_pi(trials) {

return math_sqrt(6 / monte_carlo(trials, cesaro_test));

where a, b, andm are appropriately chosen integers. Chapter 3 of Knuth 1981 includes an extensive discussion

of techniques for generating sequences of random numbers and establishing their statistical properties. Notice

that the rand_update function computes a mathematical function: Given the same input twice, it produces the

same output. Therefore, the number sequence produced by rand_update certainly is not “random,” if by “random”

we insist that each number in the sequence is unrelated to the preceding number. The relation between “real

randomness” and so-called pseudo-random sequences, which are produced by well-determined computations

and yet have suitable statistical properties, is a complex question involving di�cult issues in mathematics and

philosophy. Kolmogorov, Solomono�, and Chaitin have made great progress in clarifying these issues; a discussion

can be found in Chaitin 1975.

7
This theorem is due to E. Cesàro. See section 4.5.2 of Knuth 1981 for a discussion and a proof.
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}

function cesaro_test() {

return gcd(rand(), rand()) === 1;

}

function monte_carlo(trials, experiment) {

function iter(trials_remaining, trials_passed) {

if (trials_remaining === 0) {

return trials_passed / trials;

} else if (experiment()) {

return iter(trials_remaining - 1,

trials_passed + 1);

} else {

return iter(trials_remaining - 1,

trials_passed);

}

}

return iter(trials, 0);

}

Now let us try the same computation using rand_update directly rather than rand, the way

we would be forced to proceed if we did not use assignment to model local state:

Ifunction estimate_pi(trials) {

return math_sqrt(6 / random_gcd_test(trials, random_init));

}

function random_gcd_test(trials, initial_x) {

function iter(trials_remaining, trials_passed, x) {

const x1 = rand_update(x);

const x2 = rand_update(x1);

if (trials_remaining === 0) {

return trials_passed / trials;

} else if (gcd(x1, x2) === 1) {

return iter(trials_remaining - 1,

trials_passed + 1, x2);

} else {

return iter(trials_remaining - 1,

trials_passed, x2);

}

}

return iter(trials, 0, initial_x);

}

While the program is still simple, it betrays some painful breaches of modularity. In our

�rst version of the program, using rand, we can express the Monte Carlo method directly as

a general monte_carlo function that takes as an argument an arbitrary experiment function.
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In our second version of the program, with no local state for the random-number generator,

random_gcd_test must explicitly manipulate the random numbers x1 and x2 and recycle x2

through the iterative loop as the new input to rand_update. This explicit handling of the ran-

dom numbers intertwines the structure of accumulating test results with the fact that our

particular experiment uses two random numbers, whereas other Monte Carlo experiments

might use one random number or three. Even the top-level function estimate_pi has to be

concerned with supplying an initial random number. The fact that the random-number gen-

erator’s insides are leaking out into other parts of the program makes it di�cult for us to

isolate the Monte Carlo idea so that it can be applied to other tasks. In the �rst version of the

program, assignment encapsulates the state of the random-number generator within the rand

function, so that the details of random-number generation remain independent of the rest of

the program.

The general phenomenon illustrated by the Monte Carlo example is this: From the point

of view of one part of a complex process, the other parts appear to change with time. They

have hidden time-varying local state. If we wish to write computer programs whose struc-

ture re�ects this decomposition, we make computational objects (such as bank accounts and

random-number generators) whose behavior changes with time. We model state with local

state variables, and we model the changes of state with assignments to those variables.

It is tempting to conclude this discussion by saying that, by introducing assignment and the

technique of hiding state in local variables, we are able to structure systems in a more modular

fashion than if all state had to be manipulated explicitly, by passing additional parameters.

Unfortunately, as we shall see, the story is not so simple.

Exercise 3.5

Monte Carlo integration is a method of estimating de�nite integrals by means of Monte Carlo

simulation. Consider computing the area of a region of space described by a predicate P(x ,y)

that is true for points (x ,y) in the region and false for points not in the region. For example,

the region contained within a circle of radius 3 centered at (5, 7) is described by the predicate

that tests whether (x − 5)2 + (y − 7)2 ≤ 3
2
. To estimate the area of the region described by such

a predicate, begin by choosing a rectangle that contains the region. For example, a rectangle

with diagonally opposite corners at (2, 4) and (8, 10) contains the circle above. The desired

integral is the area of that portion of the rectangle that lies in the region. We can estimate the

integral by picking, at random, points (x ,y) that lie in the rectangle, and testing P(x ,y) for

each point to determine whether the point lies in the region. If we try this with many points,

then the fraction of points that fall in the region should give an estimate of the proportion of

the rectangle that lies in the region. Hence, multiplying this fraction by the area of the entire

rectangle should produce an estimate of the integral.
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Implement Monte Carlo integration as a function estimate_integral that takes as argu-

ments a predicate P, upper and lower bounds x1, x2, y1, and y2 for the rectangle, and the

number of trials to perform in order to produce the estimate. Your function should use the

same monte_carlo function that was used above to estimate π . Use your estimate_integral

to produce an estimate of π by measuring the area of a unit circle.

You will �nd it useful to have a function that returns a number chosen at random from a

given range. The following random_in_range function implements this in terms of the random

function used in section 1.2.6, which returns a nonnegative number less than its input.

Ifunction random_in_range(low, high) {

const range = high - low;

return low + random(range);

}

Exercise 3.6

It is useful to be able to reset a random-number generator to produce a sequence starting from

a given value. Design a new rand function that is called with an argument that is either the

string "generate" or the string "reset" and behaves as follows: rand("generate") produces

a new random number; rand("reset")(new-value) resets the internal state variable to the

designated new-value. Thus, by resetting the state, one can generate repeatable sequences.

These are very handy to have when testing and debugging programs that use random numbers.

3.1.3 The Costs of Introducing Assignment

As we have seen, assignment enables us to model objects that have local state. However, this

advantage comes at a price. Our programming language can no longer be interpreted in terms

of the substitution model of function application that we introduced in section 1.1.5. Moreover,

no simple model with “nice” mathematical properties can be an adequate framework for dealing

with objects and assignment in programming languages.

So long as we do not use assignments, two evaluations of the same function with the same

arguments will produce the same result, so that functions can be viewed as computing math-

ematical functions. Programming without any use of assignments, as we did throughout the

�rst two chapters of this book, is accordingly known as functional programming.

To understand how assignment complicates matters, consider a simpli�ed version of the

make_withdraw function of section 3.1.1 that does not bother to check for an insu�cient

amount:

Ifunction make_simplified_withdraw(balance) {
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return amount => {

balance = balance - amount;

return balance;

};

}

Iconst W = make_simplified_withdraw(25);

IW(20);

5

IW(10);

−5

Compare this function with the following make_decrementer function, which does not use

assignment:

Ifunction make_decrementer(balance) {

return amount => balance - amount;

}

The function make_decrementer returns a function that subtracts its input from a des-

ignated amount balance, but there is no accumulated e�ect over successive calls, as with

make_simplified_withdraw:

Iconst D = make_decrementer(25);

ID(20);

5

ID(10);

15

We can use the substitution model to explain how make_decrementer works. For instance,

let us analyze the evaluation of the expression

I(make_decrementer(25))(20);

We �rst simplify the operator of the combination by substituting 25 for balance in the body

of make-decrementer. This reduces the expression to

I(amount => 25 - amount)(20);

Now we apply the operator by substituting 20 for amount in the body of the lambda expres-

sion:

I25 - 20;
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The �nal answer is 5.

Observe, however, what happens if we attempt a similar substitution analysis with make_simplified_withdraw:

I(make_simplified_withdraw(25))(20);

We �rst simplify the operator by substituting 25 for balance in the return expression of

make_simplified_withdraw. This reduces the statement to
8

(amount => {

balance = 25 - amount;

return 25;

})(20);

Now we apply the function by substituting 20 for amount in the body of the lambda expres-

sion:

balance = 25 - 20;

return 25;

If we adhered to the substitution model, we would have to say that the meaning of the

function application is to �rst set balance to 5 and then return 25 as the value of the expression.

This gets the wrong answer. In order to get the correct answer, we would have to somehow

distinguish the �rst occurrence of balance (before the e�ect of the assignment) from the second

occurrence of balance (after the e�ect of the assignment), and the substitution model cannot

do this.

The trouble here is that substitution is based ultimately on the notion that the symbols in our

language are essentially names for values. This worked well for constants. But a variable, whose

value can change with assignment, cannot simply be a name for a value. A variable somehow

refers to a place where a value can be stored, and the value stored at this place can change. In

section 3.2 we will see how environments play this role of “place” in our computational model.

Sameness and change

The issue surfacing here is more profound than the mere breakdown of a particular model of

computation. As soon as we introduce change into our computational models, many notions

that were previously straightforward become problematical. Consider the concept of two

things being “the same.”

Suppose we call make_decrementer twice with the same argument to create two functions:

Iconst D1 = make_decrementer(25);

8
We don’t substitute for the occurrence of balance in the assignment because the name in an assignment is

not evaluated. If we did substitute for it, we would get 25 = 25 - amount;, which makes no sense.
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const D2 = make_decrementer(25);

Are D1 and D2 the same? An acceptable answer is yes, because D1 and D2 have the same

computational behavior—each is a function that subtracts its input from 25. In fact, D1 could

be substituted for D2 in any computation without changing the result.

Contrast this with making two calls to make_simplified_withdraw:

Iconst W1 = make_simplified_withdraw(25);

const W2 = make_simplified_withdraw(25);

Are W1 and W2 the same? Surely not, because calls to W1 and W2 have distinct e�ects, as shown

by the following sequence of interactions:

IW1(20);

5

IW1(20);

−15

IW2(20);

5

Even though W1 and W2 are “equal” in the sense that they are both created by evaluating the

same expression, make_simplified_withdraw(25), it is not true that W1 could be substituted

for W2 in any expression without changing the result of evaluating the expression.

A language that supports the concept that “equals can be substituted for equals” in an

expression without changing the value of the expression is said to be referentially transparent.
Referential transparency is violated when we include assignment in our computer language.

This makes it tricky to determine when we can simplify expressions by substituting equivalent

expressions. Consequently, reasoning about programs that use assignment becomes drastically

more di�cult.

Once we forgo referential transparency, the notion of what it means for computational

objects to be “the same” becomes di�cult to capture in a formal way. Indeed, the meaning of

“same” in the real world that our programs model is hardly clear in itself. In general, we can

determine that two apparently identical objects are indeed “the same one” only by modifying

one object and then observing whether the other object has changed in the same way. But how

can we tell if an object has “changed” other than by observing the “same” object twice and

seeing whether some property of the object di�ers from one observation to the next? Thus,

we cannot determine “change” without some a priori notion of “sameness,” and we cannot

determine sameness without observing the e�ects of change.
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As an example of how this issue arises in programming, consider the situation where Peter

and Paul have a bank account with $100 in it. There is a substantial di�erence between modeling

this as

Iconst peter_acc = make_account(100);

const paul_acc = make_account(100);

and modeling it as

Iconst peter_acc = make_account(100);

const paul_acc = peter_acc;

In the �rst situation, the two bank accounts are distinct. Transactions made by Peter will

not a�ect Paul’s account, and vice versa. In the second situation, however, we have de�ned

paul_acc to be the same thing as peter_acc. In e�ect, Peter and Paul now have a joint bank

account, and if Peter makes a withdrawal from peter_acc Paul will observe less money in

paul_acc. These two similar but distinct situations can cause confusion in building computa-

tional models. With the shared account, in particular, it can be especially confusing that there

is one object (the bank account) that has two di�erent names (peter_acc and paul_acc); if

we are searching for all the places in our program where paul_acc can be changed, we must

remember to look also at things that change peter_acc.
9

With reference to the above remarks on “sameness” and “change,” observe that if Peter and

Paul could only examine their bank balances, and could not perform operations that changed

the balance, then the issue of whether the two accounts are distinct would be moot. In general,

so long as we never modify data objects, we can regard a compound data object to be precisely

the totality of its pieces. For example, a rational number is determined by giving its numerator

and its denominator. But this view is no longer valid in the presence of change, where a

compound data object has an “identity” that is something di�erent from the pieces of which it

is composed. A bank account is still “the same” bank account even if we change the balance by

making a withdrawal; conversely, we could have two di�erent bank accounts with the same

state information. This complication is a consequence, not of our programming language, but

of our perception of a bank account as an object. We do not, for example, ordinarily regard a

rational number as a changeable object with identity, such that we could change the numerator

and still have “the same” rational number.

9
The phenomenon of a single computational object being accessed by more than one name is known as

aliasing. The joint bank account situation illustrates a very simple example of an alias. In section 3.3 we will see

much more complex examples, such as “distinct” compound data structures that share parts. Bugs can occur in

our programs if we forget that a change to an object may also, as a “side e�ect,” change a “di�erent” object because

the two “di�erent” objects are actually a single object appearing under di�erent aliases. These so-called side-e�ect
bugs are so di�cult to locate and to analyze that some people have proposed that programming languages be

designed in such a way as to not allow side e�ects or aliasing (Lampson et al. 1981; Morris, Schmidt, and Wadler

1980).

253 Generated 2020-08-18 16:40:02Z

http://source-academy.github.io/playground#chap=4&prgrm=GYVwdgxgLglg9mABAWwIYGsCmB9VEJzhQAUARqgDaqSYCUiA3gFCKuKiSwKIDuMUACwAmAJ1Q9iqZITBR6zNosQxgiMpWoRMiAHwBeRFJlzGLJefJUaiA5c3aAtIelEA3GfOKRmKCBFI7GndPRABfREwKAGdtBRC2b19-RAAiAEkwKJBgYBgIGExZdnAhKJTgz1CPMOqOaHgkIUwABzgo-kkXWXlqxUCtG0R+7QBqZ2MK80S-AI0g6qrFOq5GmCjm1CgIAWJkHpDp5OQbPQMUvkFRcRTezwB+Xn5hMR5b8wAuFBOzptb2qBu8SUD1+bX4b08n0wIhEcBEuwANKkAKpgdBgOA8JDeACOIEwUSgiAcTjQWFw+GMKVokxqXh8M0QQjWGy2AncVQImSJzR80IpEEGZJweAIRGIAEYAAxSmlMLmExAbEAUAVCjAiyni6Wy9xMYi8qD80XEc5PK48am0SW6-WG434U0XZ7XWjWgBMtoNqBVAqd5peVuIAFZdUA
http://source-academy.github.io/playground#chap=4&prgrm=GYVwdgxgLglg9mABAWwIYGsCmB9VEJzhQAUARqgDaqSYCUiA3gFCKuKiSwKIDuMUACwAmAJ1Q9iqZITBR6zNosQxgiMpWoRMiAHwBeRFJlzGLJefJUaiA5c3aAtIelEA3GfOKRmKCBFI7GndPRABfREwKAGdtBRC2b19-RAAiAEkwKJBgYBgIGExZdnAhKJTgz1CPMOqOaHgkIUwABzgo-kkXWXlqxUCtG0R+7QBqZ2MK80S-AI0g6qrFOq5GmCjm1CgIAWJkHpDp5OQbPQMUvkFRcRTezwB+Xn5hMR5b8wAuFBOzptb2qBu8SUD1+bX4b08n0wIhEcBEuwANKkAKpgdBgOA8JDeACOIEwUSgiAcTjQWFw+GMKVokxqXh8M0QQjWGy2AncVQImSJzR80IpEEGZJweAIRGIAEYAAxSmlMLmExAbEAUAWDXlQfmi9zEDVa-DEc5PK48am0SWynV6kQCw0XZ7XWjmgBMlqYutQKttRsuLzNxAArJagA


Modularity, Objects, and State 3.1.3

Pitfalls of imperative programming

In contrast to functional programming, programming that makes extensive use of assignment is

known as imperative programming. In addition to raising complications about computational

models, programs written in imperative style are susceptible to bugs that cannot occur in

functional programs. For example, recall the iterative factorial program from section 1.2.1:

Ifunction factorial(n) {

function iter(product,counter) {

if (counter > n) {

return product;

} else {

return iter(counter*product,

counter+1);

}

}

return iter(1,1);

}

Instead of passing arguments in the internal iterative loop, we could adopt a more imperative

style by using explicit assignment to update the values of the variables product and counter:

Ifunction factorial(n) {

let product = 1;

let counter = 1;

function iter() {

if (counter > n) {

return product;

} else {

product = counter * product;

counter = counter + 1;

return iter();

}

}

return iter();

}

This does not change the results produced by the program, but it does introduce a subtle trap.

How do we decide the order of the assignments? As it happens, the program is correct as

written. But writing the assignments in the opposite order

counter = counter + 1;

product = counter * product;

would have produced a di�erent, incorrect result. In general, programming with assignment

forces us to carefully consider the relative orders of the assignments to make sure that each

statement is using the correct version of the variables that have been changed. This issue
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simply does not arise in functional programs.
10

The complexity of imperative programs becomes even worse if we consider applications

in which several processes execute concurrently. We will return to this in section 3.4. First,

however, we will address the issue of providing a computational model for expressions that

involve assignment, and explore the uses of objects with local state in designing simulations.

Exercise 3.7

Consider the bank account objects created by make_account, with the password modi�cation

described in exercise 3.3. Suppose that our banking system requires the ability to make joint

accounts. De�ne a function make_joint that accomplishes this. The function make_joint

should take three arguments. The �rst is a password-protected account. The second argument

must match the password with which the account was de�ned in order for the make_joint

operation to proceed. The third argument is a new password. The function make_joint is to

create an additional access to the original account using the new password. For example, if

peter_acc is a bank account with password "open sesame", then

Iconst paul_acc = make_joint(peter_acc, "open sesame", "rosebud");

will allow one to make transactions on peter_acc using the name paul_acc and the password

"rosebud". You may wish to modify your solution to exercise 3.3 to accommodate this new

feature.

Exercise 3.8

When we de�ned the evaluation model in section 1.1.3, we said that the �rst step in evaluating

an expression is to evaluate its subexpressions. But we never speci�ed the order in which

the subexpressions should be evaluated (e.g., left to right or right to left). When we introduce

assignment, the order in which for example the operands of an operator combination are

evaluated can make a di�erence to the result. De�ne a simple function f such that evaluating

f(0) + f(1) will return 0 if the operands of + evaluated from left to right but will return 1 if

the operands are evaluated from right to left.

10
In view of this, it is ironic that introductory programming is most often taught in a highly imperative style.

This may be a vestige of a belief, common throughout the 1960s and 1970s, that programs that call functions

must inherently be less e�cient than programs that perform assignments. (Steele (1977) debunks this argument.)

Alternatively it may re�ect a view that step-by-step assignment is easier for beginners to visualize than function

call. Whatever the reason, it often saddles beginning programmers with “should I set this variable before or after

that one” concerns that can complicate programming and obscure the important ideas.
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3.2 The Environment Model of Evaluation

When we introduced compound functions in chapter 1, we used the substitution model of

evaluation (section 1.1.5) to de�ne what is meant by applying a function to arguments:

– To apply a compound function to arguments, evaluate the body of the function with

each parameter replaced by the corresponding argument.

Once we admit assignment into our programming language, such a de�nition is no longer

adequate. In particular, section 3.1.3 argued that, in the presence of assignment, a variable can

no longer be considered to be merely a name for a value. Rather, a variable must somehow

designate a “place” in which values can be stored. In our new model of evaluation, these places

will be maintained in structures called environments.

An environment is a sequence of frames. Each frame is a table (possibly empty) of bindings,
which associate variable names with their corresponding values. (A single frame may contain at

most one binding for any variable.) Each frame also has a pointer to its enclosing environment,
unless, for the purposes of discussion, the frame is considered to be global. The value of a
variable with respect to an environment is the value given by the binding of the variable in

the �rst frame in the environment that contains a binding for that variable. If no frame in the

sequence speci�es a binding for the variable, then the variable is said to be unbound in the

environment.

A B

C D

I

II III
z:6
x:7

m:1
y:2

x:3
y:5

Figure 3.1: A simple environment structure.

Figure 3.1 shows a simple environment structure consisting of three frames, labeled I, II, and

III. In the diagram, A, B, C, and D are pointers to environments. C and D point to the same

environment. The variables z and x are bound in frame II, while y and x are bound in frame I.

The value of x in environment D is 3. The value of x with respect to environment B is also 3.

This is determined as follows: We examine the �rst frame in the sequence (frame III) and do

not �nd a binding for x, so we proceed to the enclosing environment D and �nd the binding in
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frame I. On the other hand, the value of x in environment A is 7, because the �rst frame in the

sequence (frame II) contains a binding of x to 7. With respect to environment A, the binding

of x to 7 in frame II is said to shadow the binding of x to 3 in frame I.

The environment is crucial to the evaluation process, because it determines the context in

which an expression should be evaluated. Indeed, one could say that expressions in a pro-

gramming language do not, in themselves, have any meaning. Rather, an expression acquires

a meaning only with respect to some environment in which it is evaluated. Even the interpre-

tation of an expression as straightforward as display(1) depends on an understanding that

one is operating in a context in which the symbol display refers to the primitive function

that displays a value. Thus, in our model of evaluation we will always speak of evaluating an

expression with respect to some environment. To describe interactions with the interpreter, we

will suppose that there is a global environment, consisting of a single frame (with no enclosing

environment) that includes values for the symbols associated with the primitive functions. For

example, the idea that display is the name for the primitive display function is captured by

saying that the symbol display is bound in the global environment to the primitive display

function.

3.2.1 The Rules for Evaluation

The overall speci�cation of how the interpreter evaluates a function application remains the

same as when we �rst introduced it in section 1.1.4:

– To evaluate an application:

1. Evaluate the subexpressions of the application.
11

2. Apply the value of the function subexpression to the values of the argument subex-

pressions.

The environment model of evaluation replaces the substitution model in specifying what it

means to apply a compound function to arguments.

In the environment model of evaluation, a function is always a pair consisting of some

code and a pointer to an environment. Functions are created in one way only: by evaluating

a lambda expression. This produces a function whose code is obtained from the text of the

lambda expression and whose environment is the environment in which the lambda expression

was evaluated to produce the function. For example, consider the function declaration

11
Assignment introduces a subtlety into step 1 of the evaluation rule. As shown in exercise 3.8, the presence

of assignment allows us to write expressions that will produce di�erent values depending on the order in which

the subexpressions in a combination are evaluated. Thus, to be precise, we should specify an evaluation order

in step 1 (e.g., left to right or right to left). However, this order is considered to be an implementation detail in

some languages, such as Scheme. In Scheme, one should never write programs that depend on some particular

order. For instance, a sophisticated Scheme compiler might optimize a program by varying the order in which

subexpressions are evaluated.
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Ifunction square(x) {

return x * x;

}

evaluated in the global environment. The function declaration syntax is equivalent to
12

an

underlying implicit lambda expression. It would have been equivalent to have used

Iconst square = x => x * x;

which evaluates x => x * x and binds square to the resulting value, all in the global environ-

ment.

Figure 3.2 shows the result of evaluating this declaration statement. In general, const,

function and let create declarations by adding bindings to frames. For declarations at the

toplevel of the program, outside of any block, we introduce a program environment, consist-

ing of a single frame—the program frame—directly inside the global environment. To reduce

clutter, after this �gure, we will not display the global environment (as it is always the same),

but we are reminded of its existence by the pointer from the program environment upward.

The function object is a pair whose code speci�es that the function has one parameter, namely

x, and a function body return x * x;. The environment part of the function is a pointer to

the program environment, since that is the environment in which the lambda expression was

evaluated to produce the function. A new binding, which associates the function object with

the symbol square, has been added to the program frame.

12
Footnote 52 in chapter 1 mentions subtle di�erences between the two in full JavaScript, which we will ignore

in this edition.
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other names

square:=

program
env

function square(x) {

  return x * x;

}

parameters: x
body: return x * x;

global
env pair:= ...

other names of
primitives

Figure 3.2: Environment structure produced by evaluating function square(x){ return x

* x; } in the program environment.

We consider function declarations as equivalent to constant declarations,
13

and assignment

is forbidden on constants. Our environment model therefore needs to distinguish symbols that

refer to constants from symbols that refer to variables. We shall indicate that a symbol is a

constant by writing an equal sign after the colon that follows the symbol. Observe the equal

signs after the colons in �gure 3.2.

Now that we have seen how functions are created, we can describe how functions are applied.

The environment model speci�es: To apply a function to arguments, create a new environment

containing a frame that binds the parameters to the values of the arguments. The enclosing

environment of this frame is the environment speci�ed by the function. Now, within this new

environment, evaluate the function body.

To show how this rule is followed, �gure 3.3 illustrates the environment structure created

by evaluating the expression square(5); in the program environment, where square is the

function generated in �gure 3.2. Applying the function results in the creation of a new envi-

ronment, labeled E1 in the �gure, that begins with a frame in which x, the formal parameter

for the function, is bound to the argument 5. Note that symbol x in environment E1 is followed

by a single colon symbol with no equal sign, which indicates that the parameter x is treated

as a variable.
14

The pointer leading upward from this frame shows that the frame’s enclosing

13
We mentioned in footnote 52 that the full JavaScript language allows assignment to names that are declared

with function declarations.

14
This example does not make use of the fact that the parameter x is a variable, but recall function
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environment is the program environment. The program environment is chosen here, because

this is the environment that is indicated as part of the square function object. Within E1, we

evaluate the body of the function, return x * x;. Since the value of x in E1 is 5, the result is

5 * 5, or 25.

E1

return x * x
parameters: x
body: return x * x;

square(5)

program
env

other names

square:=

x:5

Figure 3.3: Environment created by evaluating square(5); in the program environment.

The environment model of function application can be summarized by two rules:

– A function object is applied to a set of arguments by constructing a frame, binding the

parameters of the function to the arguments of the call, and then evaluating the body of

the function in the context of the new environment constructed. The new frame has as

its enclosing environment the environment part of the function object being applied.

– A function is created by evaluating a lambda expression relative to a given environment.

The resulting function object is a pair consisting of the text of the lambda expression

and a pointer to the environment in which the function was created.

Finally, we specify the behavior of assignment, the operation that forced us to introduce

the environment model in the �rst place. Evaluating the statement name = value ; in some

environment locates the binding of the name in the environment. For this, one �nds the �rst

frame in the environment that contains a binding for the name. If the name is unbound in

the environment, then the assignment signals a “variable unde�ned” error. Otherwise, if the

binding in the frame is a constant binding—indicated in the frame with an equal sign after

colon that follows the name—the assignment signals an “assignment to constant” error. At last,

if the binding in the frame is a variable binding—indicated in the frame with a single colon

make_withdraw in section 3.1.1, which relied on its parameter being a variable.
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after the name—that binding is changed to re�ect the new value of the variable.

These evaluation rules, though considerably more complex than the substitution model, are

still reasonably straightforward. Moreover, the evaluation model, though abstract, provides a

correct description of how the interpreter evaluates expressions. In chapter 4 we shall see how

this model can serve as a blueprint for implementing a working interpreter. The following

sections elaborate the details of the model by analyzing some illustrative programs.

3.2.2 Applying Simple Functions

When we introduced the substitution model in section 1.1.5 we showed how the application

f(5) evaluates to 136, given the following function declarations:

Ifunction square(x) {

return x * x;

}

function sum_of_squares(x, y) {

return square(x) + square(y);

}

function f(a) {

return sum_of_squares(a + 1, a * 2);

}

We can analyze the same example using the environment model. Figure 3.4 shows the three

function objects created by evaluating the de�nitions of f, square, and sum_of_squares in the

program environment. Each function object consists of some code, together with a pointer to

the program environment.
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square:=

sum_of_squares:=

f:=
program
env

parameters: x
body: return x * x;

parameters: x, y
body: square(x) + square(y);

parameters: a
body: return sum_of_squares(a + 1, a + 2);

Figure 3.4: Function objects in the program frame.

In �gure 3.5 we see the environment structure created by evaluating the expression f(5).

The call to f creates a new environment E1 beginning with a frame in which a, the parameter

of f, is bound to the argument 5. In E1, we evaluate the body of f:

return sum_of_squares(a + 1, a * 2);

x * x

x:10
E4

x * x

x:6
E3

square(x) 
+ 

square(y)

x:6

y:10
E2

sum_of_squares(

    a + 1, a * 2)

a:5
E1

f(5)

program
env

Figure 3.5: Environments created by evaluating f(5) using the functions in �gure 3.4.
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To evaluate this combination, we �rst evaluate the subexpressions. The �rst subexpression,

sum_of_squares, has a value that is a function object. (Notice how this value is found: We �rst

look in the �rst frame of E1, which contains no binding for sum_of_squares. Then we proceed

to the enclosing environment, i.e. the program environment, and �nd the binding shown in

�gure 3.4.) The other two subexpressions are evaluated by applying the primitive operations

+ and * to evaluate the two combinations a + 1 and a * 2 to obtain 6 and 10, respectively.

Now we apply the function object sum_of_squares to the arguments 6 and 10. This re-

sults in a new environment E2 in which the parameters x and y are bound to the arguments.

Within E2 we evaluate the combination square(x) + square(y). This leads us to evaluate

square(x), where square is found in the program frame and x is 6. Once again, we set up a

new environment, E3, in which x is bound to 6, and within this we evaluate the body of square,

which is x * x. Also as part of applying sum_of_squares, we must evaluate the subexpression

square(y), where y is 10. This second call to square creates another environment, E4, in which

x, the parameter of square, is bound to 10. And within E4 we must evaluate x * x.

The important point to observe is that each call to square creates a new environment con-

taining a binding for x. We can see here how the di�erent frames serve to keep separate the

di�erent local variables all named x. Notice that each frame created by square points to the

program environment, since this is the environment indicated by the square function object.

After the subexpressions are evaluated, the results are returned. The values generated by the

two calls to square are added by sum_of_squares, and this result is returned by f. Since our

focus here is on the environment structures, we will not dwell on how these returned values

are passed from call to call; however, this is also an important aspect of the evaluation process,

and we will return to it in detail in chapter 5.

Exercise 3.9

In section 1.2.1 we used the substitution model to analyze two functions for computing facto-

rials, a recursive version

Ifunction factorial(n) {

return n === 1

? 1

: n * factorial(n - 1);

}

and an iterative version

Ifunction factorial(n) {

return fact_iter(1, 1, n);

}

function fact_iter(product, counter, max_count) {
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return counter > max_count

? product

: fact_iter(counter * product,

counter + 1,

max_count);

}

Show the environment structures created by evaluating factorial(6) using each version of

the factorial function.
15

3.2.3 Frames as the Repository of Local State

We can turn to the environment model to see how functions and assignment can be used to

represent objects with local state. As an example, consider the “withdrawal processor” from

section 3.1.1 created by calling the function

Ifunction make_withdraw(balance) {

return amount => {

if (balance >= amount) {

balance = balance - amount;

return balance;

} else {

return "insufficient funds";

}

};

}

Let us describe the evaluation of

Iconst W1 = make_withdraw(100);

followed by

IW1(50);

50

Figure 3.6 shows the result of declaring the make_withdraw function in the program envi-

ronment. This produces a function object that contains a pointer to the program environment.

So far, this is no di�erent from the examples we have already seen, except that the body of the

function is itself a lambda expression.

15
The environment model will not clarify our claim in section 1.2.1 that the interpreter can execute a function

such as fact_iter in a constant amount of space using tail recursion. We will discuss tail recursion when we

deal with the control structure of the interpreter in section 5.4.
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program
env make_withdraw:=

parameters: balance
body: return amount => {
    if (balance >= amount) {
        balance = balance - amount;
        return balance;
    } else {
        return "insufficient funds";
    }
}

Figure 3.6: Result of de�ning make_withdraw in the program environment.

The interesting part of the computation happens when we apply the function make_withdraw

to an argument:

const W1 = make_withdraw(100);

We begin, as usual, by setting up an environment E1 in which the parameter balance is bound

to the argument 100. Within this environment, we evaluate the body of make_withdraw, namely

the lambda expression. This constructs a new function object, whose code is as speci�ed by

the lambda expression and whose environment is E1, the environment in which the lambda

expression was evaluated to produce the function. The resulting function object is the value

returned by the call to make_withdraw. This is bound to W1 in the program environment, since

the constant declaration itself is being evaluated in the program environment. Figure 3.7 shows

the resulting environment structure.
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E1

make_withdraw:=

w1:=
program
env

balance: 100

parameters:  balance
body:  ...parameters: amount

body: 
    if (balance >= amount) {
        balance = balance - amount;
        return balance;
    } else {
        return "insufficient funds";
    }

Figure 3.7: Result of evaluating const W1 = make_withdraw(100);.

Now we can analyze what happens when W1 is applied to an argument:

W1(50);

50

We begin by constructing a frame in which amount, the parameter of W1, is bound to the

argument 50. The crucial point to observe is that this frame has as its enclosing environment

not the program environment, but rather the environment E1, because this is the environment

that is speci�ed by the W1 function object. Within this new environment, we evaluate the body

of the function:

if (balance >= amount) {

balance = balance - amount;

return balance;

} else {

return "insufficient funds";

}

The resulting environment structure is shown in �gure 3.8. The expression being evaluated

references both amount and balance. The variable amount will be found in the �rst frame in the
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environment, while balance will be found by following the enclosing-environment pointer to

E1.

E1

make_withdraw:= ...

w1:=
program
env

balance: 100

parameters:  amount
body:  ...

amount: 50

Here is the balance
that will be changed
by the set!

    if (balance >= amount) {

        balance = balance - amount;

        return balance;

    } else {

        return "insufficient funds";

    }

Figure 3.8: Environments created by applying the function object W1.

When the assignment is executed, the binding of balance in E1 is changed. At the completion

of the call to W1, balance is 50, and the frame that contains balance is still pointed to by the

function object W1. The frame that binds amount (in which we executed the code that changed

balance) is no longer relevant, since the function call that constructed it has terminated, and

there are no pointers to that frame from other parts of the environment. The next time W1 is

called, this will build a new frame that binds amount and whose enclosing environment is E1.

We see that E1 serves as the “place” that holds the local state variable for the function object

W1. Figure 3.9 shows the situation after the call to W1.
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E1

make_withdraw:= ...

w1:=

program
env

balance: 50

parameters:  amount
body:  ...

Figure 3.9: Environments after the call to W1.

Observe what happens when we create a second “withdraw” object by making another call

to make_withdraw:

I

This produces the environment structure of �gure 3.10, which shows that W2 is a function

object, that is, a pair with some code and an environment. The environment E2 for W2 was

created by the call to make_withdraw. It contains a frame with its own local binding for balance.

On the other hand, W1 and W2 have the same code: the code speci�ed by the lambda expression

in the body of make_withdraw.
16

We see here why W1 and W2 behave as independent objects.

Calls to W1 reference the state variable balance stored in E1, whereas calls to W2 reference the

balance stored in E2. Thus, changes to the local state of one object do not a�ect the other

object.

16
Whether W1 and W2 share the same physical code stored in the computer, or whether they each keep a copy

of the code, is a detail of the implementation. For the interpreter we implement in chapter 4, the code is in fact

shared.
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E1

w2:=

w1:=
program
env

balance: 50

parameters:  amount
body:  ...

E2 balance: 100

make_withdraw:= ...

Figure 3.10: Using const W2 = make_withdraw(100) to create a second object.

Exercise 3.10

In the make_withdraw function the local variable balance is created as a parameter of make_withdraw.

We could also create the local state variable separately, using what we might call an immedi-
ately invoked lambda expression as follows:

Ifunction make_withdraw(initial_amount) {

return (balance =>

amount => {

if (balance >= amount) {

balance = balance - amount;

return balance;

} else {

return "insufficient funds";

}

})(initial_amount);

}

The outer lambda expression is immediately invoked, after it is evaluated. Its only purpose it

to create a local variable balance, and initialize it to initial_amount. Use the environment

model to analyze this alternate version of make_withdraw, drawing �gures like the ones above
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to illustrate the interactions

Iconst W1 = make_withdraw(100);

W1(50);

const W2 = make_withdraw(100);

Show that the two versions of make_withdraw create objects with the same behavior. How do

the environment structures di�er for the two versions?

3.2.4 Internal Declarations

Section 3.2.2 describes the application of simple functions according to the environment model,

but fails to handle proper blocks that contain contains constant or variable declarations, as

the bodies of the functions new_withdraw and make_account of section 3.1.1, in the function

make_rand of section 3.1.2 and in both versions of the factorial function of section 3.1.3. The

declaration of local names within blocks is treated similarly to declarations of global names,

as for example the name square in section 3.2.1. We explained that the names declared in the

program are added to the program frame. More precisely, before the program gets evaluated,

we identify the names that are declared in the program at toplevel (outside of any block). These

names are all added to the program frame, and then the program gets evaluated with respect

to the program environment. Initially, before the program runs, these names refer to a special

value unassigned, and any attempt to access the value of a name that refers to unassigned
leads to an error. Constant and variable declarations can then be handled like assignments in

section 3.2.3.

In order to evaluate a block in a given environment, we extend the environment by a new

frame that contains all names declared locally (outside of nested blocks) in the block body.

These names intially refer to the value unassigned, when the evaluation of the body commences.

The evaluation of the local constant and variable declarations then re-assigns the names to

the left of the = sign, as if the declaration was an assignment.
17

Section 1.1.8 introduced the idea that functions can have internal de�nitions, thus leading

to a block structure as in the following function to compute square roots:

Ifunction sqrt(x) {

function good_enough(guess) {

return abs(square(guess) - x) < 0.001;

}

function improve(guess) {

return average(guess, x / guess);

}

17
Equipped with a deeper understanding of the scope of names, we can now explain why the program in

footnote 54 of chapter 1 goes wrong.
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function sqrt_iter(guess){

return good_enough(guess)

? guess

: sqrt_iter(improve(guess));

}

return sqrt_iter(1.0);

}

Now we can use the environment model to see why these internal de�nitions behave as

desired. Figure 3.11 shows the point in the evaluation of the expression sqrt(2) where the

internal function good_enough has been called for the �rst time with guess equal to 1.

program
env

sqrt:

E2

x:2

good_enough:
improve: ...
sqrt_iter: ...

guess: 1

guess: 1

call to sqrt_iter

E3

call to good_enough

E4

parameters: guess
body: return abs 
< ...

parameters: x
body:
function 

good_enough ...

function improve ...

function sqrt_iter ...

sqrt_iter(1);

E1

Figure 3.11: sqrt function with internal de�nitions.
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Observe the structure of the environment. The name sqrt is a symbol in the program en-

vironment that is bound to a function object whose associated environment is the program

environment. When sqrt was called, a new environment E1 was formed, subordinate to the

program environment, in which the parameter x is bound to 2. The body of sqrt was then

evaluated in E1. That body in this case is a block with local function declarations and therefore

we extended E1 with a new frame for those declarations, resulting in the new environment E2.

The body of the block was then evaluated in E2. Since the �rst statement in the body is

function good_enough(guess) {

return abs(square(guess) - x) < 0.001;

}

evaluating this declaration created the function good_enough in the environment E2. To be

more precise, the value unassigned for the symbol good_enough in the �rst frame of E2 was

replaced by a function object whose associated environment is E2. Similarly, improve and

sqrt_iter were de�ned as functions in E2. For conciseness, �gure 3.11 shows only the function

object for good_enough.

After the local functions were de�ned, the expression sqrt_iter(1.0) was evaluated, still

in environment E2. So the function object bound to sqrt_iter in E2 was called with 1 as

an argument. This created an environment E3 in which guess, the parameter of sqrt_iter,

is bound to 1. The function sqrt_iter in turn called good_enough with the value of guess

(from E3) as the argument for good_enough. This set up another environment, E4, in which

guess (the parameter of good_enough) is bound to 1. Although sqrt_iter and good_enough

both have a parameter named guess, these are two distinct local variables located in di�erent

frames. Also, E3 and E4 both have E2 as their enclosing environment, because the sqrt_iter

and good_enough both have E2 as their environment part. One consequence of this is that the

symbol x that appears in the body of good_enough will reference the binding of x that appears

in E1, namely the value of x with which the original sqrt function was called.

The environment model thus explains the two key properties that make local function dec-

larations a useful technique for modularizing programs:

– The names of the local functions do not interfere with names external to the enclosing

function, because the local function names will be bound in the frame that the block

creates when it is evaluated, rather than being bound in the program environment.

– The local functions can access the arguments of the enclosing function, simply by using

parameter names as free variables. This is because the body of the local function is

evaluated in an environment that is subordinate to the evaluation environment for the

enclosing function.
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Exercise 3.11

In section 3.2.3 we saw how the environment model described the behavior of functions with lo-

cal state. Now we have seen how internal de�nitions work. A typical message-passing function

contains both of these aspects. Consider the bank account function of section 3.1.1:

Ifunction make_account(balance) {

function withdraw(amount) {

if (balance >= amount) {

balance = balance - amount;

return balance;

} else {

return "Insufficient funds";

}

}

function deposit(amount) {

balance = balance + amount;

}

function dispatch(m) {

return m === "withdraw"

? withdraw

: m === "deposit"

? deposit

: "Unknown request: make_account";

}

return dispatch;

}

Show the environment structure generated by the sequence of interactions

Iconst acc = make_account(50);

(acc("deposit"))(40);

(acc("withdraw"))(60);

Where is the local state for acc kept? Suppose we de�ne another account

const acc2 = make_account(100);

How are the local states for the two accounts kept distinct? Which parts of the environment

structure are shared between acc and acc2?
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3.3 Modeling with Mutable Data

Chapter 2 dealt with compound data as a means for constructing computational objects that

have several parts, in order to model real-world objects that have several aspects. In that

chapter we introduced the discipline of data abstraction, according to which data structures

are speci�ed in terms of constructors, which create data objects, and selectors, which access

the parts of compound data objects. But we now know that there is another aspect of data

that chapter 2 did not address. The desire to model systems composed of objects that have

changing state leads us to the need to modify compound data objects, as well as to construct

and select from them. In order to model compound objects with changing state, we will de-

sign data abstractions to include, in addition to selectors and constructors, operations called

mutators, which modify data objects. For instance, modeling a banking system requires us to

change account balances. Thus, a data structure for representing bank accounts might admit

an operation

set_balance(account, new-value)

that changes the balance of the designated account to the designated new value. Data objects

for which mutators are de�ned are known as mutable data objects.

Chapter 2 introduced pairs as a general-purpose “glue” for synthesizing compound data. We

begin this section by de�ning basic mutators for pairs, so that pairs can serve as building blocks

for constructing mutable data objects. These mutators greatly enhance the representational

power of pairs, enabling us to build data structures other than the sequences and trees that we

worked with in section 2.2. We also present some examples of simulations in which complex

systems are modeled as collections of objects with local state.

3.3.1 Mutable List Structure

The basic operations on pairs—pair, head, and tail—can be used to construct list structure

and to select parts from list structure, but they are incapable of modifying list structure. The

same is true of the list operations we have used so far, such as append and list, since these can

be de�ned in terms of pair, head, and tail. To modify list structures we need new operations.
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"c" "d"

y

x

"e" "f"

"a" "b"

Figure 3.12: Lists list(list("a", "b"), "c", "d") and y: list("e", "f").

"c" "d"

y

x

"e" "f"

"a" "b"

Figure 3.13: E�ect of set_head(x, y) on the lists in �gure 3.12.

"c" "d"

y

x

"e" "f"

"a" "b"

z

Figure 3.14: E�ect of const z = pair(y, tail(x)); on the lists in �gure 3.12.
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"c" "d"

y

x

"e" "f"

"a" "b"

Figure 3.15: E�ect of set_tail(x, y) on the lists in �gure 3.12.

The primitive mutators for pairs are set_head and set_tail. The function set_head takes

two arguments, the �rst of which must be a pair. It modi�es this pair, replacing the head pointer

by a pointer to the second argument of set_head.
18

As an example, suppose that x is bound to the list list(list("a", "b"), "c") and y to the

list list("e", "f") as illustrated in �gure 3.12. Evaluating the expression set_head(x, y)

modi�es the pair to which x is bound, replacing its head by the value of y. The result of

the operation is shown in �gure 3.13. The structure x has been modi�ed and would now be

printed as list(list("e", "f"), "c", "d"). The pairs representing the list list("a", "b"),

identi�ed by the pointer that was replaced, are now detached from the original structure.
19

Compare �gure 3.13 with �gure 3.14, which illustrates the result of executing

Iconst z = pair(y, tail(x));

with x and y bound to the original lists of �gure 3.12. The name z is now bound to a new pair

created by the pair operation; the list to which x is bound is unchanged.

The set_tail operation is similar to set_head. The only di�erence is that the tail pointer

of the pair, rather than the head pointer, is replaced. The e�ect of executing set_tail(x, y)

on the lists of �gure 3.12 is shown in �gure 3.15. Here the tail pointer of x has been replaced

by the pointer to list("e", "f"). Also, the list list("c", "d"), which used to be the tail

of x, is now detached from the structure.

The function pair builds new list structure by creating new pairs, while set_head and

set_tail modify existing pairs. Indeed, we could implement pair in terms of the two mutators,

together with a function get_new_pair, which returns a new pair that is not part of any existing

18
The functions set_head and set_tail return the value undefined. Like assignment, they should be used

only for their e�ect.

19
We see from this that mutation operations on lists can create “garbage” that is not part of any accessible

structure. We will see in section 5.3.2 that JavaScript memory-management systems include a garbage collector,
which identi�es and recycles the memory space used by unneeded pairs.
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list structure. We obtain the new pair, set its head and tail pointers to the designated objects,

and return the new pair as the result of the pair.
20

Ifunction pair(x, y) {

const fresh = get_new_pair();

set_head(fresh, x);

set_tail(fresh, y);

return fresh;

}

Exercise 3.12

The following function for appending lists was introduced in section 2.2.1:

Ifunction append(x, y) {

return is_null(x)

? y

: pair(head(x), append(tail(x), y));

}

The function append forms a new list by successively pairing the elements of x onto y. The

function append_mutator is similar to append, but it is a mutator rather than a constructor. It

appends the lists by splicing them together, modifying the �nal pair of x so that its tail is

now y. (It is an error to call append_mutator with an empty x.)

Ifunction append_mutator(x, y) {

set_tail(last_pair(x), y);

return x;

}

Here last_pair is a function that returns the last pair in its argument:

Ifunction last_pair(x) {

return is_null(tail(x))

? x

: last_pair(tail(x));

}

Consider the interaction

Iconst x = list("a", "b");

Iconst y = list("c", "d");

Iconst z = append(x, y);

Iz;

20
The function get_new_pair is one of the operations that must be implemented as part of the memory man-

agement required by a JavaScript implementation. We will discuss this in section 5.3.1.
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[ " a " , [ " b " , [ " c " , [ " d , nu l l ] ] ] ]

Itail(x);

〈response〉

Iconst w = append_mutator(x, y);

Iw;

[ " a " , [ " b " , [ " c " , [ " d " , nu l l ] ] ] ]

Itail(x);

〈response〉

What are the missing 〈response〉s? Draw box-and-pointer diagrams to explain your answer.

Exercise 3.13

Consider the following make_cycle function, which uses the last_pair function de�ned in

exercise 3.12:

Ifunction make_cycle(x) {

set_tail(last_pair(x), x);

return x;

}

Draw a box-and-pointer diagram that shows the structure z created by

Iconst z = make_cycle(list("a", "b", "c"));

What happens if we try to compute last_pair(z)?

Exercise 3.14

The following function is quite useful, although obscure:

Ifunction mystery(x) {

function loop(x, y) {

if (is_null(x)) {

return y;

} else {

const temp = tail(x);

set_tail(x, y);

return loop(temp, x);

}
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}

return loop(x, null);

}

The function loop uses the “temporary” name temp to hold the old value of the tail of x,

since the set_tail on the next line destroys the tail. Explain what mystery does in general.

Suppose v is de�ned by

Iconst v = list("a", "b", "c");

Draw the box-and-pointer diagram that represents the list to which v is bound. Suppose that

we now evaluate

Iconst w = mystery(v);

Draw box-and-pointer diagrams that show the structures v and w after evaluating this program.

What would be printed as the values of v and w?

Sharing and identity

We mentioned in section 3.1.3 the theoretical issues of “sameness” and “change” raised by the

introduction of assignment. These issues arise in practice when individual pairs are shared
among di�erent data objects. For example, consider the structure formed by

Iconst x = list("a", "b");

const z1 = pair(x, x);

As shown in �gure 3.16, z1 is a pair whose head and tail both point to the same pair x. This

sharing of x by the head and tail of z1 is a consequence of the straightforward way in which

pair is implemented. In general, using pair to construct lists will result in an interlinked

structure of pairs in which many individual pairs are shared by many di�erent structures.

z1

x "a" "b"

Figure 3.16: The list z1 formed by pair(x, x).

279 Generated 2020-08-18 16:40:02Z

http://source-academy.github.io/playground#chap=4&prgrm=MYewdgzgLgBAbjAvDANgS2gCgEQENsA0M2ARoccNgJQDcQA
http://source-academy.github.io/playground#chap=4&prgrm=MYewdgzgLgBAbjAvDANgS2gCgEQENsA0M2ARoccNgJQDcAUAGYCuYwUa4MAtgJ7QCmAJx6YAHlRgBvOjFkxmrdpxQgQABzFEeE6XL0w0DGJgwB9MExQoxVHTP0PB-KE0FgYPeg9kBfGPxQIfil7bzlQSFgofi41JBgoXDRrcS8wuSCoU0TkzQ9aUPSnFzdUVQ1o2KJUwr0fQvq9Ytd3FXU8iysC+ojoGAB3eN4BYUw4WiA
http://source-academy.github.io/playground#chap=4&prgrm=MYewdgzgLgBAHjAvDANgS2gCgEQENsA0M2ARtgJQDcAUKJLAF4CMSMADrmgE6ZxFxUgA


Modularity, Objects, and State 3.3.1

z2 "a" "b"

"a" "b"

Figure 3.17: The list z2 formed by pair(list("a", "b"), list("a", "b")).

In contrast to �gure 3.16, �gure 3.17 shows the structure created by

Iconst z2 = pair(list("a", "b"), list("a", "b"));

In this structure, the pairs in the two list("a", "b") lists are distinct, although they contain

the same strings.
21

When thought of as a list, z1 and z2 both represent “the same” list:

Ilist(list("a", "b"), "a", "b")

In general, sharing is completely undetectable if we operate on lists using only pair, head,

and tail. However, if we allow mutators on list structure, sharing becomes signi�cant. As

an example of the di�erence that sharing can make, consider the following function, which

modi�es the head of the structure to which it is applied:

Ifunction set_to_wow(x) {

set_head(head(x), "wow");

return x;

}

Even though z1 and z2 are “the same” structure, applying set_to_wow to them yields di�erent

results. With z1, altering the head also changes the tail, because in z1 the head and the tail

are the same pair. With z2, the head and tail are distinct, so set_to_wow modi�es only the

head:

Iz1;

[ [ " a " , [ " b " , nu l l ] ] , [ " a " , [ " b " , nu l l ] ] ]

Iset_to_wow(z1);

[ [ "wow" , [ " b " , nu l l ] ] , [ "wow" , [ " b " , nu l l ] ] ]

21
The two pairs are distinct because each call to pair returns a new pair. The strings are “the same” in the

sense that they are primitive data (just like numbers) that are composed of the same characters in the same order.

Since JavaScript provides no way to mutate a string, any sharing that the designers of a JavaScript interpreter

might decide to implement for strings is undetectable. We consider primitive data such as numbers, booleans

and strings as identical, if and only if they are indistinguishable.
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Iz2;

[ [ " a " , [ " b " , nu l l ] ] , [ " a " , [ " b " , nu l l ] ] ]

Iset_to_wow(z2);

[ [ "wow" , [ " b " , nu l l ] ] , [ " a " , [ " b " , nu l l ] ] ]

One way to detect sharing in list structures is to use the primitive predicate ===, which we

introduced in sections 1.1.6 and 2.3.1 to test whether two numbers or two strings are equal.

When applied to two non-primitive values, x === y tests whether x and y are the same object

(that is, whether x and y are equal as pointers). Thus, with z1 and z2 as de�ned in �gure 3.16

and 3.17, head(z1) === tail(z1) is true and head(z2) === tail(z2) is false.

As will be seen in the following sections, we can exploit sharing to greatly extend the

repertoire of data structures that can be represented by pairs. On the other hand, sharing can

also be dangerous, since modi�cations made to structures will also a�ect other structures that

happen to share the modi�ed parts. The mutation operations set_head and set_tail should

be used with care; unless we have a good understanding of how our data objects are shared,

mutation can have unanticipated results.
22

Exercise 3.15

Draw box-and-pointer diagrams to explain the e�ect of set_to_wow on the structures z1 and

z2 above.

Exercise 3.16

Ben Bitdiddle decides to write a function to count the number of pairs in any list structure.

“It’s easy,” he reasons. “The number of pairs in any structure is the number in the head plus

the number in the tail plus one more to count the current pair.” So Ben writes the following

function

Ifunction count_pairs(x) {

return !is_pair(x)

? 0

: count_pairs(head(x)) +

22
The subtleties of dealing with sharing of mutable data objects re�ect the underlying issues of “sameness” and

“change” that were raised in section 3.1.3. We mentioned there that admitting change to our language requires

that a compound object must have an “identity” that is something di�erent from the pieces from which it is

composed. In JavaScript, we consider this “identity” to be the quality that is tested by ===, i.e., by equality of

pointers. Since in most JavaScript implementations a pointer is essentially a memory address, we are “solving

the problem” of de�ning the identity of objects by stipulating that a data object “itself” is the information stored

in some particular set of memory locations in the computer. This su�ces for simple JavaScript programs, but is

hardly a general way to resolve the issue of “sameness” in computational models.
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count_pairs(tail(x)) + 1;

}

Show that this function is not correct. In particular, draw box-and-pointer diagrams represent-

ing list structures made up of exactly three pairs for which Ben’s function would return 3;

return 4; return 7; never return at all.

Exercise 3.17

Devise a correct version of the count_pairs function of exercise 3.16 that returns the number

of distinct pairs in any structure. (Hint: Traverse the structure, maintaining an auxiliary data

structure that is used to keep track of which pairs have already been counted.)

Exercise 3.18

Write a function that examines a list and determines whether it contains a cycle, that is, whether

a program that tried to �nd the end of the list by taking successive tails would go into an

in�nite loop. Exercise 3.13 constructed such lists.

Exercise 3.19

Redo exercise 3.18 using an algorithm that takes only a constant amount of space. (This

requires a very clever idea.)

Mutation is just assignment

When we introduced compound data, we observed in section 2.1.3 that pairs can be represented

purely in terms of functions:

Ifunction pair(x, y) {

function dispatch(m) {

return m === "head"

? x

: m === "tail"

? y

: error(m, "Undefined operation -- pair");

}

return dispatch;

}

function head(z) {

return z("head");

}

function tail(z) {
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return z("tail");

}

The same observation is true for mutable data. We can implement mutable data objects

as functions using assignment and local state. For instance, we can extend the above pair

implementation to handle set_head and set_tail in a manner analogous to the way we

implemented bank accounts using make_account in section 3.1.1:

Ifunction pair(x, y) {

function set_x(v) {

x = v;

}

function set_y(v) {

y = v;

}

return m =>

m === "head"

? x

: m === "tail"

? y

: m === "set_head"

? set_x

: m === "set_tail"

? set_y

: error(m, "undefined operation -- pair");

}

function head(z) {

return z("head");

}

function tail(z) {

return z("tail");

}

function set_head(z, new_value) {

(z("set_head"))(new_value);

return z;

}

function set_tail(z, new_value) {

(z("set_tail"))(new_value);

return z;

}

Assignment is all that is needed, theoretically, to account for the behavior of mutable data.

As soon as we admit assignment to our language, we raise all the issues, not only of assignment,
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but of mutable data in general.
23

Exercise 3.20

Draw environment diagrams to illustrate the evaluation of the sequence of expressions

Iconst x = pair(1, 2);

const z = pair(x, x);

set_head(tail(z), 17);

Ihead(x);

17

using the functional implementation of pairs given above. (Compare exercise 3.11.)

3.3.2 Representing �eues

The mutators set_head and set_tail enable us to use pairs to construct data structures that

cannot be built with pair, head, and tail alone. This section shows how to use pairs to repre-

sent a data structure called a queue. Section 3.3.3 will show how to represent data structures

called tables.

A queue is a sequence in which items are inserted at one end (called the rear of the queue) and

deleted from the other end (the front). Figure 3.18 shows an initially empty queue in which the

items a and b are inserted. Then a is removed, c and d are inserted, and b is removed. Because

items are always removed in the order in which they are inserted, a queue is sometimes called

a FIFO (�rst in, �rst out) bu�er.

Operation Resulting Queue

const q = make_queue();

insert_queue(q, "a"); a

insert_queue(q, "b"); a b

delete_queue(q); b

insert_queue(q, "c"); b c

insert_queue(q, "d"); b c d

delete_queue(q); c d

Figure 3.18: Queue operations.

In terms of data abstraction, we can regard a queue as de�ned by the following set of opera-

tions:

23
On the other hand, from the viewpoint of implementation, assignment requires us to modify the environment,

which is itself a mutable data structure. Thus, assignment and mutation are equipotent: Each can be implemented

in terms of the other.
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– a constructor:

make_queue()

returns an empty queue (a queue containing no items).

– two selectors:

empty_queue(queue)
tests if the queue is empty.

front_queue(queue)
returns the object at the front of the queue, signaling an error if the queue is empty; it

does not modify the queue.

– two mutators:

insert_queue(queue, item)

inserts the item at the rear of the queue and returns the modi�ed queue as its value.

delete_queue(queue)
removes the item at the front of the queue and returns the modi�ed queue as its value,

signaling an error if the queue is empty before the deletion.

Because a queue is a sequence of items, we could certainly represent it as an ordinary list;

the front of the queue would be the head of the list, inserting an item in the queue would

amount to appending a new element at the end of the list, and deleting an item from the queue

would just be taking the tail of the list. However, this representation is ine�cient, because in

order to insert an item we must scan the list until we reach the end. Since the only method we

have for scanning a list is by successive tail operations, this scanning requires Θ(n) steps for

a list of n items. A simple modi�cation to the list representation overcomes this disadvantage

by allowing the queue operations to be implemented so that they require Θ(1) steps; that is,

so that the number of steps needed is independent of the length of the queue.

The di�culty with the list representation arises from the need to scan to �nd the end of the

list. The reason we need to scan is that, although the standard way of representing a list as

a chain of pairs readily provides us with a pointer to the beginning of the list, it gives us no

easily accessible pointer to the end. The modi�cation that avoids the drawback is to represent

the queue as a list, together with an additional pointer that indicates the �nal pair in the list.

That way, when we go to insert an item, we can consult the rear pointer and so avoid scanning

the list.

A queue is represented, then, as a pair of pointers, front_ptr and rear_ptr, which indicate,

respectively, the �rst and last pairs in an ordinary list. Since we would like the queue to be an

identi�able object, we can use pair to combine the two pointers. Thus, the queue itself will

be the pair of the two pointers. Figure 3.19 illustrates this representation.
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"c"

front_ptr

q

"a" "b"

rear_ptr

Figure 3.19: Implementation of a queue as a list with front and rear pointers.

To de�ne the queue operations we use the following functions, which enable us to select

and to modify the front and rear pointers of a queue:

Ifunction front_ptr(queue) {

return head(queue);

}

function rear_ptr(queue) {

return tail(queue);

}

function set_front_ptr(queue, item) {

set_head(queue, item);

}

function set_rear_ptr(queue, item) {

set_tail(queue, item);

}

Now we can implement the actual queue operations. We will consider a queue to be empty

if its front pointer is the empty list:

Ifunction is_empty_queue(queue) {

return is_null(front_ptr(queue));

}

The make_queue constructor returns, as an initially empty queue, a pair whose head and

tail are both the empty list:

Ifunction make_queue() {

return pair(null, null);

}

To select the item at the front of the queue, we return the head of the pair indicated by the

front pointer:

Ifunction front_queue(queue) {

return is_empty_queue(queue)

? error(queue, "front_queue called with an empty queue")

: head(front_ptr(queue));

}
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To insert an item in a queue, we follow the method whose result is indicated in �gure 3.20.

We �rst create a new pair whose head is the item to be inserted and whose tail is the empty

list. If the queue was initially empty, we set the front and rear pointers of the queue to this

new pair. Otherwise, we modify the �nal pair in the queue to point to the new pair, and also

set the rear pointer to the new pair.

front_ptr

q

"a" "b"

rear_ptr

"c" "d"

Figure 3.20: Result of using insert_queue(q, "d") on the queue of �gure 3.19.

Ifunction insert_queue(queue, item) {

const new_pair = pair(item, null);

if (is_empty_queue(queue)) {

set_front_ptr(queue, new_pair);

set_rear_ptr(queue, new_pair);

} else {

set_tail(rear_ptr(queue), new_pair);

set_rear_ptr(queue, new_pair);

}

return queue;

}

To delete the item at the front of the queue, we merely modify the front pointer so that it

now points at the second item in the queue, which can be found by following the tail pointer

of the �rst item (see �gure 3.21):
24

24
If the �rst item is the �nal item in the queue, the front pointer will be the empty list after the deletion, which

will mark the queue as empty; we needn’t worry about updating the rear pointer, which will still point to the

deleted item, because is_empty_queue looks only at the front pointer.
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front_ptr

q

"a" "b"

rear_ptr

"c" "d"

Figure 3.21: Result of using delete_queue(q) on the queue of �gure 3.20.

Ifunction delete_queue(queue) {

if (is_empty_queue(queue)) {

error(queue, "delete_queue called with an empty queue");

} else {

set_front_ptr(queue, tail(front_ptr(queue)));

return queue;

}

}

Exercise 3.21

Ben Bitdiddle decides to test the queue implementation described above. He types in the

functions to the JavaScript interpreter and proceeds to try them out:

Iconst q1 = make_queue();

Iinsert_queue(q1, "a");

Iinsert_queue(q1, "b");

Idelete_queue(q1);

Idelete_queue(q1);

“It’s all wrong!” he complains. “The interpreter’s response shows that the last item is inserted

into the queue twice. And when I delete both items, the second b is still there, so the queue isn’t

empty, even though it’s supposed to be.” Eva Lu Ator suggests that Ben has misunderstood what

is happening. “It’s not that the items are going into the queue twice,” she explains. “It’s just that

the standard JavaScript printer doesn’t know how to make sense of the queue representation.

If you want to see the queue printed correctly, you’ll have to de�ne your own print function

for queues.” Explain what Eva Lu is talking about. In particular, show why Ben’s examples

produce the printed results that they do. De�ne a function print_queue that takes a queue as
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input and prints the sequence of items in the queue.

Exercise 3.22

Instead of representing a queue as a pair of pointers, we can build a queue as a function with

local state. The local state will consist of pointers to the beginning and the end of an ordinary

list. Thus, the make_queue function will have the form

Ifunction make_queue() {

function front_ptr(...) {...}

function rear_ptr(...) {...}

〈de f initions o f internal f unctions〉
function dispatch(m) {...}

return dispatch;

}

Complete the de�nition of make_queue and provide implementations of the queue operations

using this representation.

Exercise 3.23

A deque (“double-ended queue”) is a sequence in which items can be inserted and deleted at

either the front or the rear. Operations on deques are the constructor make_deque, the predicate

is_empty_deque, selectors front_deque and rear_deque and mutators front_insert_deque,

front_delete_deque, rear_insert_deque, and rear_delete_deque. Show how to represent

deques using pairs, and give implementations of the operations.
25

All operations should be

accomplished in Θ(1) steps.

3.3.3 Representing Tables

When we studied various ways of representing sets in chapter 2, we mentioned in section 2.3.3

the task of maintaining a table of records indexed by identifying keys. In the implementation

of data-directed programming in section 2.4.3, we made extensive use of two-dimensional

tables, in which information is stored and retrieved using two keys. Here we see how to build

tables as mutable list structures.

We �rst consider a one-dimensional table, in which each value is stored under a single key.

We implement the table as a list of records, each of which is implemented as a pair consisting

of a key and the associated value. The records are glued together to form a list by pairs whose

heads point to successive records. These gluing pairs are called the backbone of the table. In

25
Be careful not to make the interpreter try to print a structure that contains cycles. (See exercise 3.13.)
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order to have a place that we can change when we add a new record to the table, we build the

table as a headed list. A headed list has a special backbone pair at the beginning, which holds

a dummy “record”—in this case the arbitrarily chosen string "*table*". Figure 3.22 shows the

box-and-pointer diagram for the table

a: 1

b: 2

c: 3

"a" "b" "c"1 2 3

"*table*"

table

Figure 3.22: A table represented as a headed list.

To extract information from a table we use the lookup function, which takes a key as ar-

gument and returns the associated value (or false if there is no value stored under that key).

The function lookup is de�ned in terms of the assoc operation, which expects a key and a list

of records as arguments. Note that assoc never sees the dummy record. The function assoc

returns the record that has the given key as its head.
26

The function lookup then checks to see

that the resulting record returned by assoc is not false, and returns the value (the tail) of the

record.

Ifunction lookup(key, table) {

const record = assoc(key, tail(table));

return record === undefined

? undefined

: tail(record);

}

Ifunction assoc(key, records) {

return is_null(records)

? undefined

: equal(key, head(head(records)))

? head(records)

: assoc(key, tail(records));

}

To insert a value in a table under a speci�ed key, we �rst use assoc to see if there is already

26
Because assoc uses equal, it can recognize keys that are strings, numbers, or list structure.
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a record in the table with this key. If not, we form a new record by pairing the key with the

value, and insert this at the head of the table’s list of records, after the dummy record. If there

already is a record with this key, we set the tail of this record to the designated new value.

The header of the table provides us with a �xed location to modify in order to insert the new

record.
27

Ifunction insert(key, value, table) {

const record = assoc(key, tail(table));

return record === undefined

? set_tail(table, pair(pair(key, value),

tail(table)))

: set_tail(record, value);

}

To construct a new table, we simply create a list containing the symbol *table*:

Ifunction make_table() {

return list("*table*");

}

Two-dimensional tables

In a two-dimensional table, each value is indexed by two keys. We can construct such a table

as a one-dimensional table in which each key identi�es a subtable. Figure 3.23 shows the

box-and-pointer diagram for the table

"math":

"+": 43

"-": 45

"*": 42

"letters":

"a": 97

"b": 98

which has two subtables. (The subtables don’t need a special header symbol, since the key that

identi�es the subtable serves this purpose.)

27
Thus, the �rst backbone pair is the object that represents the table “itself”; that is, a pointer to the table is

a pointer to this pair. This same backbone pair always starts the table. If we did not arrange things in this way,

insert would have to return a new value for the start of the table when it added a new record.
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"+" "-" "*"43 45 42

"*table*"

"a" "b"97 98

"letters"

"math"

table

Figure 3.23: A two-dimensional table.

When we look up an item, we use the �rst key to identify the correct subtable. Then we use

the second key to identify the record within the subtable.

Ifunction lookup(key_1, key_2, table) {

const subtable = assoc(key_1, tail(table));

if (subtable === undefined) {

return undefined;

} else {

const record = assoc(key_2, tail(subtable));

if (record === undefined) {

return undefined;

} else {

return tail(record);

}

}

}

To insert a new item under a pair of keys, we use assoc to see if there is a subtable stored

under the �rst key. If not, we build a new subtable containing the single record (key_2, value)

and insert it into the table under the �rst key. If a subtable already exists for the �rst key, we

insert the new record into this subtable, using the insertion method for one-dimensional tables
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described above:

Ifunction insert(key_1, key_2, value, table) {

const subtable = assoc(key_1, tail(table));

if (subtable === undefined) {

set_tail(table,

pair(list(key_1, pair(key_2, value)),

tail(table)));

} else {

const record = assoc(key_2, tail(table));

if (record === undefined) {

set_tail(subtable,

pair(pair(key_2, value),

tail(subtable)));

} else {

set_tail(record, value);

}

}

}

Creating local tables

The lookup and insert operations de�ned above take the table as an argument. This enables

us to use programs that access more than one table. Another way to deal with multiple tables is

to have separate lookup and insert functions for each table. We can do this by representing a

table procedurally, as an object that maintains an internal table as part of its local state. When

sent an appropriate message, this “table object” supplies the function with which to operate on

the internal table. Here is a generator for two-dimensional tables represented in this fashion:

Ifunction make_table() {

const local_table = list("*table*");

function lookup(key_1, key_2) {

const subtable = assoc(key_1, tail(local_table));

if (subtable === undefined) {

return undefined;

} else {

const record = assoc(key_2, tail(subtable));

if (record === undefined) {

return undefined;

} else {

return tail(record);

}

}

}

function insert(key_1, key_2, value) {

const subtable = assoc(key_1, tail(local_table));
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if (subtable === undefined) {

set_tail(local_table,

pair(list(key_1, pair(key_2, value)),

tail(local_table)));

} else {

const record = assoc(key_2, tail(subtable));

if (record === undefined) {

set_tail(subtable,

pair(pair(key_2, value),

tail(subtable)));

} else {

set_tail(record, value);

}

}

}

function dispatch(m) {

return m === "lookup"

? lookup

: m === "insert"

? insert

: error(m, "Unknown operation -- table");

}

return dispatch;

}

Using make_table, we could implement the get and put operations used in section 2.4.3 for

data-directed programming, as follows:

Iconst operation_table = make_table();

const get = operation_table("lookup");

const put = operation_table("insert");

The function get takes as arguments two keys, and put takes as arguments two keys and

a value. Both operations access the same local table, which is encapsulated within the object

created by the call to make_table.

Exercise 3.24

In the table implementations above, the keys are tested for equality using equal (called by

assoc). This is not always the appropriate test. For instance, we might have a table with

numeric keys in which we don’t need an exact match to the number we’re looking up, but

only a number within some tolerance of it. Design a table constructor make_table that takes

as an argument a same_key function that will be used to test “equality” of keys. The function

make_table should return a dispatch function that can be used to access appropriate lookup

and insert functions for a local table.
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Exercise 3.25

Generalizing one- and two-dimensional tables, show how to implement a table in which values

are stored under an arbitrary number of keys and di�erent values may be stored under di�erent

numbers of keys. The lookup and insert functions should take as input a list of keys used to

access the table.

Exercise 3.26

To search a table as implemented above, one needs to scan through the list of records. This

is basically the unordered list representation of section 2.3.3. For large tables, it may be more

e�cient to structure the table in a di�erent manner. Describe a table implementation where

the (key, value) records are organized using a binary tree, assuming that keys can be ordered

in some way (e.g., numerically or alphabetically). (Compare exercise 2.66 of chapter 2.)

Exercise 3.27

Memoization (also called tabulation) is a technique that enables a function to record, in a local

table, values that have previously been computed. This technique can make a vast di�erence

in the performance of a program. A memoized function maintains a table in which values of

previous calls are stored using as keys the arguments that produced the values. When the

memoized function is asked to compute a value, it �rst checks the table to see if the value

is already there and, if so, just returns that value. Otherwise, it computes the new value in

the ordinary way and stores this in the table. As an example of memoization, recall from

section 1.2.2 the exponential process for computing Fibonacci numbers:

Ifunction fib(n) {

return n === 0

? 0

: n === 1

? 1

: fib(n - 1) + fib(n - 2);

}

The memoized version of the same function is

Iconst memo_fib = memoize(n => n === 0

? 0

: n === 1

? 1

: memo_fib(n - 1) +

memo_fib(n - 2)

);
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where the memoizer is de�ned as

Ifunction memoize(f) {

const table = make_table();

return x => {

const previously_computed_result

= lookup(x, table);

if (previously_computed_result === undefined) {

const result = f(x);

insert(x, result, table);

return result;

} else {

return previously_computed_result;

}

};

}

Draw an environment diagram to analyze the computation of memo_fib(3). Explain why

memo_fib computes the nth Fibonacci number in a number of steps proportional to n. Would

the scheme still work if we had simply de�ned memo_fib to be memoize(fib)?

3.3.4 A Simulator for Digital Circuits

Designing complex digital systems, such as computers, is an important engineering activity.

Digital systems are constructed by interconnecting simple elements. Although the behavior

of these individual elements is simple, networks of them can have very complex behavior.

Computer simulation of proposed circuit designs is an important tool used by digital systems

engineers. In this section we design a system for performing digital logic simulations. This

system typi�es a kind of program called an event-driven simulation, in which actions (“events”)

trigger further events that happen at a later time, which in turn trigger more events, and so so.

Our computational model of a circuit will be composed of objects that correspond to the

elementary components from which the circuit is constructed. There are wires, which carry

digital signals. A digital signal may at any moment have only one of two possible values, 0 and

1. There are also various types of digital function boxes, which connect wires carrying input

signals to other output wires. Such boxes produce output signals computed from their input

signals. The output signal is delayed by a time that depends on the type of the function box.

For example, an inverter is a primitive function box that inverts its input. If the input signal

to an inverter changes to 0, then one inverter-delay later the inverter will change its output

signal to 1. If the input signal to an inverter changes to 1, then one inverter-delay later the

inverter will change its output signal to 0. We draw an inverter symbolically as in �gure 3.24.

An and-gate, also shown in �gure 3.24, is a primitive function box with two inputs and one

output. It drives its output signal to a value that is the logical and of the inputs. That is, if both
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of its input signals become 1, then one and-gate-delay time later the and-gate will force its

output signal to be 1; otherwise the output will be 0. An or-gate is a similar two-input primitive

function box that drives its output signal to a value that is the logical or of the inputs. That

is, the output will become 1 if at least one of the input signals is 1; otherwise the output will

become 0.

Inverter And-gate Or-gate

Figure 3.24: Primitive functions in the digital logic simulator.

We can connect primitive functions together to construct more complex functions. To ac-

complish this we wire the outputs of some function boxes to the inputs of other function boxes.

For example, the half-adder circuit shown in �gure 3.25 consists of an or-gate, two and-gates,

and an inverter. It takes two input signals, A and B, and has two output signals, S and C. S will

become 1 whenever precisely one of A and B is 1, and C will become 1 whenever A and B are

both 1. We can see from the �gure that, because of the delays involved, the outputs may be

generated at di�erent times. Many of the di�culties in the design of digital circuits arise from

this fact.

D

E

A

B

S

C

Figure 3.25: A half-adder circuit.

We will now build a program for modeling the digital logic circuits we wish to study. The

program will construct computational objects modeling the wires, which will “hold” the signals.

Function boxes will be modeled by functions that enforce the correct relationships among the

signals.

One basic element of our simulation will be a function make_wire, which constructs wires.

For example, we can construct six wires as follows:

Iconst a = make_wire();
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Modularity, Objects, and State 3.3.4

const b = make_wire();

const c = make_wire();

const d = make_wire();

const e = make_wire();

const s = make_wire();

We attach a function box to a set of wires by calling a function that constructs that kind of

box. The arguments to the constructor function are the wires to be attached to the box. For

example, given that we can construct and-gates, or-gates, and inverters, we can wire together

the half-adder shown in �gure 3.25:

Ior_gate(a, b, d);

" ok "

Iand_gate(a, b, c);

" ok "

Iinverter(c, e);

" ok "

Iand_gate(d, e, s);

" ok "

Better yet, we can explicitly name this operation by de�ning a function half_adder that

constructs this circuit, given the four external wires to be attached to the half-adder:

Ifunction half_adder(a, b, s, c) {

const d = make_wire();

const e = make_wire();

or_gate(a, b, d);

and_gate(a, b, c);

inverter(c, e);

and_gate(d, e, s);

return "ok";

}

The advantage of making this de�nition is that we can use half_adder itself as a building

block in creating more complex circuits. Figure 3.26, for example, shows a full-adder composed

of two half-adders and an or-gate.
28

We can construct a full-adder as follows:

Ifunction full_adder(a, b, c_in, sum, c_out) {

const s = make_wire();

28
A full-adder is a basic circuit element used in adding two binary numbers. Here A and B are the bits at

corresponding positions in the two numbers to be added, and Cin is the carry bit from the addition one place to

the right. The circuit generates SUM, which is the sum bit in the corresponding position, and Cout , which is the

carry bit to be propagated to the left.
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const c1 = make_wire();

const c2 = make_wire();

half_adder(b, c_in, s, c1);

half_adder(a, s, sum, c2);

or_gate(c1, c2, c_out);

return "ok";

}

Having de�ned full_adder as a function, we can now use it as a building block for creating

still more complex circuits. (For example, see exercise 3.30.)

half-
adder

half-
adder

A

B

C

SUM

Cor

in

out

Figure 3.26: A full-adder circuit.

In essence, our simulator provides us with the tools to construct a language of circuits. If we

adopt the general perspective on languages with which we approached the study of JavaScript

in section 1.1, we can say that the primitive function boxes form the primitive elements of the

language, that wiring boxes together provides a means of combination, and that specifying

wiring patterns as functions serves as a means of abstraction.

Primitive function boxes

The primitive function boxes implement the “forces” by which a change in the signal on one

wire in�uences the signals on other wires. To build function boxes, we use the following

operations on wires:

– get_signal(wire)
returns the current value of the signal on the wire.

– set_signal(wire, new-value):

changes the value of the signal on the wire to the new value.

– add_action(wire, function-of-no-arguments):

asserts that the designated function should be run whenever the signal on the wire

changes value. Such functions are the vehicles by which changes in the signal value on

the wire are communicated to other wires.
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In addition, we will make use of a function after_delay that takes a time delay and a function

to be run and executes the given function after the given delay.

Using these functions, we can de�ne the primitive digital logic functions. To connect an

input to an output through an inverter, we use add_action to associate with the input wire a

function that will be run whenever the signal on the input wire changes value. The function

computes the logical_not of the input signal, and then, after one inverter_delay, sets the

output signal to be this new value:

Ifunction inverter(input, output) {

function invert_input() {

const new_value = logical_not(get_signal(input));

after_delay(inverter_delay,

() => set_signal(output, new_value));

}

add_action(input, invert_input);

return "ok";

}

function logical_not(s) {

return s === 0

? 1

: s === 1

? 0

: error(s, "Invalid signal");

}

An and-gate is a little more complex. The action function must be run if either of the inputs

to the gate changes. It computes the logical_and (using a function analogous to logical_not)

of the values of the signals on the input wires and sets up a change to the new value to occur

on the output wire after one and_gate_delay.

Ifunction and_gate(a1, a2, output) {

function and_action_function() {

const new_value = logical_and(get_signal(a1),

get_signal(a2));

after_delay(and_gate_delay,

() => set_signal(output, new_value));

}

add_action(a1, and_action_function);

add_action(a2, and_action_function);

return "ok";

}
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Exercise 3.28

De�ne an or-gate as a primitive function box. Your or_gate constructor should be similar to

and_gate.

Exercise 3.29

Another way to construct an or-gate is as a compound digital logic device, built from and-gates

and inverters. De�ne a function or_gate that accomplishes this. What is the delay time of the

or-gate in terms of and_gate_delay and inverter_delay?

Exercise 3.30

Figure 3.27 shows a ripple-carry adder formed by stringing together n full-adders. This is the

simplest form of parallel adder for adding two n-bit binary numbers. The inputs A1,A2,A3, . . . ,

An and B1, B2, B3, . . . , Bn are the two binary numbers to be added (each Ak and Bk is a 0 or a 1).

The circuit generates S1, S2, S3, . . . , Sn, the n bits of the sum, andC , the carry from the addition.

Write a function ripple_carry_adder that generates this circuit. The function should take

as arguments three lists of n wires each—the Ak , the Bk , and the Sk—and also another wire

C . The major drawback of the ripple-carry adder is the need to wait for the carry signals to

propagate. What is the delay needed to obtain the complete output from an n-bit ripple-carry

adder, expressed in terms of the delays for and-gates, or-gates, and inverters?

A B C A B C

S
C

SC 
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A B C

S
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1 1 1 2 2 2 3 3 3 = 0n n n

1 2 3 n-1 n

Figure 3.27: A ripple-carry adder for n-bit numbers.
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Representing wires

A wire in our simulation will be a computational object with two local state variables: a

signal_value (initially taken to be 0) and a collection of action_function to be run when the

signal changes value. We implement the wire, using message-passing style, as a collection of

local functions together with a dispatch function that selects the appropriate local operation,

just as we did with the simple bank-account object in section 3.1.1:

Ifunction make_wire() {

let signal_value = 0;

let action_functions = null;

function set_my_signal(new_value) {

if (signal_value !== new_value) {

signal_value = new_value;

return call_each(action_functions);

} else {

return "done";

}

}

function accept_action_function(fun) {

action_functions = pair(fun, action_functions);

fun();

}

function dispatch(m) {

return m === "get_signal"

? signal_value

: m === "set_signal"

? set_my_signal

: m === "add_action"

? accept_action_function

: error(m, "Unknown operation -- wire");

}

return dispatch;

}

The local function set_my_signal tests whether the new signal value changes the signal on

the wire. If so, it runs each of the action functions, using the following function call_each,

which calls each of the items in a list of no-argument functions:

Ifunction call_each(functions) {

if (is_null(functions)) {

return "done";

} else {

(head(functions))();

return call_each(tail(functions));

}

}
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The local function accept_action_function adds the given function to the list of functions

to be run, and then runs the new function once. (See exercise 3.31.)

With the local dispatch function set up as speci�ed, we can provide the following functions

to access the local operations on wires:
29

Ifunction get_signal(wire) {

return wire("get_signal");

}

function set_signal(wire, new_value) {

return wire("set_signal")(new_value);

}

function add_action(wire, action_function) {

return wire("add_action")(action_function);

}

Wires, which have time-varying signals and may be incrementally attached to devices, are

typical of mutable objects. We have modeled them as functions with local state variables

that are modi�ed by assignment. When a new wire is created, a new set of state variables is

allocated (by the let statements in make_wire) and a new dispatch function is constructed

and returned, capturing the environment with the new state variables.

The wires are shared among the various devices that have been connected to them. Thus,

a change made by an interaction with one device will a�ect all the other devices attached to

the wire. The wire communicates the change to its neighbors by calling the action functions

provided to it when the connections were established.

The agenda

The only thing needed to complete the simulator is after_delay. The idea here is that we

maintain a data structure, called an agenda, that contains a schedule of things to do. The

following operations are de�ned for agendas:

– make_agenda():

returns a new empty agenda.

29
These functions are simply syntactic sugar that allow us to use ordinary functional syntax to access the local

functions of objects. It is striking that we can interchange the role of “functions” and “data” in such a simple

way. For example, if we write wire('get_signal') we think of wire as a function that is called with the message

"get_signal" as input. Alternatively, writing get_signal(wire) encourages us to think of wire as a data object

that is the input to a function get_signal. The truth of the matter is that, in a language in which we can deal

with functions as objects, there is no fundamental di�erence between “ functions ” and “data,” and we can choose

our syntactic sugar to allow us to program in whatever style we choose.

303 Generated 2020-08-18 16:40:02Z

http://source-academy.github.io/playground#chap=4&prgrm=GYVwdgxgLglg9mABAcwKZQPoGcbLAQwBsAKAdxgCdUBKRAbwChFnEqoQKlyriAiNTDjxFe1ANwMAvgwahIsBIizpsuAiW6oANIjCpSGAG5EQNekxZsOXSqj7LBakdWJ6DxwqfFSZc6PCR8ABMgjHx-BDJbHXCFMAw-ONpGFlZ0a0RNPmDQ2IDRYjyEBPAIsG9JIA


Modularity, Objects, and State 3.3.4

– is_empty_agenda(agenda)
is true if the speci�ed agenda is empty.

– first_agenda_item(fagenda)
returns the �rst item on the agenda.

– remove_first_agenda_item(agenda)
modi�es the agenda by removing the �rst item.

– add_to_agenda(time, action, agenda)
modi�es the agenda by adding the given action function to be run at the speci�ed time.

– current_time(agenda)
returns the current simulation time.

The particular agenda that we use is denoted by the_agenda. The function after_delay

adds new elements to the_agenda:

Ifunction after_delay(delay, action) {

add_to_agenda(delay + current_time(the_agenda),

action, the_agenda);

}

The simulation is driven by the function propagate, which operates on the_agenda, execut-

ing each function on the agenda in sequence. In general, as the simulation runs, new items

will be added to the agenda, and propagate will continue the simulation as long as there are

items on the agenda:

Ifunction propagate() {

if (is_empty_agenda(the_agenda)) {

return "done";

} else {

const first_item = first_agenda_item(the_agenda);

first_item();

remove_first_agenda_item(the_agenda);

return propagate();

}

}

A sample simulation

The following function, which places a “probe” on a wire, shows the simulator in action. The

probe tells the wire that, whenever its signal changes value, it should print the new signal

value, together with the current time and a name that identi�es the wire. We use the primitive

function stringify to turn any value (here a number) into a string. The operator + in JavaScript

is overloaded; it can be applied to two numbers or to two strings, and in the latter case it returns

the result of concatenating the two strings.
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Ifunction probe(name, wire) {

add_action(wire,

() => display(name + " " +

stringify(current_time(the_agenda)) +

", new value = " +

stringify(get_signal(wire))));

}

We begin by initializing the agenda and specifying delays for the primitive function boxes:

Iconst the_agenda = make_agenda();

const inverter_delay = 2;

const and_gate_delay = 3;

const or_gate_delay = 5;

Now we de�ne four wires, placing probes on two of them:

Iconst input_1 = make_wire();

const input_2 = make_wire();

const sum = make_wire();

const carry = make_wire();

probe("sum", sum);

" sum 0 , new value = 0 "

Iprobe("carry", carry);

" carry 0 , new value = 0 "

Next we connect the wires in a half-adder circuit (as in �gure 3.25), set the signal on input_1

to 1, and run the simulation:

Ihalf_adder(input_1, input_2, sum, carry);

" ok "

Iset_signal(input_1, 1);

" done "

Ipropagate();

" sum 8 , new value = 1 "
" done "

The sum signal changes to 1 at time 8. We are now eight time units from the beginning of

the simulation. At this point, we can set the signal on input_2 to 1 and allow the values to

propagate:

Iset_signal(input_2, 1);
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" done "

Ipropagate();

" carry 11 , new value = 1 "
"sum 16 , new value = 0 "
" done "

The carry changes to 1 at time 11 and the sum changes to 0 at time 16.

Exercise 3.31

The internal function accept_action_function de�ned in make_wire speci�es that when a

new action function is added to a wire, the function is immediately run. Explain why this initial-

ization is necessary. In particular, trace through the half-adder example in the paragraphs above

and say how the system’s response would di�er if we had de�ned accept_action_function

as

function accept_action_function(fun) {

action_functions = pair(fun, action_functions);

}

Implementing the agenda

Finally, we give details of the agenda data structure, which holds the functions that are sched-

uled for future execution.

The agenda is made up of time segments. Each time segment is a pair consisting of a number

(the time) and a queue (see exercise 3.32) that holds the functions that are scheduled to be run

during that time segment.

Ifunction make_time_segment(time, queue) {

return pair(time, queue);

}

function segment_time(s) {

return head(s);

}

function segment_queue(s) {

return tail(s);

}

We will operate on the time-segment queues using the queue operations described in sec-

tion 3.3.2.
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The agenda itself is a one-dimensional table of time segments. It di�ers from the tables

described in section 3.3.3 in that the segments will be sorted in order of increasing time. In

addition, we store the current time (i.e., the time of the last action that was processed) at the

head of the agenda. A newly constructed agenda has no time segments and has a current time

of 0:
30

Ifunction make_agenda() {

return list(0);

}

function current_time(agenda) {

return head(agenda);

}

function set_current_time(agenda, time) {

set_head(agenda, time);

}

function segments(agenda) {

return tail(agenda);

}

function set_segments(agenda, segs) {

set_tail(agenda, segs);

}

function first_segment(agenda) {

return head(segments(agenda));

}

function rest_segments(agenda) {

return tail(segments(agenda));

}

An agenda is empty if it has no time segments:

Ifunction is_empty_agenda(agenda) {

return is_null(segments(agenda));

}

To add an action to an agenda, we �rst check if the agenda is empty. If so, we create a time

segment for the action and install this in the agenda. Otherwise, we scan the agenda, examining

the time of each segment. If we �nd a segment for our appointed time, we add the action to the

associated queue. If we reach a time later than the one to which we are appointed, we insert a

new time segment into the agenda just before it. If we reach the end of the agenda, we must

30
The agenda is a headed list, like the tables in section 3.3.3, but since the list is headed by the time, we do not

need an additional dummy header (such as the *table* symbol used with tables).
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create a new time segment at the end.

Ifunction add_to_agenda(time, action, agenda) {

function belongs_before(segs) {

return is_null(segs) ||

time < segment_time(head(segs));

}

function make_new_time_segment(time, action) {

const q = make_queue();

insert_queue(q, action);

return make_time_segment(time, q);

}

function add_to_segments(segs) {

if (segment_time(head(segs)) === time) {

insert_queue(segment_queue(head(segs)), action);

} else {

const rest = tail(segs);

if (belongs_before(rest)) {

set_tail(segs,

pair(make_new_time_segment(time, action),

tail(segs)));

} else {

add_to_segments(rest);

}

}

}

const segs = segments(agenda);

if (belongs_before(segs)) {

set_segments(agenda,

pair(make_new_time_segment(time, action),

segs));

} else {

add_to_segments(segs);

}

}

The function that removes the �rst item from the agenda deletes the item at the front of the

queue in the �rst time segment. If this deletion makes the time segment empty, we remove it

from the list of segments:
31

Ifunction remove_first_agenda_item(agenda) {

const q = segment_queue(first_segment(agenda));

delete_queue(q);

if (is_empty_queue(q)) {

set_segments(agenda, rest_segments(agenda));

31
Observe that the if expression in this function has no alternative expression. Such a “one-armed if statement”

is used to decide whether to do something, rather than to select between two expressions. An if expression

returns an unspeci�ed value if the predicate is false and there is no alternative.
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} else {}

}

The �rst agenda item is found at the head of the queue in the �rst time segment. Whenever

we extract an item, we also update the current time:
32

Ifunction first_agenda_item(agenda) {

if (is_empty_agenda(agenda)) {

error("Agenda is empty -- first_agenda_item");

} else {

const first_seg = first_segment(agenda);

set_current_time(agenda, segment_time(first_seg));

return front_queue(segment_queue(first_seg));

}

}

Exercise 3.32

The functions to be run during each time segment of the agenda are kept in a queue. Thus, the

functions for each segment are called in the order in which they were added to the agenda (�rst

in, �rst out). Explain why this order must be used. In particular, trace the behavior of an and-

gate whose inputs change from 0,1 to 1,0 in the same segment and say how the behavior would

di�er if we stored a segment’s functions in an ordinary list, adding and removing functions

only at the front (last in, �rst out).

3.3.5 Propagation of Constraints

Computer programs are traditionally organized as one-directional computations, which per-

form operations on prespeci�ed arguments to produce desired outputs. On the other hand,

we often model systems in terms of relations among quantities. For example, a mathematical

model of a mechanical structure might include the information that the de�ection d of a metal

rod is related to the force F on the rod, the length L of the rod, the cross-sectional area A, and

the elastic modulus E via the equation

dAE = FL

Such an equation is not one-directional. Given any four of the quantities, we can use it to

compute the �fth. Yet translating the equation into a traditional computer language would

force us to choose one of the quantities to be computed in terms of the other four. Thus, a

32
In this way, the current time will always be the time of the action most recently processed. Storing this

time at the head of the agenda ensures that it will still be available even if the associated time segment has been

deleted.
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function for computing the area A could not be used to compute the de�ection d , even though

the computations of A and d arise from the same equation.
33

In this section, we sketch the design of a language that enables us to work in terms of

relations themselves. The primitive elements of the language are primitive constraints, which

state that certain relations hold between quantities. For example, adder(a, b, c) speci�es

that the quantities a, b, and c must be related by the equation a +b = c , multiplier(x, y, z)

expresses the constraint xy = z, and constant(3.14, x) says that the value of x must be 3.14.

Our language provides a means of combining primitive constraints in order to express more

complex relations. We combine constraints by constructing constraint networks, in which con-

straints are joined by connectors. A connector is an object that “holds” a value that may par-

ticipate in one or more constraints. For example, we know that the relationship between

Fahrenheit and Celsius temperatures is

9C = 5(F − 32)

Such a constraint can be thought of as a network consisting of primitive adder, multiplier,

and constant constraints (�gure 3.28). In the �gure, we see on the left a multiplier box with

three terminals, labeledm1,m2, and p. These connect the multiplier to the rest of the network

as follows: Them1 terminal is linked to a connectorC , which will hold the Celsius temperature.

Them2 terminal is linked to a connectorw , which is also linked to a constant box that holds 9.

The p terminal, which the multiplier box constrains to be the product of m1 and m2, is linked

to the p terminal of another multiplier box, whosem2 is connected to a constant 5 and whose

m1 is connected to one of the terms in a sum.

m1

m2
p* p

m1

m2
*

u
v

3259

a1

a2
s+ F

C

w x y

Figure 3.28: The relation 9C = 5(F − 32) expressed as a constraint network.

Computation by such a network proceeds as follows: When a connector is given a value (by

33
Constraint propagation �rst appeared in the incredibly forward-looking SKETCHPAD system of Ivan Suther-

land (1963). A beautiful constraint-propagation system based on the Smalltalk language was developed by Alan

Borning (1977) at Xerox Palo Alto Research Center. Sussman, Stallman, and Steele applied constraint propagation

to electrical circuit analysis (Sussman and Stallman 1975; Sussman and Steele 1980). TK!Solver (Konopasek and

Jayaraman 1984) is an extensive modeling environment based on constraints.
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the user or by a constraint box to which it is linked), it awakens all of its associated constraints

(except for the constraint that just awakened it) to inform them that it has a value. Each

awakened constraint box then polls its connectors to see if there is enough information to

determine a value for a connector. If so, the box sets that connector, which then awakens

all of its associated constraints, and so on. For instance, in conversion between Celsius and

Fahrenheit, w , x , and y are immediately set by the constant boxes to 9, 5, and 32, respectively.

The connectors awaken the multipliers and the adder, which determine that there is not enough

information to proceed. If the user (or some other part of the network) sets C to a value (say

25), the leftmost multiplier will be awakened, and it will set u to 25 · 9 = 225. Then u awakens

the second multiplier, which sets v to 45, and v awakens the adder, which sets F to 77.

Using the constraint system

To use the constraint system to carry out the temperature computation outlined above, we

�rst create two connectors, C and F, by calling the constructor make_connector, and link C and

F in an appropriate network:

Iconst C = make_connector();

const F = make_connector();

celsius_fahrenheit_converter(C, F);

" ok "

The function that creates the network is de�ned as follows:

Ifunction celsius_fahrenheit_converter(c, f) {

const u = make_connector();

const v = make_connector();

const w = make_connector();

const x = make_connector();

const y = make_connector();

multiplier(c, w, u);

multiplier(v, x, u);

adder(v, y, f);

constant(9, w);

constant(5, x);

constant(32, y);

return "ok";

}

This function creates the internal connectors u, v, w, x, and y, and links them as shown

in �gure 3.28 using the primitive constraint constructors adder, multiplier, and constant.

Just as with the digital-circuit simulator of section 3.3.4, expressing these combinations of

primitive elements in terms of functions automatically provides our language with a means

of abstraction for compound objects.
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To watch the network in action, we can place probes on the connectors C and F, using a

probe function similar to the one we used to monitor wires in section 3.3.4. Placing a probe

on a connector will cause a message to be printed whenever the connector is given a value:

Iprobe("Celsius temp", C);

probe("Fahrenheit temp", F);

Next we set the value of C to 25. (The third argument to set_value tells C that this directive

comes from the user.)

Iset_value(C, 25, "user");

" Probe : C e l s i u s temp = 25 "
" Probe : Fahrenhe i t temp = 77 "
" done "

The probe on C awakens and reports the value. C also propagates its value through the

network as described above. This sets F to 77, which is reported by the probe on F.

Now we can try to set F to a new value, say 212:

Iset_value(F, 212, "user");

" Er ro r ! Con t rad i c t i on : ( 7 7 , 212) "

The connector complains that it has sensed a contradiction: Its value is 77, and someone is

trying to set it to 212. If we really want to reuse the network with new values, we can tell C to

forget its old value:

Iforget_value(C, "user");

" Probe : C e l s i u s temp = ? "
" Probe : Fahrenhe i t temp = ? "
" done "

C �nds that the "user", who set its value originally, is now retracting that value, so C agrees

to lose its value, as shown by the probe, and informs the rest of the network of this fact. This

information eventually propagates to F, which now �nds that it has no reason for continuing

to believe that its own value is 77. Thus, F also gives up its value, as shown by the probe.

Now that F has no value, we are free to set it to 212:

Iset_value(F, 212, "user");

" Probe : Fahrenhe i t temp = 212 "
" Probe : C e l s i u s temp = 100 "
" done "

This new value, when propagated through the network, forces C to have a value of 100,

and this is registered by the probe on C. Notice that the very same network is being used to
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compute C given F and to compute F given C. This nondirectionality of computation is the

distinguishing feature of constraint-based systems.

Implementing the constraint system

The constraint system is implemented via procedural objects with local state, in a manner very

similar to the digital-circuit simulator of section 3.3.4. Although the primitive objects of the

constraint system are somewhat more complex, the overall system is simpler, since there is no

concern about agendas and logic delays.

The basic operations on connectors are the following:

– has_value(connector)
tells whether the connector has a value.

– get_value(connector)
returns the connector’s current value.

– set_value(connector, new-value, informant)
indicates that the informant is requesting the connector to set its value to the new value.

– forget_value(connector, retractor)
tells the connector that the retractor is requesting it to forget its value.

– connect(connector, new-constraint)
tells the connector to participate in the new constraint.

The connectors communicate with the constraints by means of the functions inform_about_value,

which tells the given constraint that the connector has a value, and forget_value, which tells

the constraint that the connector has lost its value.

Adder constructs an adder constraint among summand connectors a1 and a2 and a sum

connector. An adder is implemented as a function with local state (the function me below):

Ifunction adder(a1, a2, sum) {

function process_new_value() {

if (has_value(a1) && has_value(a2)) {

set_value(sum, get_value(a1) + get_value(a2), me);

} else if (has_value(a1) && has_value(sum)) {

set_value(a2, get_value(sum) - get_value(a1), me);

} else if (has_value(a2) && has_value(sum)) {

set_value(a1, get_value(sum) - get_value(a2), me);

} else {

}

}

function process_forget_value() {

forget_value(sum, me);

forget_value(a1, me);
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forget_value(a2, me);

process_new_value();

}

function me(request) {

if (request === "I_have_a_value") {

process_new_value();

} else if (request === "I_lost_my_value") {

process_forget_value();

} else {

error(request, "Unknown request -- adder");

}

}

connect(a1, me);

connect(a2, me);

connect(sum, me);

return me;

}

Adder connects the new adder to the designated connectors and returns it as its value. The

function me, which represents the adder, acts as a dispatch to the local functions. The following

“syntax interfaces” (see footnote 29 in section 3.3.4) are used in conjunction with the dispatch:

Ifunction inform_about_value(constraint) {

return constraint("I_have_a_value");

}

function inform_about_no_value(constraint) {

return constraint("I_lost_my_value");

}

The adder’s local function process_new_value is called when the adder is informed that

one of its connectors has a value. The adder �rst checks to see if both a1 and a2 have values.

If so, it tells sum to set its value to the sum of the two addends. The informant argument to

set_value is me, which is the adder object itself. If a1 and a2 do not both have values, then the

adder checks to see if perhaps a1 and sum have values. If so, it sets a2 to the di�erence of these

two. Finally, if a2 and sum have values, this gives the adder enough information to set a1. If

the adder is told that one of its connectors has lost a value, it requests that all of its connectors

now lose their values. (Only those values that were set by this adder are actually lost.) Then

it runs process_new_value. The reason for this last step is that one or more connectors may

still have a value (that is, a connector may have had a value that was not originally set by the

adder), and these values may need to be propagated back through the adder.

A multiplier is very similar to an adder. It will set its product to 0 if either of the factors is

0, even if the other factor is not known.

Ifunction multiplier(m1, m2, product) {
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function process_new_value() {

if ((has_value(m1) && get_value(m1) === 0)

|| (has_value(m2) && get_value(m2) === 0)) {

set_value(product, 0, me);

} else if (has_value(m1) && has_value(m2)) {

set_value(product,

get_value(m1) * get_value(m2),

me);

} else if (has_value(product) && has_value(m1)) {

set_value(m2,

get_value(product) / get_value(m1),

me);

} else if (has_value(product) && has_value(m2)) {

set_value(m1,

get_value(product) / get_value(m2),

me);

} else {

}

}

function process_forget_value() {

forget_value(product, me);

forget_value(m1, me);

forget_value(m2, me);

process_new_value();

}

function me(request) {

if (request === "I_have_a_value") {

process_new_value();

} else if (request === "I_lost_my_value") {

process_forget_value();

} else {

error(request, "Unknown request -- multiplier");

}

}

connect(m1, me);

connect(m2, me);

connect(product, me);

return me;

}

A constant constructor simply sets the value of the designated connector. Any "I_have_a_value"

or "I_lost_my_value" message sent to the constant box will produce an error.

Ifunction constant(value, connector) {

function me(request) {

error(request, "Unknown request -- constant");

}

connect(connector, me);
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set_value(connector, value, me);

return me;

}

Finally, a probe prints a message about the setting or unsetting of the designated connector:

Ifunction probe(name, connector) {

function print_probe(value) {

display("Probe: " + name + " = " + stringify(value));

}

function process_new_value() {

print_probe(get_value(connector));

}

function process_forget_value() {

print_probe("?");

}

function me(request) {

return request === "I_have_a_value"

? process_new_value()

: request === "I_lost_my_value"

? process_forget_value()

: error(request,

"Unknown request -- probe");

}

connect(connector, me);

return me;

}

Representing connectors

A connector is represented as a procedural object with local state variables value, the current

value of the connector; informant, the object that set the connector’s value; and constraints,

a list of the constraints in which the connector participates.

Ifunction make_connector() {

let value = false;

let informant = false;

let constraints = null;

function set_my_value(newval, setter) {

if (!has_value(me)) {

value = newval;

informant = setter;

return for_each_except(setter,

inform_about_value,

constraints);

} else if (value !== newval) {

error(list(value, newval), "Contradiction");
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} else {

return "ignored";

}

}

function forget_my_value(retractor) {

if (retractor === informant) {

informant = false;

return for_each_except(retractor,

inform_about_no_value,

constraints);

} else {

return "ignored";

}

}

function connect(new_contraint) {

if (is_null(member(new_contraint,

constraints))) {

constraints = pair(new_contraint, constraints);

} else {

}

if (has_value(me)) {

inform_about_value(new_contraint);

} else {

}

return "done";

}

function me(request) {

if (request === "has_value") {

return informant !== false;

} else if (request === "value") {

return value;

} else if (request === "set_value") {

return set_my_value;

} else if (request === "forget") {

return forget_my_value;

} else if (request === "connect") {

return connect;

} else {

error(request, "Unknown operation -- connector");

}

}

return me;

}

The connector’s local function set_my_value is called when there is a request to set the

connector’s value. If the connector does not currently have a value, it will set its value and
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remember as informant the constraint that requested the value to be set.
34

Then the connector

will notify all of its participating constraints except the constraint that requested the value to

be set. This is accomplished using the following iterator, which applies a designated function

to all items in a list except a given one:

Ifunction for_each_except(exception, fun, list) {

function loop(items) {

if (is_null(items)) {

return "done";

} else if (head(items) === exception) {

return loop(tail(items));

} else {

fun(head(items));

return loop(tail(items));

}

}

return loop(list);

}

If a connector is asked to forget its value, it runs the local function forget_my_value, which

�rst checks to make sure that the request is coming from the same object that set the value

originally. If so, the connector informs its associated constraints about the loss of the value.

The local function connect adds the designated new constraint to the list of constraints if it

is not already in that list. Then, if the connector has a value, it informs the new constraint of

this fact.

The connector’s function me serves as a dispatch to the other internal functions and also

represents the connector as an object. The following functions provide a syntax interface for

the dispatch:

Ifunction has_value(connector) {

return connector("has_value");

}

function get_value(connector) {

return connector("value");

}

function set_value(connector, new_value, informant) {

return connector("set_value")(new_value, informant);

}

function forget_value(connector, retractor) {

return connector("forget")(retractor);

}

34
The setter might not be a constraint. In our temperature example, we used user as the setter.
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function connect(connector, new_constraint) {

return connector("connect")(new_constraint);

}

Exercise 3.33

Using primitive multiplier, adder, and constant constraints, de�ne a function averager that

takes three connectors a, b, and c as inputs and establishes the constraint that the value of c

is the average of the values of a and b.

Exercise 3.34

Louis Reasoner wants to build a squarer, a constraint device with two terminals such that the

value of connector b on the second terminal will always be the square of the value a on the

�rst terminal. He proposes the following simple device made from a multiplier:

function squarer(a, b) {

return multiplier(a, a, b);

}

There is a serious �aw in this idea. Explain.

Exercise 3.35

Ben Bitdiddle tells Louis that one way to avoid the trouble in exercise 3.34 is to de�ne a squarer

as a new primitive constraint. Fill in the missing portions in Ben’s outline for a function to

implement such a constraint:

Ifunction squarer(a, b) {

function process_new_value() {

if (has_value(b)) {

if (get_value(b) < 0) {

error(get_value(b),

"Square less than 0 -- squarer");

} else {

〈alternative1〉

} else {

〈alternative2〉

}

}

}

function process_forget_value() {

〈body1〉
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}

function me(request) {

〈body2〉

}

〈rest o f declaration〉
return me;

}

Exercise 3.36

Suppose we evaluate the following sequence of expressions in the program environment:

const a = make_connector();

const b = make_connector();

set_value(a, 10, "user");

At some time during evaluation of the set_value, the following expression from the connec-

tor’s local function is evaluated:

for_each_except(setter, inform_about_value, constraints);

Draw an environment diagram showing the environment in which the above expression is

evaluated.

Exercise 3.37

The celsius_fahrenheit_converter function is cumbersome when compared with a more

expression-oriented style of de�nition, such as

function celsius_fahrenheit_converter(x) {

return cplus(cmul(cdiv(cv(9), cv(5)), x), cv(32));

}

Here cplus, cmul, etc. are the “constraint” versions of the arithmetic operations. For example,

cplus takes two connectors as arguments and returns a connector that is related to these by

an adder constraint:

function cplus(x, y) {

const z = make_connector();

adder(x, y, z);

return z;

}

De�ne analogous functions cminus, cmul, cdiv, and cv (constant value) that enable us to de�ne

compound constraints as in the converter example above.
35

35
The expression-oriented format is convenient because it avoids the need to name the intermediate expressions
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3.4 Concurrency: Time Is of the Essence

We’ve seen the power of computational objects with local state as tools for modeling. Yet, as

section 3.1.3 warned, this power extracts a price: the loss of referential transparency, giving rise

to a thicket of questions about sameness and change, and the need to abandon the substitution

model of evaluation in favor of the more intricate environment model.

The central issue lurking beneath the complexity of state, sameness, and change is that by

introducing assignment we are forced to admit time into our computational models. Before

we introduced assignment, all our programs were timeless, in the sense that any expression

that has a value always has the same value. In contrast, recall the example of modeling with-

drawals from a bank account and returning the resulting balance, introduced at the beginning

of section 3.1.1:

Iwithdraw(25);

75

Iwithdraw(25);

50

Here successive evaluations of the same expression yield di�erent values. This behavior

arises from the fact that the execution of assignment statements (in this case, assignments to

the variable balance) delineates moments in time when values change. The result of evaluating

an expression depends not only on the expression itself, but also on whether the evaluation

occurs before or after these moments. Building models in terms of computational objects with

local state forces us to confront time as an essential concept in programming.

We can go further in structuring computational models to match our perception of the phys-

ical world. Objects in the world do not change one at a time in sequence. Rather we perceive

them as acting concurrently—all at once. So it is often natural to model systems as collections of

computational threads that execute concurrently. Just as we can make our programs modular

by organizing models in terms of objects with separate local state, it is often appropriate to

divide computational models into parts that evolve separately and concurrently. Even if the

programs are to be executed on a sequential computer, the practice of writing programs as

if they were to be executed concurrently forces the programmer to avoid inessential timing

constraints and thus makes programs more modular.

In addition to making programs more modular, concurrent computation can provide a speed

advantage over sequential computation. Sequential computers execute only one operation at

a time, so the amount of time it takes to perform a task is proportional to the total number of

in a computation. Our original formulation of the constraint language is cumbersome in the same way that many

languages are cumbersome when dealing with operations on compound data. For example, if we wanted to

compute the product (a + b) · (c + d), where the variables represent vectors, we could work in “imperative style,”

using functions that set the values of designated vector arguments but do not themselves return vectors as values:

v_sum("a", "b", temp1);
v_sum("c", "d", temp2);
v_prod(temp1, temp2, answer);
Alternatively, we could deal with expressions, using functions that return vectors as values, and thus avoid

explicitly mentioning temp1 and temp2:

const answer = v_prod(v_sum("a", "b"), v_sum("c", "d"));
Since JavaScript allows us to return compound objects as values of functions, we can transform our imperative-

style constraint language into an expression-oriented style as shown in this exercise. In languages that are

impoverished in handling compound objects, such as Algol, Basic, and Pascal (unless one explicitly uses Pascal

pointer variables), one is usually stuck with the imperative style when manipulating compound objects. Given the

advantage of the expression-oriented format, one might ask if there is any reason to have implemented the system

in imperative style, as we did in this section. One reason is that the non-expression-oriented constraint language

provides a handle on constraint objects (e.g., the value of the adder function) as well as on connector objects. This

is useful if we wish to extend the system with new operations that communicate with constraints directly rather

than only indirectly via operations on connectors. Although it is easy to implement the expression-oriented style

in terms of the imperative implementation, it is very di�cult to do the converse.
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operations performed.
36

However, if it is possible to decompose a problem into pieces that are relatively indepen-

dent and need to communicate only rarely, it may be possible to allocate pieces to separate

computing processors, producing a speed advantage proportional to the number of processors

available.

Unfortunately, the complexities introduced by assignment become even more problematic

in the presence of concurrency. The fact of concurrent execution, either because the world

operates in parallel or because our computers do, entails additional complexity in our under-

standing of time.

3.4.1 The Nature of Time in Concurrent Systems

On the surface, time seems straightforward. It is an ordering imposed on events.
37

For any

events A and B, either A occurs before B, A and B are simultaneous, or A occurs after B. For

instance, returning to the bank account example, suppose that Peter withdraws $10 and Paul

withdraws $25 from a joint account that initially contains $100, leaving $65 in the account.

Depending on the order of the two withdrawals, the sequence of balances in the account is

either $100→ $90→ $65 or $100→ $75→ $65. In a computer implementation of the banking

system, this changing sequence of balances could be modeled by successive assignments to a

variable balance.

In complex situations, however, such a view can be problematic. Suppose that Peter and Paul,

and other people besides, are accessing the same bank account through a network of banking

machines distributed all over the world. The actual sequence of balances in the account will

depend critically on the detailed timing of the accesses and the details of the communication

among the machines.

This indeterminacy in the order of events can pose serious problems in the design of con-

current systems. For instance, suppose that the withdrawals made by Peter and Paul are im-

plemented as two separate threads sharing a common variable balance, each thread speci�ed

by the function given in section 3.1.1:

Ifunction withdraw(amount) {

if (balance >= amount) {

balance = balance - amount;

return balance;

36
Most real processors actually execute a few operations at a time, following a strategy called pipelining.

Although this technique greatly improves the e�ective utilization of the hardware, it is used only to speed up the

execution of a sequential instruction stream, while retaining the behavior of the sequential program.

37
To quote some gra�ti seen on a Cambridge building wall: “Time is a device that was invented to keep

everything from happening at once.”
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} else {

return "Insufficient funds";

}

}

If the two threads operate independently, then Peter might test the balance and attempt to

withdraw a legitimate amount. However, Paul might withdraw some funds in between the time

that Peter checks the balance and the time Peter completes the withdrawal, thus invalidating

Peter’s test.

Things can be worse still. Consider the expression

balance = balance - amount;

executed as part of each withdrawal process. This consists of three steps: (1) accessing the value

of the balance variable; (2) computing the new balance; (3) setting balance to this new value.

If Peter and Paul’s withdrawals execute this statement concurrently, then the two withdrawals

might interleave the order in which they access balance and set it to the new value.

The timing diagram in �gure 3.29 depicts an order of events where balance starts at 100,

Peter withdraws 10, Paul withdraws 25, and yet the �nal value of balance is 75. As shown in

the diagram, the reason for this anomaly is that Paul’s assignment of 75 to balance is made

under the assumption that the value of balance to be decremented is 100. That assumption,

however, became invalid when Peter changed balance to 90. This is a catastrophic failure for

the banking system, because the total amount of money in the system is not conserved. Before

the transactions, the total amount of money was $100. Afterwards, Peter has $10, Paul has $25,

and the bank has $75.
38

The general phenomenon illustrated here is that several threads may share a common state

variable. What makes this complicated is that more than one thread may be trying to manipu-

late the shared state at the same time. For the bank account example, during each transaction,

each customer should be able to act as if the other customers did not exist. When a customer

changes the balance in a way that depends on the balance, he must be able to assume that, just

before the moment of change, the balance is still what he thought it was.

38
An even worse failure for this system could occur if the two assignments attempt to change the balance

simultaneously, in which case the actual data appearing in memory might end up being a random combination

of the information being written by the two threads. Most computers have interlocks on the primitive memory-

write operations, which protect against such simultaneous access. Even this seemingly simple kind of protection,

however, raises implementation challenges in the design of multiprocessing computers, where elaborate cache-
coherence protocols are required to ensure that the various processors will maintain a consistent view of memory

contents, despite the fact that data may be replicated (“cached”) among the di�erent processors to increase the

speed of memory access.
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Correct behavior of concurrent programs

The above example typi�es the subtle bugs that can creep into concurrent programs. The root

of this complexity lies in the assignments to variables that are shared among the di�erent

threads. We already know that we must be careful in writing programs that use assignment,

because the results of a computation depend on the order in which the assignments occur.
39

With concurrent threads we must be especially careful about assignments, because we may

not be able to control the order of the assignments made by the di�erent threads. If several

such changes might be made concurrently (as with two depositors accessing a joint account)

we need some way to ensure that our system behaves correctly. For example, in the case of

withdrawals from a joint bank account, we must ensure that money is conserved. To make

concurrent programs behave correctly, we may have to place some restrictions on concurrent

execution.

39
The factorial program in section 3.1.3 illustrates this for a single sequential thread.
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Peter

Access balance: $100

new value: 100 – 10 = 90

update balance to $90

time

Bank Paul

$100

$90

$75

Access balance: $100

new value: 100 – 25 = 75

update balance to $75

Figure 3.29: Timing diagram showing how interleaving the order of events in two banking

withdrawals can lead to an incorrect �nal balance.

One possible restriction on concurrency would stipulate that no two operations that change

any shared state variables can occur at the same time. This is an extremely stringent require-

ment. For distributed banking, it would require the system designer to ensure that only one

transaction could proceed at a time. This would be both ine�cient and overly conservative.

Figure 3.30 shows Peter and Paul sharing a bank account, where Paul has a private account as

well. The diagram illustrates two withdrawals from the shared account (one by Peter and one

by Paul) and a deposit to Paul’s private account.
40

The two withdrawals from the shared account must not be concurrent (since both access and

update the same account), and Paul’s deposit and withdrawal must not be concurrent (since

both access and update the amount in Paul’s wallet). But there should be no problem permitting

40
The columns show the contents of Peter’s wallet, the joint account (in Bank1), Paul’s wallet, and Paul’s

private account (in Bank2), before and after each withdrawal (W) and deposit (D). Peter withdraws $10 from

Bank1; Paul deposits $5 in Bank2, then withdraws $25 from Bank1.
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Paul’s deposit to his private account to proceed concurrently with Peter’s withdrawal from

the shared account.

$100$7 $5 $300

$0 $305

$305$25$65$17

$17 $90

W

W

D

time

Peter Bank1 Paul Bank2

Figure 3.30: Concurrent deposits and withdrawals from a joint account in Bank1 and a private

account in Bank2.

A less stringent restriction on concurrency would ensure that a concurrent system produces

the same result as if the threads had run sequentially in some order. There are two important

aspects to this requirement. First, it does not require the threads to actually run sequentially,

but only to produce results that are the same as if they had run sequentially. For the example

in �gure 3.30, the designer of the bank account system can safely allow Paul’s deposit and

Peter’s withdrawal to happen concurrently, because the net result will be the same as if the two

operations had happened sequentially. Second, there may be more than one possible “correct”

result produced by a concurrent program, because we require only that the result be the same

as for some sequential order. For example, suppose that Peter and Paul’s joint account starts

out with $100, and Peter deposits $40 while Paul concurrently withdraws half the money in

the account. Then sequential execution could result in the account balance being either $70

or $90 (see exercise 3.38).
41

41
A more formal way to express this idea is to say that concurrent programs are inherently nondeterministic.
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There are still weaker requirements for correct execution of concurrent programs. A program

for simulating di�usion (say, the �ow of heat in an object) might consist of a large number of

threads, each one representing a small volume of space, that update their values concurrently.

Each thread repeatedly changes its value to the average of its own value and its neighbors’

values. This algorithm converges to the right answer independent of the order in which the

operations are done; there is no need for any restrictions on concurrent use of the shared

values.

Exercise 3.38

Suppose that Peter, Paul, and Mary share a joint bank account that initially contains $100.

Concurrently, Peter deposits $10, Paul withdraws $20, and Mary withdraws half the money in

the account, by executing the following commands:

Peter: balance = balance + 10

Paul: balance = balance - 20

Mary: balance = balance - (balance/2)

a. List all the di�erent possible values for balance after these three transactions have been

completed, assuming that the banking system forces the three threads to run sequentially

in some order.

b. What are some other values that could be produced if the system allows the threads to

be interleaved? Draw timing diagrams like the one in �gure 3.29 to explain how these

values can occur.

3.4.2 Mechanisms for Controlling Concurrency

We’ve seen that the di�culty in dealing with concurrent threads is rooted in the need to

consider the interleaving of the order of events in the di�erent threads. For example, suppose

we have two threads, one with three ordered events (a,b, c) and one with three ordered events

(x ,y, z). If the two threads run concurrently, with no constraints on how their execution is

interleaved, then there are 20 di�erent possible orderings for the events that are consistent

with the individual orderings for the two threads:

(a,b, c,x ,y, z) (a,x ,b,y, c, z) (x ,a,b, c,y, z) (x ,a,y, z,b, c)

(a,b,x , c,y, z) (a,x ,b,y, z, c) (x ,a,b,y, c, z) (x ,y,a,b, c, z)

(a,b,x ,y, c, z) (a,x ,y,b, c, z) (x ,a,b,y, z, c) (x ,y,a,b, z, c)

(a,b,x ,y, z, c) (a,x ,y,b, z, c) (x ,a,y,b, c, z) (x ,y,a, z,b, c)

(a,x ,b, c,y, z) (a,x ,y, z,b, c) (x ,a,y,b, z, c) (x ,y, z,a,b, c)

That is, they are described not by single-valued functions, but by functions whose results are sets of possible

values. In section 4.3 we will study a language for expressing nondeterministic computations.
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As programmers designing this system, we would have to consider the e�ects of each of these

20 orderings and check that each behavior is acceptable. Such an approach rapidly becomes

unwieldy as the numbers of threads and events increase.

A more practical approach to the design of concurrent systems is to devise general mecha-

nisms that allow us to constrain the interleaving of concurrent threads so that we can be sure

that the program behavior is correct. Many mechanisms have been developed for this purpose.

In this section, we describe one of them, the serializer.

Serializing access to shared state

Serialization implements the following idea: Threads will execute concurrently, but there

will be certain collections of functions that cannot be executed concurrently. More precisely,

serialization creates distinguished sets of functions such that only one execution of a function

in each serialized set is permitted to happen at a time. If some function in the set is being

executed, then a thread that attempts to execute any function in the set will be forced to wait

until the �rst execution has �nished.

We can use serialization to control access to shared variables. For example, if we want to

update a shared variable based on the previous value of that variable, we put the access to

the previous value of the variable and the assignment of the new value to the variable in the

same function. We then ensure that no other function that assigns to the variable can run

concurrently with this function by serializing all of these functions with the same serializer.

This guarantees that the value of the variable cannot be changed between an access and the

corresponding assignment.

Serializers in JavaScript

To make the above mechanism more concrete, suppose that we have extended JavaScript to

include a function called concurrent_execute:

concurrent_execute( f1, f2, . . ., fk )

Each f must be a function of one argument. The function concurrent_execute creates a

separate thread for each f, which applies f to the argument undefined. These threads all run

concurrently.
42

As an example of how this is used, consider

Ilet x = 10;

42
The function concurrent_execute is not part of the JavaScript standard, but the examples in this section

can be implemented in ECMAScript 2018.
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concurrent_execute(_ => { x = x * x; },

_ => { x = x + 1; } );

This creates two concurrent threads—T1, which sets x to x times x, andT2, which increments

x. After execution is complete, x will be left with one of �ve possible values, depending on the

interleaving of the events of T1 and T2:

101: T1 sets x to 100 and then T2 increments x to 101.

121: T2 increments x to 11 and then T1 sets x to x times x.

110: T2 changes x from 10 to 11 between the two times that T1

accesses the value of x during the evaluation of x * x.

11: T2 accesses x, then T1 sets x to 100, then T2 sets x.

100: T1 accesses x (twice), then T2 sets x to 11, then T1 sets x.

We can constrain the concurrency by using serialized functions, which are created by serial-
izers. Serializers are constructed by make_serializer, whose implementation is given below.

A serializer takes a function as argument and returns a serialized function that behaves like

the original function. All calls to a given serializer return serialized functions in the same set.

Thus, in contrast to the example above, executing

Ilet x = 10;

const s = make_serializer();

concurrent_execute( s(_ => { x = x * x; }),

s(_ => { x = x + 1; }) );

can produce only two possible values for x, 101 or 121. The other possibilities are eliminated,

because the execution of T1 and T2 cannot be interleaved.

Here is a version of the make_account function from section 3.1.1, where the deposits and

withdrawals have been serialized:

Ifunction make_account(balance) {

function withdraw(amount) {

if (balance > amount) {

balance = balance - amount;

return balance;

} else {

return "Insufficient funds";

}

}

function deposit(amount) {

balance = balance + amount;

return balance;

}
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const protect = make_serializer();

function dispatch(m) {

return m === "withdraw"

? protect(withdraw)

: m === "deposit"

? protect(deposit)

: m === "balance"

? balance

: error(m,

"Unknown request -- make_account");

}

return dispatch;

}

With this implementation, two threads cannot be withdrawing from or depositing into a

single account concurrently. This eliminates the source of the error illustrated in �gure 3.29,

where Peter changes the account balance between the times when Paul accesses the balance to

compute the new value and when Paul actually performs the assignment. On the other hand,

each account has its own serializer, so that deposits and withdrawals for di�erent accounts

can proceed concurrently.

Exercise 3.39

Which of the �ve possibilities in the concurrent execution shown above remain if we instead

serialize execution as follows:

Ilet x = 10;

const s = make_serializer();

concurrent_execute( _ => { x = s(_ => x * x)

(undefined); },

s( _ => { x = x + 1; } ) );

Exercise 3.40

Give all possible values of x that can result from executing

Ilet x = 10;

concurrent_execute(_ => { x = x * x; },

_ => { x = x * x * x; } );

Which of these possibilities remain if we instead use serialized functions:

Ilet x = 10;
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const s = make_serializer();

concurrent_execute( s(_ => { x = x * x; }),

s(_ => { x = x * x * x; }) );

Exercise 3.41

Ben Bitdiddle worries that it would be better to implement the bank account as follows (where

the commented line has been changed):

Ifunction make_account(balance) {

function withdraw(amount) {

if (balance > amount) {

balance = balance - amount;

return balance;

} else {

return "Insufficient funds";

}

}

function deposit(amount) {

balance = balance + amount;

return balance;

}

const protect = make_serializer();

function dispatch(m) {

return m === "withdraw"

? protect(withdraw)

: m === "deposit"

? protect(deposit)

: m === "balance"

? protect(_ => balance)(undefined) // serialized

: error(m,

"Unknown request -- make_account");

}

return dispatch;

}

because allowing unserialized access to the bank balance can result in anomalous behavior.

Do you agree? Is there any scenario that demonstrates Ben’s concern?

Exercise 3.42

Ben Bitdiddle suggests that it’s a waste of time to create a new serialized function in response

to every withdraw and deposit message. He says that make_account could be changed so that

the calls to protect are done outside the dispatch function. That is, an account would return
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the same serialized function (which was created at the same time as the account) each time it

is asked for a withdrawal function.

Ifunction make_account(balance) {

function withdraw(amount) {

if (balance > amount) {

balance = balance - amount;

return balance;

} else {

return "Insufficient funds";

}

}

function deposit(amount) {

balance = balance + amount;

return balance;

}

const protect = make_serializer();

const protect_withdraw = protect(withdraw);

const protect_deposit = protect(deposit);

function dispatch(m) {

return m === "withdraw"

? protect_withdraw

: m === "deposit"

? protect_deposit

: m === "balance"

? balance

: error(m,

"Unknown request -- make_account");

}

return dispatch;

}

Is this a safe change to make? In particular, is there any di�erence in what concurrency is

allowed by these two versions of make_account ?

Complexity of using multiple shared resources

Serializers provide a powerful abstraction that helps isolate the complexities of concurrent

programs so that they can be dealt with carefully and (hopefully) correctly. However, while

using serializers is relatively straightforward when there is only a single shared resource (such

as a single bank account), concurrent programming can be treacherously di�cult when there

are multiple shared resources.

To illustrate one of the di�culties that can arise, suppose we wish to swap the balances

in two bank accounts. We access each account to �nd the balance, compute the di�erence

between the balances, withdraw this di�erence from one account, and deposit it in the other
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account. We could implement this as follows:
43

Ifunction exchange(accounts) {

const account1 = head(accounts);

const account2 = tail(accounts);

const difference = account1("balance") - account2("balance");

account1("withdraw")(difference);

account2("deposit")(difference);

}

This function works well when only a single thread is trying to do the exchange. Suppose,

however, that Peter and Paul both have access to accounts a1, a2, and a3, and that Peter ex-

changes a1 and a2 while Paul concurrently exchanges a1 and a3. Even with account deposits

and withdrawals serialized for individual accounts (as in the make_account function shown

above in this section), exchange can still produce incorrect results. For example, Peter might

compute the di�erence in the balances for a1 and a2, but then Paul might change the balance

in a1 before Peter is able to complete the exchange.
44

For correct behavior, we must arrange

for the exchange function to lock out any other concurrent accesses to the accounts during

the entire time of the exchange.

One way we can accomplish this is by using both accounts’ serializers to serialize the entire

exchange function. To do this, we will arrange for access to an account’s serializer. Note that we

are deliberately breaking the modularity of the bank-account object by exposing the serializer.

The following version of make_account is identical to the original version given in section 3.1.1,

except that a serializer is provided to protect the balance variable, and the serializer is exported

via message passing:

Ifunction make_account_and_serializer(balance) {

function withdraw(amount) {

if (balance > amount) {

balance = balance - amount;

} else {

"Insufficient funds";

}

}

function deposit(amount) {

balance = balance + amount;

return balance;

}

const balance_serializer = make_serializer();

return m => m === "withdraw"

43
We have simpli�ed exchange by exploiting the fact that our deposit message accepts negative amounts.

(This is a serious bug in our banking system!)

44
If the account balances start out as $10, $20, and $30, then after any number of concurrent exchanges, the

balances should still be $10, $20, and $30 in some order. Serializing the deposits to individual accounts is not

su�cient to guarantee this. See exercise 3.43.
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? withdraw

: m === "deposit"

? deposit

: m === "balance"

? balance

: m === "serializer"

? balance_serializer

: error(m,

"Unknown request -- make_account");

}

We can use this to do serialized deposits and withdrawals. However, unlike our earlier

serialized account, it is now the responsibility of each user of bank-account objects to explicitly

manage the serialization, for example as follows:
45

Ifunction deposit(account, amount) {

const s = account("serializer");

const d = account("deposit");

s(d(amount));

}

Exporting the serializer in this way gives us enough �exibility to implement a serialized

exchange program. We simply serialize the original exchange function with the serializers for

both accounts:

Ifunction serialized_exchange(accounts) {

const account1 = head(accounts);

const account2 = tail(accounts);

const serializer1 = account1("serializer");

const serializer2 = account2("serializer");

serializer1(serializer2(exchange))(accounts);

}

Exercise 3.43

Suppose that the balances in three accounts start out as $10, $20, and $30, and that multiple

threads run, exchanging the balances in the accounts. Argue that if the threads are run se-

quentially, after any number of concurrent exchanges, the account balances should be $10,

$20, and $30 in some order. Draw a timing diagram like the one in �gure 3.29 to show how

this condition can be violated if the exchanges are implemented using the �rst version of

the account-exchange program in this section. On the other hand, argue that even with this

exchange program, the sum of the balances in the accounts will be preserved. Draw a tim-

ing diagram to show how even this condition would be violated if we did not serialize the

45
Exercise 3.45 investigates why deposits and withdrawals are no longer automatically serialized by the

account.
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transactions on individual accounts.

Exercise 3.44

Consider the problem of transferring an amount from one account to another. Ben Bitdiddle

claims that this can be accomplished with the following function, even if there are multiple peo-

ple concurrently transferring money among multiple accounts, using any account mechanism

that serializes deposit and withdrawal transactions, for example, the version of make_account

in the text above.

Ifunction transfer(from_account, to_account, amount) {

from_account("withdraw")(amount);

to_account("deposit")(amount);

}

Louis Reasoner claims that there is a problem here, and that we need to use a more sophisticated

method, such as the one required for dealing with the exchange problem. Is Louis right? If not,

what is the essential di�erence between the transfer problem and the exchange problem? (You

should assume that the balance in from_account is at least amount.)

Exercise 3.45

Louis Reasoner thinks our bank-account system is unnecessarily complex and error-prone now

that deposits and withdrawals aren’t automatically serialized. He suggests that make_account_and_serializer

should have exported the serializer (for use by such functions as serialized_exchange) in

addition to (rather than instead of) using it to serialize accounts and deposits as make_account

did. He proposes to rede�ne accounts as follows:

Ifunction make_account_and_serializer(balance) {

function withdraw(amount) {

if (balance > amount) {

balance = balance - amount;

} else {

"Insufficient funds";

}

}

function deposit(amount) {

balance = balance + amount;

return balance;

}

const balance_serializer = make_serializer();

return m => m === "withdraw"

? balance_serializer(withdraw)

: m === "deposit"

? balance_serializer(deposit)
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: m === "balance"

? balance

: m === "serializer"

? balance_serializer

: error(m,

"Unknown request -- make_account");

}

Then deposits are handled as with the original make_account:

Ifunction deposit(account, amount) {

account("deposit")(amount);

}

Explain what is wrong with Louis’s reasoning. In particular, consider what happens when

serialized_exchange is called.

Implementing serializers

We implement serializers in terms of a more primitive synchronization mechanism called a

mutex. A mutex is an object that supports two operations—the mutex can be acquired, and

the mutex can be released. Once a mutex has been acquired, no other acquire operations on

that mutex may proceed until the mutex is released.
46

In our implementation, each serializer

has an associated mutex. Given a function p, the serializer returns a function that acquires

the mutex, runs p, and then releases the mutex. This ensures that only one of the functions

produced by the serializer can be running at once, which is precisely the serialization property

that we need to guarantee.

Ifunction make_serializer() {

const mutex = make_mutex();

return p =>

arg => {

mutex("acquire");

const val = p(arg);

mutex("release");

return val;

};

}

46
The term “mutex” is an abbreviation formutual exclusion. The general problem of arranging a mechanism that

permits concurrent threads to safely share resources is called the mutual exclusion problem. Our mutex is a simple

variant of the semaphore mechanism (see exercise 3.47), which was introduced in the “THE” Multiprogramming

System developed at the Technological University of Eindhoven and named for the university’s initials in Dutch

(Dijkstra 1968a). The acquire and release operations were originally called P and V, from the Dutch words passeren
(to pass) and vrijgeven (to release), in reference to the semaphores used on railroad systems. Dijkstra’s classic

exposition (1968b) was one of the �rst to clearly present the issues of concurrency control, and showed how to

use semaphores to handle a variety of concurrency problems.
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The mutex is a mutable object (here we’ll use a one-element list, which we’ll refer to as a

cell) that can hold the value true or false. When the value is false, the mutex is available to be

acquired. When the value is true, the mutex is unavailable, and any thread that attempts to

acquire the mutex must wait.

Our mutex constructor make_mutex begins by initializing the cell contents to false. To acquire

the mutex, we test the cell. If the mutex is available, we set the cell contents to true and proceed.

Otherwise, we wait in a loop, attempting to acquire over and over again, until we �nd that the

mutex is available.
47

To release the mutex, we set the cell contents to false.

Ifunction make_mutex() {

const cell = list(false);

function the_mutex(m) {

return m === "acquire"

? ( test_and_set(cell)

? the_mutex("acquire") // retry

: true )

: m === "release"

? clear(cell)

: error(m, "Unknown request -- mutex");

}

return the_mutex;

}

function clear(cell) {

set_head(cell, false);

}

The function test_and_set tests the cell and returns the result of the test. In addition, if

the test was false, test_and_set sets the cell contents to true before returning false. We can

express this behavior as the following function:

Ifunction test_and_set(cell) {

if (head(cell)) {

return true;

} else {

set_head(cell, true);

return false;

}

}

However, this implementation of test_and_set does not su�ce as it stands. There is a crucial

subtlety here, which is the essential place where concurrency control enters the system: The

test_and_set operation must be performed atomically. That is, we must guarantee that, once

a thread has tested the cell and found it to be false, the cell contents will actually be set to true

47
In most time-shared operating systems, threads that are blocked by a mutex do not waste time “busy-waiting”

as above. Instead, the system schedules another thread to run while the �rst is waiting, and the blocked thread is

awakened when the mutex becomes available.
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before any other thread can test the cell. If we do not make this guarantee, then the mutex can

fail in a way similar to the bank-account failure in �gure 3.29. (See exercise 3.46.)

The actual implementation of test_and_set depends on the details of how our system runs

concurrent threads. For example, we might be executing concurrent threads on a sequential

processor using a time-slicing mechanism that cycles through the threads, permitting each

thread to run for a short time before interrupting it and moving on to the next thread. In

that case, test_and_set can work by disabling time slicing during the testing and setting.

Alternatively, multiprocessing computers provide instructions that support atomic operations

directly in hardware.
48

Exercise 3.46

Suppose that we implement test_and_set using an ordinary function as shown in the text,

without attempting to make the operation atomic. Draw a timing diagram like the one in

�gure 3.29 to demonstrate how the mutex implementation can fail by allowing two threads to

acquire the mutex at the same time.

Exercise 3.47

A semaphore (of size n) is a generalization of a mutex. Like a mutex, a semaphore supports

acquire and release operations, but it is more general in that up to n threads can acquire it

concurrently. Additional threads that attempt to acquire the semaphore must wait for release

operations. Give implementations of semaphores

a. in terms of mutexes

b. in terms of atomic test_and_set operations.

48
There are many variants of such instructions—including test-and-set, test-and-clear, swap, compare-and-

exchange, load-reserve, and store-conditional—whose design must be carefully matched to the machine’s proces-

sor–memory interface. One issue that arises here is to determine what happens if two threads attempt to acquire

the same resource at exactly the same time by using such an instruction. This requires some mechanism for

making a decision about which thread gets control. Such a mechanism is called an arbiter. Arbiters usually boil

down to some sort of hardware device. Unfortunately, it is possible to prove that one cannot physically construct

a fair arbiter that works 100% of the time unless one allows the arbiter an arbitrarily long time to make its decision.

The fundamental phenomenon here was originally observed by the fourteenth-century French philosopher Jean

Buridan in his commentary on Aristotle’s De caelo. Buridan argued that a perfectly rational dog placed between

two equally attractive sources of food will starve to death, because it is incapable of deciding which to go to �rst.
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Deadlock

Now that we have seen how to implement serializers, we can see that account exchanging

still has a problem, even with the serialized_exchange function above. Imagine that Peter

attempts to exchange a1 with a2 while Paul concurrently attempts to exchange a2 with a1.

Suppose that Peter’s thread reaches the point where it has entered a serialized function pro-

tecting a1 and, just after that, Paul’s thread enters a serialized function protecting a2. Now

Peter cannot proceed (to enter a serialized function protecting a2) until Paul exits the serialized

function protecting a2. Similarly, Paul cannot proceed until Peter exits the serialized function

protecting a1. Each thread is stalled forever, waiting for the other. This situation is called a

deadlock. Deadlock is always a danger in systems that provide concurrent access to multiple

shared resources.

One way to avoid the deadlock in this situation is to give each account a unique identi�cation

number and rewrite serialized_exchange so that a thread will always attempt to enter a func-

tion protecting the lowest-numbered account �rst. Although this method works well for the ex-

change problem, there are other situations that require more sophisticated deadlock-avoidance

techniques, or where deadlock cannot be avoided at all. (See exercises 3.48 and 3.49.)
49

Exercise 3.48

Explain in detail why the deadlock-avoidance method described above, (i.e., the accounts are

numbered, and each thread attempts to acquire the smaller-numbered account �rst) avoids

deadlock in the exchange problem. Rewrite serialized_exchange to incorporate this idea.

(You will also need to modify make_account so that each account is created with a number,

which can be accessed by sending an appropriate message.)

49
The general technique for avoiding deadlock by numbering the shared resources and acquiring them in

order is due to Havender (1968). Situations where deadlock cannot be avoided require deadlock-recovery methods,

which entail having threads “back out” of the deadlocked state and try again. Deadlock-recovery mechanisms

are widely used in database management systems, a topic that is treated in detail in Gray and Reuter 1993.
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Exercise 3.49

Give a scenario where the deadlock-avoidance mechanism described above does not work.

(Hint: In the exchange problem, each thread knows in advance which accounts it will need to

get access to. Consider a situation where a thread must get access to some shared resources

before it can know which additional shared resources it will require.)

Concurrency, time, and communication

We’ve seen how programming concurrent systems requires controlling the ordering of events

when di�erent threads access shared state, and we’ve seen how to achieve this control through

judicious use of serializers. But the problems of concurrency lie deeper than this, because, from

a fundamental point of view, it’s not always clear what is meant by “shared state.”

Mechanisms such as test_and_set require threads to examine a global shared �ag at arbi-

trary times. This is problematic and ine�cient to implement in modern high-speed processors,

where due to optimization techniques such as pipelining and cached memory, the contents of

memory may not be in a consistent state at every instant. In contemporary multiprocessing sys-

tems, therefore, the serializer paradigm is being supplanted by new approaches to concurrency

control.
50

The problematic aspects of shared state also arise in large, distributed systems. For instance,

imagine a distributed banking system where individual branch banks maintain local values

for bank balances and periodically compare these with values maintained by other branches.

In such a system the value of “the account balance” would be undetermined, except right after

synchronization. If Peter deposits money in an account he holds jointly with Paul, when should

we say that the account balance has changed—when the balance in the local branch changes, or

not until after the synchronization? And if Paul accesses the account from a di�erent branch,

what are the reasonable constraints to place on the banking system such that the behavior

is “correct”? The only thing that might matter for correctness is the behavior observed by

Peter and Paul individually and the “state” of the account immediately after synchronization.

Questions about the “real” account balance or the order of events between synchronizations

50
One such alternative to serialization is called barrier synchronization. The programmer permits concurrent

threads to execute as they please, but establishes certain synchronization points (“barriers”) through which no

thread can proceed until all the threads have reached the barrier. Modern processors provide machine instruc-

tions that permit programmers to establish synchronization points at places where consistency is required. The

PowerPC
TM

, for example, includes for this purpose two instructions called SYNC and EIEIO (Enforced In-order

Execution of Input/Output).
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may be irrelevant or meaningless.
51

The basic phenomenon here is that synchronizing di�erent threads, establishing shared

state, or imposing an order on events requires communication among the threads. In essence,

any notion of time in concurrency control must be intimately tied to communication.
52

It

is intriguing that a similar connection between time and communication also arises in the

Theory of Relativity, where the speed of light (the fastest signal that can be used to synchronize

events) is a fundamental constant relating time and space. The complexities we encounter in

dealing with time and state in our computational models may in fact mirror a fundamental

complexity of the physical universe.

3.5 Streams

We’ve gained a good understanding of assignment as a tool in modeling, as well as an appreci-

ation of the complex problems that assignment raises. It is time to ask whether we could have

gone about things in a di�erent way, so as to avoid some of these problems. In this section,

we explore an alternative approach to modeling state, based on data structures called streams.
As we shall see, streams can mitigate some of the complexity of modeling state.

Let’s step back and review where this complexity comes from. In an attempt to model

real-world phenomena, we made some apparently reasonable decisions: We modeled real-

world objects with local state by computational objects with local variables. We identi�ed

time variation in the real world with time variation in the computer. We implemented the

time variation of the states of the model objects in the computer with assignments to the local

variables of the model objects.

Is there another approach? Can we avoid identifying time in the computer with time in the

modeled world? Must we make the model change with time in order to model phenomena in

a changing world? Think about the issue in terms of mathematical functions. We can describe

the time-varying behavior of a quantity x as a function of time x(t). If we concentrate on x

instant by instant, we think of it as a changing quantity. Yet if we concentrate on the entire

time history of values, we do not emphasize change—the function itself does not change.
53

If time is measured in discrete steps, then we can model a time function as a (possibly in�-

51
This may seem like a strange point of view, but there are systems that work this way. International charges to

credit-card accounts, for example, are normally cleared on a per-country basis, and the charges made in di�erent

countries are periodically reconciled. Thus the account balance may be di�erent in di�erent countries.

52
For distributed systems, this perspective was pursued by Lamport (1978), who showed how to use communi-

cation to establish “global clocks” that can be used to establish orderings on events in distributed systems.

53
Physicists sometimes adopt this view by introducing the “world lines” of particles as a device for reasoning

about motion. We’ve also already mentioned (section 2.2.3) that this is the natural way to think about signal-

processing systems. We will explore applications of streams to signal processing in section 3.5.3.
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nite) sequence. In this section, we will see how to model change in terms of sequences that

represent the time histories of the systems being modeled. To accomplish this, we introduce

new data structures called streams. From an abstract point of view, a stream is simply a se-

quence. However, we will �nd that the straightforward implementation of streams as lists (as

in section 2.2.1) doesn’t fully reveal the power of stream processing. As an alternative, we

introduce the technique of delayed evaluation, which enables us to represent very large (even

in�nite) sequences as streams.

Stream processing lets us model systems that have state without ever using assignment

or mutable data. This has important implications, both theoretical and practical, because we

can build models that avoid the drawbacks inherent in introducing assignment. On the other

hand, the stream framework raises di�culties of its own, and the question of which modeling

technique leads to more modular and more easily maintained systems remains open.

3.5.1 Streams Are Delayed Lists

As we saw in section 2.2.3, sequences can serve as standard interfaces for combining pro-

gram modules. We formulated powerful abstractions for manipulating sequences, such as map,

filter, and accumulate, that capture a wide variety of operations in a manner that is both

succinct and elegant.

Unfortunately, if we represent sequences as lists, this elegance is bought at the price of severe

ine�ciency with respect to both the time and space required by our computations. When we

represent manipulations on sequences as transformations of lists, our programs must construct

and copy data structures (which may be huge) at every step of a process.

To see why this is true, let us compare two programs for computing the sum of all the prime

numbers in an interval. The �rst program is written in standard iterative style:
54

Ifunction sum_primes(a, b) {

function iter(count, accum) {

return count > b

? accum

: is_prime(count)

? iter(count + 1, count + accum)

: iter(count + 1, accum);

}

return iter(a, 0);

}

The second program performs the same computation using the sequence operations of

section 2.2.3:

54
Assume that we have a predicate is_prime (e.g., as in section 1.2.6) that tests for primality.
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Ifunction sum_primes(a, b) {

return accumulate((x, y) => x + y,

0,

filter(is_prime,

enumerate_interval(a, b)));

}

In carrying out the computation, the �rst program needs to store only the sum being accumu-

lated. In contrast, the �lter in the second program cannot do any testing until enumerate_interval

has constructed a complete list of the numbers in the interval. The �lter generates another

list, which in turn is passed to accumulate before being collapsed to form a sum. Such large

intermediate storage is not needed by the �rst program, which we can think of as enumerating

the interval incrementally, adding each prime to the sum as it is generated.

The ine�ciency in using lists becomes painfully apparent if we use the sequence paradigm to

compute the second prime in the interval from 10,000 to 1,000,000 by evaluating the expression

head(tail(filter(is_prime,

enumerate_interval(10000, 1000000))));

This expression does �nd the second prime, but the computational overhead is outrageous.

We construct a list of almost a million integers, �lter this list by testing each element for

primality, and then ignore almost all of the result. In a more traditional programming style,

we would interleave the enumeration and the �ltering, and stop when we reached the second

prime.

Streams are a clever idea that allows one to use sequence manipulations without incurring

the costs of manipulating sequences as lists. With streams we can achieve the best of both

worlds: We can formulate programs elegantly as sequence manipulations, while attaining the

e�ciency of incremental computation. The basic idea is to arrange to construct a stream only

partially, and to pass the partial construction to the program that consumes the stream. If

the consumer attempts to access a part of the stream that has not yet been constructed, the

stream will automatically construct just enough more of itself to produce the required part,

thus preserving the illusion that the entire stream exists. In other words, although we will write

programs as if we were processing complete sequences, we design our stream implementation

to automatically and transparently interleave the construction of the stream with its use.

In their most basic form, streams are similar to lists. The empty stream is null, a non-empty

stream is a pair, and the head of the pair is a data item. However, the tail of a pair that

represents a non-empty stream is not a stream, but a function of no arguments that returns
a stream. The stream returned by the function, we call the tail of the stream. If we have a

data item x and a stream s, we can construct a stream whose head is x and whose tail is s by

evaluating pair(x, () => s).
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In order to access the data item of a non-empty stream, we just use head as with lists. In

order to access the tail of a stream s, we need to apply tail(s), i.e. evaluate tail(s)(). For

convenience, we therefore de�ne

Ifunction stream_tail(stream) {

return tail(stream)();

}

The tail of a stream is “wrapped” in a function. It is a delayed expression, a “promise” to

evaluate an expression at some future time. Correspondingly, stream_tail forces the tail to

ful�ll its promise. It selects the tail of the pair and evaluates the delayed expression found

there to obtain the next pair of the stream.

We can make and use streams, in just the same way as we can make and use lists, to represent

aggregate data arranged in a sequence. In particular, we can build stream analogs of the list

operations from chapter 2, such as list_ref, map, and for_each:
55

Ifunction stream_ref(s, n) {

return n === 0

? head(s)

: stream_ref(stream_tail(s), n - 1);

}

function stream_map(f, s) {

return is_null(s)

? null

: pair(f(head(s)),

() => stream_map(f, stream_tail(s)));

}

function stream_for_each(fun, s) {

if (is_null(s)) {

return true;

} else {

fun(head(s));

return stream_for_each(fun, stream_tail(s));

}

}

The function stream_for_each is useful for viewing streams:

Ifunction display_stream(s) {

return stream_for_each(display, s);

}

The function that represents the tail of a stream is evaluated when it is accessed, using

55
This should bother you. The fact that we are de�ning such similar functions for streams and lists indicates

that we are missing some underlying abstraction. Unfortunately, in order to exploit this abstraction, we will need

to exert �ner control over the process of evaluation than we can at present. We will discuss this point further at

the end of section 3.5.4. In section 4.2, we’ll develop a framework that uni�es lists and streams.
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stream_tail. This design choice is reminiscent of our discussion of rational numbers in sec-

tion 2.1.2, where we saw that we can choose to implement rational numbers so that the re-

duction of numerator and denominator to lowest terms is performed either at construction

time or at selection time. The two rational-number implementations produce the same data

abstraction, but the choice has an e�ect on e�ciency. There is a similar relationship between

streams and ordinary lists. As a data abstraction, streams are the same as lists. The di�erence

is the time at which the elements are evaluated. With ordinary lists, both the head and the

tail are evaluated at construction time. With streams, the tail is evaluated at selection time.

Streams in action

To see how this data structure behaves, let us analyze the “outrageous” prime computation we

saw above, reformulated in terms of streams:

Ihead(stream_tail(stream_filter(

is_prime,

stream_enumerate_interval(10000,

1000000))));

We will see that it does indeed work e�ciently.

We begin by calling stream_enumerate_interval with the arguments 10,000 and 1,000,000.

The function stream_enumerate_interval is the stream analog of enumerate_interval (sec-

tion 2.2.3):

Ifunction stream_enumerate_interval(low, high) {

return low > high

? null

: pair(low,

() => stream_enumerate_interval(low + 1,

high));

}

and thus the result returned by stream_enumerate_interval, formed by the pair, is
56

Ipair(10000, () => stream_enumerate_interval(10001, 1000000));

That is, stream_enumerate_interval returns a stream represented as a pair whose head is

10,000 and whose tail is a promise to enumerate more of the interval if so requested. This

stream is now �ltered for primes, using the stream analog of the filter function (section 2.2.3):

Ifunction stream_filter(pred, s) {

return is_null(s)

56
The numbers shown here do not really appear in the delayed expression. What actually appears is the original

expression, in an environment in which the variables are bound to the appropriate numbers. For example, low + 1
with low bound to 10,000 actually appears where 10001 is shown.
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? null

: pred(head(s))

? pair(head(s),

() => stream_filter(pred,

stream_tail(s)))

: stream_filter(pred,

stream_tail(s));

}

The function stream_filter tests the head of the stream (which is 10,000). Since this is not

prime, stream_filter examines the tail of its input stream. The call to stream_tail forces

evaluation of the delayed stream_enumerate_interval, which now returns

Ipair(10001, () => stream_enumerate_interval(10002, 1000000));

The function stream_filter now looks at the head of this stream, 10,001, sees that this is

not prime either, forces another stream_tail, and so on, until stream_enumerate_interval

yields the prime 10,007, whereupon stream_filter, according to its de�nition, returns

pair(head(stream),

stream_filter(pred, stream_tail(stream)));

which in this case is

Ipair(10007,

() => stream_filter(is_prime,

pair(10008,

() => stream_enumerate_interval(10009,

1000000))

)

);

This result is now passed to stream_tail in our original expression. This forces the delayed

stream_filter, which in turn keeps forcing the delayed stream_enumerate_interval until it

�nds the next prime, which is 10,009. Finally, the result passed to head in our original expression

is

Ipair(10009,

() => stream_filter(is_prime,

pair(10010,

() => stream_enumerate_interval(10011,

1000000))

)

);

The function head returns 10,009, and the computation is complete. Only as many integers

were tested for primality as were necessary to �nd the second prime, and the interval was

enumerated only as far as was necessary to feed the prime �lter.
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In general, we can think of delayed evaluation as “demand-driven” programming, whereby

each stage in the stream process is activated only enough to satisfy the next stage. What we

have done is to decouple the actual order of events in the computation from the apparent

structure of our functions. We write functions as if the streams existed “all at once” when, in

reality, the computation is performed incrementally, as in traditional programming styles.

An optimization

When we construct stream pairs, we delay the evaluation of their tail expressions by wrapping

these expressions in a function. We force their evaluation when needed, by applying the

function.

This implementation su�ces for streams to work as advertised, but there is an important

optimization that we shall consider where needed. In many applications, we end up forcing the

same delayed object many times. This can lead to serious ine�ciency in recursive programs

involving streams. (See exercise 3.57.) The solution is to build delayed objects so that the �rst

time they are forced, they store the value that is computed. Subsequent forcings will simply

return the stored value without repeating the computation. In other words, we implement

the construction of stream pairs as a memoized function similar to the one described in exer-

cise 3.27. One way to accomplish this is to use the following function, which takes as argument

a function (of no arguments) and returns a memoized version of the function. The �rst time the

memoized function is run, it saves the computed result. On subsequent evaluations, it simply

returns the result.

Ifunction memo(fun) {

let already_run = false;

let result = undefined;

return () => {

if (!already_run) {

result = fun();

already_run = true;

return result;

} else {

return result;

}

};

}

We can make use of memo whenever we construct a stream pair. For example, instead of

Ifunction stream_map(f, s) {

return is_null(s)

? null

: pair(f(head(s)),
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() => stream_map(f, stream_tail(s)));

}

we can de�ne an optimized function stream_map as follows:
57

Ifunction stream_map_optimized(f, s) {

return is_null(s)

? null

: pair(f(head(s)),

memo( () => stream_map_optimized(

f, stream_tail(s)) ));

}

Exercise 3.50

De�ne a function stream_combine that takes a binary function and two streams as arguments

and returns a stream whose elements are the results of applying the function pairwise to the

corresponding elements of the argument streams.

function stream_combine(f, s1, s2) {

...

}

Exercise 3.51

Note that our primitive function display returns its argument after displaying it. What does

the interpreter print in response to evaluating each expression in the following sequence?
58

Ilet x = stream_map(

display, stream_enumerate_interval(0, 10));

stream_ref(x, 5);

stream_ref(x, 7);

What does the evaluator print if stream_map_optimized is used instead of stream_map?

57
There are many possible implementations of streams other than the one described in this section. Delayed

evaluation, which is the key to making streams practical, was inherent in Algol 60’s call-by-name parameter-

passing method. The use of this mechanism to implement streams was �rst described by Landin (1965). Delayed

evaluation for streams was introduced into Lisp by Friedman and Wise (1976). In their implementation, cons
always delays evaluating its arguments, so that lists automatically behave as streams. The memoizing optimization

is also known as call-by-need. The Algol community would refer to our original delayed objects as call-by-name
thunks and to the optimized versions as call-by-need thunks.

58
Exercises such as 3.51 and 3.52 are valuable for testing our understanding of how delayed evaluation works.

On the other hand, intermixing delayed evaluation with printing—and, even worse, with assignment—is extremely

confusing, and instructors of courses on computer languages have traditionally tormented their students with

examination questions such as the ones in this section. Needless to say, writing programs that depend on such

subtleties is odious programming style. Part of the power of stream processing is that it lets us ignore the order

in which events actually happen in our programs. Unfortunately, this is precisely what we cannot a�ord to do in

the presence of assignment, which forces us to be concerned with time and change.
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Ilet x = stream_map_optimized(

display, stream_enumerate_interval(0, 10));

stream_ref(x, 5);

stream_ref(x, 7);

Exercise 3.52

Consider the program

Ilet sum = 0;

function accum(x) {

sum = x + sum;

return sum;

}

const seq = stream_map(

accum,

stream_enumerate_interval(1, 20));

const y = stream_filter(is_even, seq);

const z = stream_filter(x => x % 5 === 0, seq);

stream_ref(y, 7);

display_stream(z);

What is the value of sum after each of the above statements is evaluated? What is the printed re-

sponse to evaluating the stream_ref and display_stream expressions? Would these responses

di�er if we had applied the function memo on every tail of every constructed stream pair, as

suggested in the optimization above? Explain.

3.5.2 Infinite Streams

We have seen how to support the illusion of manipulating streams as complete entities even

though, in actuality, we compute only as much of the stream as we need to access. We can

exploit this technique to represent sequences e�ciently as streams, even if the sequences are

very long. What is more striking, we can use streams to represent sequences that are in�nitely

long. For instance, consider the following de�nition of the stream of positive integers:

Ifunction integers_starting_from(n) {

return pair(n,

() => integers_starting_from(n + 1)

);

}
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Iconst integers = integers_starting_from(1);

This makes sense because integers will be a pair whose head is 1 and whose tail is a

promise to produce the integers beginning with 2. This is an in�nitely long stream, but in any

given time we can examine only a �nite portion of it. Thus, our programs will never know

that the entire in�nite stream is not there.

Using integers we can de�ne other in�nite streams, such as the stream of integers that are

not divisible by 7:

Iconst no_sevens =

stream_filter(x => ! is_divisible(x, 7),

integers);

Then we can �nd integers not divisible by 7 simply by accessing elements of this stream:

Istream_ref(no_sevens, 100);

117

In analogy with integers, we can de�ne the in�nite stream of Fibonacci numbers:

Ifunction fibgen(a, b) {

return pair(a, () => fibgen(b, a + b));

}

const fibs = fibgen(0, 1);

The function fibs is a pair whose head is 0 and whose tail is a promise to evaluate

fibgen(1, 1). When we evaluate this delayed fibgen(1, 1), it will produce a pair whose

head is 1 and whose tail is a promise to evaluate fibgen(1, 2), and so on.

For a look at a more exciting in�nite stream, we can generalize the no_sevens example

to construct the in�nite stream of prime numbers, using a method known as the sieve of
Eratosthenes.59

We start with the integers beginning with 2, which is the �rst prime. To get

the rest of the primes, we start by �ltering the multiples of 2 from the rest of the integers. This

leaves a stream beginning with 3, which is the next prime. Now we �lter the multiples of 3

from the rest of this stream. This leaves a stream beginning with 5, which is the next prime,

and so on. In other words, we construct the primes by a sieving process, described as follows:

To sieve a stream S, form a stream whose �rst element is the �rst element of S and the rest

of which is obtained by �ltering all multiples of the �rst element of S out of the rest of S and

sieving the result. This process is readily described in terms of stream operations:

59
Eratosthenes, a third-century b.c . Alexandrian Greek philosopher, is famous for giving the �rst accurate

estimate of the circumference of the Earth, which he computed by observing shadows cast at noon on the day

of the summer solstice. Eratosthenes’s sieve method, although ancient, has formed the basis for special-purpose

hardware “sieves” that, until the 1970s, were the most powerful tools in existence for locating large primes. Since

then, however, these methods have been superseded by outgrowths of the probabilistic techniques discussed in

section 1.2.6.
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Ifunction sieve(stream) {

return pair(head(stream),

() => sieve(stream_filter(

x => !is_divisible(x,

head(stream)),

stream_tail(stream))

)

);

}

const primes = sieve(integers_starting_from(2));

Now to �nd a particular prime we need only ask for it:

Istream_ref(primes, 50);

233

It is interesting to contemplate the signal-processing system set up by sieve, shown in the

“Henderson diagram” in �gure 3.31.
60

The input stream feeds into an “unpairer” that separates

the �rst element of the stream from the rest of the stream. The �rst element is used to construct

a divisibility �lter, through which the rest is passed, and the output of the �lter is fed to another

sieve box. Then the original �rst element is paired onto the output of the internal sieve to

form the output stream. Thus, not only is the stream in�nite, but the signal processor is also

in�nite, because the sieve contains a sieve within it.

filter:
not
divisible?

sieve

sieve

head

tail
pair

Figure 3.31: The prime sieve viewed as a signal-processing system.

60
We have named these �gures after Peter Henderson, who was the �rst person to show us diagrams of this

sort as a way of thinking about stream processing. Each solid line represents a stream of values being transmitted.

The dashed line from the head to the pair and the filter indicates that this is a single value rather than a stream.
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Defining streams implicitly

The integers and fibs streams above were de�ned by specifying “generating” functions that

explicitly compute the stream elements one by one. An alternative way to specify streams is to

take advantage of delayed evaluation to de�ne streams implicitly. For example, the following

expression de�nes the stream ones to be an in�nite stream of ones:

Iconst ones = pair(1, () => ones);

This works much like the de�nition of a recursive function: ones is a pair whose head is 1

and whose tail is a promise to evaluate ones. Evaluating the tail gives us again a 1 and a

promise to evaluate ones, and so on.

We can do more interesting things by manipulating streams with operations such as add_streams,

which produces the elementwise sum of two given streams:
61

Ifunction add_streams(s1, s2) {

return stream_combine((x1, x2) => x1 + x2, s1, s2);

}

Now we can de�ne the integers as follows:

Iconst integers = pair(1, () => add_streams(ones, integers));

This de�nes integers to be a stream whose �rst element is 1 and the rest of which is the

sum of ones and integers. Thus, the second element of integers is 1 plus the �rst element

of integers, or 2; the third element of integers is 1 plus the second element of integers, or

3; and so on. This de�nition works because, at any point, enough of the integers stream has

been generated so that we can feed it back into the de�nition to produce the next integer.

We can de�ne the Fibonacci numbers in the same style:

Iconst fibs = pair(0,

() => pair(1,

() => add_streams(

stream_tail(fibs),

fibs))

);

This de�nition says that fibs is a stream beginning with 0 and 1, such that the rest of the

stream can be generated by adding fibs to itself shifted by one place:

1 1 2 3 5 8 13 21 . . . = stream_tail(fibs)

0 1 1 2 3 5 8 13 . . . = fibs

0 1 1 2 3 5 8 13 21 34 . . . = fibs

61
This uses the function stream_combine from exercise 3.50.
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The function scale_stream is also useful in formulating such stream de�nitions. This mul-

tiplies each item in a stream by a given constant:

Ifunction scale_stream(stream, factor) {

return stream_map(x => x * factor,

stream);

}

For example,

Iconst double = pair(1, () => scale_stream(double, 2));

produces the stream of powers of 2: 1, 2, 4, 8, 16, 32, . . . .

An alternate de�nition of the stream of primes can be given by starting with the integers

and �ltering them by testing for primality. We will need the �rst prime, 2, to get started:

Iconst primes = pair(2,

() => stream_filter(

is_prime,

integers_starting_from(3))

);

This de�nition is not so straightforward as it appears, because we will test whether a number

n is prime by checking whether n is divisible by a prime (not by just any integer) less than or

equal to

√
n:

Ifunction is_prime(n) {

function iter(ps) {

return square(head(ps)) > n

? true

: is_divisible(n, head(ps))

? false

: iter(stream_tail(ps));

}

return iter(primes);

}

This is a recursive de�nition, since primes is de�ned in terms of the is_prime predicate,

which itself uses the primes stream. The reason this function works is that, at any point,

enough of the primes stream has been generated to test the primality of the numbers we need

to check next. That is, for every n we test for primality, either n is not prime (in which case

there is a prime already generated that divides it) or n is prime (in which case there is a prime

already generated—i.e., a prime less than n—that is greater than

√
n).

62

62
This last point is very subtle and relies on the fact that pn+1 ≤ p2

n . (Here,pk denotes the kth prime.) Estimates

such as these are very di�cult to establish. The ancient proof by Euclid that there are an in�nite number of

primes shows that pn+1 ≤ p1p2 · · · pn + 1, and no substantially better result was proved until 1851, when the

Russian mathematician P. L. Chebyshev established that pn+1 ≤ 2pn for all n. This result, originally conjectured
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Exercise 3.53

Without running the program, describe the elements of the stream de�ned by

Iconst s = pair(1, () => add_streams(s, s));

Exercise 3.54

De�ne a function mul_streams, analogous to add_streams, that produces the elementwise

product of its two input streams. Use this together with the stream of integers to complete

the following de�nition of the stream whose nth element (counting from 0) is n + 1 factorial:

const factorials = pair(1, () => mul_streams(〈??〉, 〈??〉));

Exercise 3.55

De�ne a function partial_sums that takes as argument a stream S and returns the stream

whose elements are S0, S0 + S1, S0 + S1 + S2, . . . . For example, partial_sums(integers) should

be the stream 1, 3, 6, 10, 15, . . ..

Exercise 3.56

A famous problem, �rst raised by R. Hamming, is to enumerate, in ascending order with no

repetitions, all positive integers with no prime factors other than 2, 3, or 5. One obvious way

to do this is to simply test each integer in turn to see whether it has any factors other than 2,

3, and 5. But this is very ine�cient, since, as the integers get larger, fewer and fewer of them

�t the requirement. As an alternative, let us call the required stream of numbers S and notice

the following facts about it.

– S begins with 1.

– The elements of scale_stream(S, 2) are also elements of S.

– The same is true for scale_stream(S, 3) and scale_stream(5, S).

– These are all the elements of S.

Now all we have to do is combine elements from these sources. For this we de�ne a func-

tion merge that combines two ordered streams into one ordered result stream, eliminating

repetitions:

Ifunction merge(s1, s2) {

if (is_null(s1)) {

return s2;

in 1845, is known as Bertrand’s hypothesis. A proof can be found in section 22.3 of Hardy and Wright 1960.
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} else if (is_null(s2)) {

return s1;

} else {

const s1head = head(s1);

const s2head = head(s2);

return s1head < s2head

? pair(s1head,

() => merge(stream_tail(s1), s2))

: s1head > s2head

? pair(s2head,

() => merge(s1, stream_tail(s2)))

: pair(s1head,

() => merge(stream_tail(s1), stream_tail(s2)));

}

}

Then the required stream may be constructed with merge, as follows:

const S = pair(1, () => merge(〈??〉, 〈??〉));

Fill in the missing expressions in the places marked 〈??〉 above.

Exercise 3.57

How many additions are performed when we compute thenth Fibonacci number using the def-

inition of fibs based on the add_streams function, implemented using pair(..., () => ...)

as described in the beginning of section 3.5.1? Show that the number of additions is ex-

ponentially greater than if we had implemented add_streams using the optimization using

pair(..., memo( () => ... )) described in the last part of section 3.5.1.
63

Exercise 3.58

Give an interpretation of the stream computed by the function

function expand(num, den, radix) {

return pair(quotient(num * radix, den),

expand((num * radix) % den, den, radix));

}

where quotient computes integer division, in which the fractional part (remainder) is dis-

carded. What are the successive elements produced by expand(1, 7, 10)? What is produced

by expand(3, 8, 10)?

63
This exercise shows how call-by-need is closely related to ordinary memoization as described in exercise 3.27.

In that exercise, we used assignment to explicitly construct a local table. Our call-by-need stream optimization

e�ectively constructs such a table automatically, storing values in the previously forced parts of the stream.
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Exercise 3.59

In section 2.5.3 we saw how to implement a polynomial arithmetic system representing

polynomials as lists of terms. In a similar way, we can work with power series, such as

ex = 1 + x +
x2

2

+
x3

3 · 2
+

x4

4 · 3 · 2
+ · · · ,

cosx = 1 −
x2

2

+
x4

4 · 3 · 2
− · · · ,

sinx = x −
x3

3 · 2
+

x5

5 · 4 · 3 · 2
− · · · ,

represented as in�nite streams. We will represent the series a0 +a1x +a2x
2 +a3x

3 + · · · as the

stream whose elements are the coe�cients a0,a1,a2,a3, . . . .

a. The integral of the series a0 + a1x + a2x
2 + a3x

3 + · · · is the series

c + a0x +
1

2

a1x
2 +

1

3

a2x
3 +

1

4

a3x
4 + · · ·

where c is any constant. De�ne a function integrate_series that takes as input a

stream a0,a1,a2, . . . representing a power series and returns the stream a0,
1

2
a1,

1

3
a2, . . .

of coe�cients of the non-constant terms of the integral of the series. (Since the result has

no constant term, it doesn’t represent a power series; when we use integrate-series,

we will pair with the appropriate constant.)

b. The function x 7→ ex is its own derivative. This implies that ex and the integral of ex

are the same series, except for the constant term, which is e0 = 1. Accordingly, we can

generate the series for ex as

const exp_series =

pair(1, () => integrate_series(exp_series));

Show how to generate the series for sine and cosine, starting from the facts that the

derivative of sine is cosine and the derivative of cosine is the negative of sine:

const cosine_series = pair(1, 〈??〉);

const sine_series = pair(0, 〈??〉);

Exercise 3.60

With power series represented as streams of coe�cients as in exercise 3.59, adding series is im-

plemented by add-streams. Complete the de�nition of the following function for multiplying

series:
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function mul_series(s1, s2) {

pair(〈??〉, add_streams(〈??〉, 〈??〉));

}

You can test your function by verifying that sin2x + cos2x = 1, using the series from exer-

cise 3.59.

Exercise 3.61

Let S be a power series (exercise 3.59) whose constant term is 1. Suppose we want to �nd the

power series 1/S , that is, the series X such that S ·X = 1. Write S = 1+ SR where SR is the part

of S after the constant term. Then we can solve for X as follows:

S · X = 1

(1 + SR) · X = 1

X + SR · X = 1

X = 1 − SR · X

In other words, X is the power series whose constant term is 1 and whose higher-order terms

are given by the negative of SR times X . Use this idea to write a function invert_unit_series

that computes 1/S for a power series S with constant term 1. You will need to use mul_series

from exercise 3.60.

Exercise 3.62

Use the results of exercises 3.60 and 3.61 to de�ne a function div_series that divides

two power series. The function div_series should work for any two series, provided that

the denominator series begins with a nonzero constant term. (If the denominator has a zero

constant term, then div_series should signal an error.) Show how to use div_series together

with the result of exercise 3.59 to generate the power series for tangent.

3.5.3 Exploiting the Stream Paradigm

Streams with delayed evaluation can be a powerful modeling tool, providing many of the

bene�ts of local state and assignment. Moreover, they avoid some of the theoretical tangles

that accompany the introduction of assignment into a programming language.

The stream approach can be illuminating because it allows us to build systems with di�erent

module boundaries than systems organized around assignment to state variables. For example,

we can think of an entire time series (or signal) as a focus of interest, rather than the values of
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the state variables at individual moments. This makes it convenient to combine and compare

components of state from di�erent moments.

Formulating iterations as stream processes

In section 1.2.1, we introduced iterative processes, which proceed by updating state variables.

We know now that we can represent state as a “timeless” stream of values rather than as a set

of variables to be updated. Let’s adopt this perspective in revisiting the square-root function

from section 1.1.7. Recall that the idea is to generate a sequence of better and better guesses

for the square root of x by applying over and over again the function that improves guesses:

Ifunction sqrt_improve(guess, x) {

return average(guess, x / guess);

}

In our original sqrt function, we made these guesses be the successive values of a state

variable. Instead we can generate the in�nite stream of guesses, starting with an initial guess

of 1:
64

Ifunction sqrt_stream(x) {

const guesses =

pair(1.0,

() => stream_map(guess => sqrt_improve(guess, x),

guesses));

return guesses;

}

Idisplay_stream(sqrt_stream(2));

1
1 . 5
1 .4166666666666665
1 .4142156862745097
1 .4142135623746899
. . .

We can generate more and more terms of the stream to get better and better guesses. If we

like, we can write a function that keeps generating terms until the answer is good enough.

(See exercise 3.64.)

Another iteration that we can treat in the same way is to generate an approximation to π ,

based upon the alternating series that we saw in section 1.3.1:

π

4

= 1 −
1

3

+
1

5

−
1

7

+ · · ·

64
We can’t use let to bind the local variable guesses, because the value of guesses depends on guesses itself.

Exercise 3.63 addresses why we want a local variable here.
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We �rst generate the stream of summands of the series (the reciprocals of the odd integers,

with alternating signs). Then we take the stream of sums of more and more terms (using the

partial_sums function of exercise 3.55) and scale the result by 4:

Ifunction pi_summands(n) {

return pair(1.0 / n,

() => stream_map(x => -x,

pi_summands(n + 2))

);

}

const pi_stream =

scale_stream(partial_sums(pi_summands(1)), 4);

Idisplay_stream(pi_stream);

4
2 .666666666666667
3 .466666666666667
2 .8952380952380956
3 .3396825396825403
2 .9760461760461765
3 .2837384837384844
3 .017071817071818
. . .

This gives us a stream of better and better approximations to π , although the approximations

converge rather slowly. Eight terms of the sequence bound the value of π between 3.284 and

3.017.

So far, our use of the stream of states approach is not much di�erent from updating state

variables. But streams give us an opportunity to do some interesting tricks. For example, we

can transform a stream with a sequence accelerator that converts a sequence of approximations

to a new sequence that converges to the same value as the original, only faster.

One such accelerator, due to the eighteenth-century Swiss mathematician Leonhard Euler,

works well with sequences that are partial sums of alternating series (series of terms with

alternating signs). In Euler’s technique, if Sn is the nth term of the original sum sequence, then

the accelerated sequence has terms

Sn+1 −
(Sn+1 − Sn)

2

Sn−1 − 2Sn + Sn+1

Thus, if the original sequence is represented as a stream of values, the transformed sequence

is given by

Ifunction euler_transform(s) {
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const s0 = stream_ref(s, 0);

const s1 = stream_ref(s, 1);

const s2 = stream_ref(s, 2);

return pair(

s2 - square(s2 - s1) / (s0 + (-2) * s1 + s2),

memo(() => euler_transform(stream_tail(s))));

}

Note that we make use of the memoization optimization of section 3.5.1, because in the

following we will rely on repeated evaluation of the resulting stream.

We can demonstrate Euler acceleration with our sequence of approximations to π :

Idisplay_stream(euler_transform(pi_stream));

3 .166666666666667
3 .1333333333333337
3 .1452380952380956
3 .13968253968254
3 .1427128427128435
3 .1408813408813416
3 .142071817071818
3 .1412548236077655
. . .

Even better, we can accelerate the accelerated sequence, and recursively accelerate that, and

so on. Namely, we create a stream of streams (a structure we’ll call a tableau) in which each

stream is the transform of the preceding one:

Ifunction make_tableau(transform, s) {

return pair(s, () => make_tableau(transform, transform(s)));

}

The tableau has the form

s00 s01 s02 s03 s04 . . .

s10 s11 s12 s13 . . .

s20 s21 s22 . . .

. . .

Finally, we form a sequence by taking the �rst term in each row of the tableau:

Ifunction accelerated_sequence(transform, s) {

return stream_map(head, make_tableau(transform, s));

}

We can demonstrate this kind of “super-acceleration” of the π sequence:

Idisplay_stream(accelerated_sequence(euler_transform,

pi_stream));
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4
3 .166666666666667
3 .142105263157895
3 .141599357319005
3 .1415927140337785
3 .1415926539752927
3 .1415926535911765
3 .141592653589778
. . .

The result is impressive. Taking eight terms of the sequence yields the correct value of π to

14 decimal places. If we had used only the original π sequence, we would need to compute on

the order of 10
13

terms (i.e., expanding the series far enough so that the individual terms are

less then 10
−13

) to get that much accuracy!

We could have implemented these acceleration techniques without using streams. But the

stream formulation is particularly elegant and convenient because the entire sequence of states

is available to us as a data structure that can be manipulated with a uniform set of operations.

Exercise 3.63

Louis Reasoner asks why the sqrt_stream function was not written in the following more

straightforward way, without the local variable guesses:

function sqrt_stream(x) {

return pair(1.0,

() => stream_map(guess =>

sqrt_improve(guess, x),

sqrt_stream(x))

);

}

Alyssa P. Hacker replies that this version of the function is considerably less e�cient if the

memoization optimization in section 3.5.1 is used. Is Alyssa’s answer correct? Do the two

versions di�er in e�ciency without using the optimization provided by memo?

Exercise 3.64

Write a function stream_limit that takes as arguments a stream and a number (the tolerance).

It should examine the stream until it �nds two successive elements that di�er in absolute value

by less than the tolerance, and return the second of the two elements. Using this, we could

compute square roots up to a given tolerance by

function sqrt(x, tolerance) {

return stream_limit(sqrt_stream(x), tolerance);
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}

Exercise 3.65

Use the series

ln 2 = 1 −
1

2

+
1

3

−
1

4

+ · · ·

to compute three sequences of approximations to the natural logarithm of 2, in the same way

we did above for π . How rapidly do these sequences converge?

Infinite streams of pairs

In section 2.2.3, we saw how the sequence paradigm handles traditional nested loops as pro-

cesses de�ned on sequences of pairs. If we generalize this technique to in�nite streams, then

we can write programs that are not easily represented as loops, because the “looping” must

range over an in�nite set.

For example, suppose we want to generalize the prime_sum_pairs function of section 2.2.3 to

produce the stream of pairs of all integers (i, j) with i ≤ j such that i + j is prime. If int_pairs

is the sequence of all pairs of integers (i, j) with i ≤ j, then our required stream is simply
65

Istream_filter(pair => is_prime(head(pair) + head(tail(pair))),

int_pairs);

Our problem, then, is to produce the stream int_pairs. More generally, suppose we have

two streams S = (Si) and T = (Tj), and imagine the in�nite rectangular array

(S0,T0) (S0,T1) (S0,T2) . . .

(S1,T0) (S1,T1) (S1,T2) . . .

(S2,T0) (S2,T1) (S2,T2) . . .

. . .

We wish to generate a stream that contains all the pairs in the array that lie on or above the

diagonal, i.e., the pairs

(S0,T0) (S0,T1) (S0,T2) . . .

(S1,T1) (S1,T2) . . .

(S2,T2) . . .

. . .

(If we take both S and T to be the stream of integers, then this will be our desired stream

int_pairs.)

65
As in section 2.2.3, we represent a pair of integers as a list rather than a pair.
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Call the general stream of pairs pairs(S, T), and consider it to be composed of three parts:

the pair (S0,T0), the rest of the pairs in the �rst row, and the remaining pairs:
66

(S0,T0) (S0,T1) (S0,T2) . . .

(S1,T1) (S1,T2) . . .

(S2,T2) . . .

. . .

Observe that the third piece in this decomposition (pairs that are not in the �rst row) is

(recursively) the pairs formed from stream_tail(S) and stream_tail(T). Also note that the

second piece (the rest of the �rst row) is

stream_map(x => list(head(s), x),

stream_tail(t));

Thus we can form our stream of pairs as follows:

function pairs(s, t) {

return pair(list(head(s), head(t)),

() => combine_in_some_way(

stream_map(x => list(head(s), x),

stream_tail(t)),

pairs(stream_tail(s), stream_tail(t)))

);

}

In order to complete the function, we must choose some way to combine the two inner

streams. One idea is to use the stream analog of the append function from section 2.2.1:

Ifunction stream_append(s1, s2) {

return is_null(s1)

? s2

: pair(head(s1),

() => stream_append(stream_tail(s1), s2)

);

}

This is unsuitable for in�nite streams, however, because it takes all the elements from the

�rst stream before incorporating the second stream. In particular, if we try to generate all pairs

of positive integers using

Ipairs(integers, integers);

our stream of results will �rst try to run through all pairs with the �rst integer equal to 1, and

hence will never produce pairs with any other value of the �rst integer.

66
See exercise 3.68 for some insight into why we chose this decomposition.
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To handle in�nite streams, we need to devise an order of combination that ensures that

every element will eventually be reached if we let our program run long enough. An elegant

way to accomplish this is with the following interleave function:
67

Ifunction interleave(s1, s2) {

return is_null(s1)

? s2

: pair(head(s1),

() => interleave(s2, stream_tail(s1))

);

}

Since interleave takes elements alternately from the two streams, every element of the

second stream will eventually �nd its way into the interleaved stream, even if the �rst stream

is in�nite.

We can thus generate the required stream of pairs as

Ifunction pairs(s, t) {

return pair(list(head(s), head(t)),

() => interleave(stream_map(x => list(head(s), x),

stream_tail(t)),

pairs(stream_tail(s),

stream_tail(t))));

}

Exercise 3.66

Examine the stream pairs(integers, integers). Can you make any general comments about

the order in which the pairs are placed into the stream? For example, approximately how many

pairs precede the pair (1,100)? the pair (99,100)? the pair (100,100)? (If you can make precise

mathematical statements here, all the better. But feel free to give more qualitative answers if

you �nd yourself getting bogged down.)

Exercise 3.67

Modify the pairs function so that pairs(integers, integers) will produce the stream of all
pairs of integers (i, j) (without the condition i ≤ j). Hint: You will need to mix in an additional

stream.

67
The precise statement of the required property on the order of combination is as follows: There should be a

function f of two arguments such that the pair corresponding to element i of the �rst stream and element j of

the second stream will appear as element number f (i, j) of the output stream. The trick of using interleave to

accomplish this was shown to us by David Turner, who employed it in the language KRC (Turner 1981).
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Exercise 3.68

Louis Reasoner thinks that building a stream of pairs from three parts is unnecessarily com-

plicated. Instead of separating the pair (S0,T0) from the rest of the pairs in the �rst row, he

proposes to work with the whole �rst row, as follows:

function pairs(s, t) {

return interleave(stream_map(x => list(head(s), x),

t),

pair(stream_tail(s), stream_tail(t)));

}

Does this work? Consider what happens if we evaluate pairs(integers, integers) using

Louis’s de�nition of pairs.

Exercise 3.69

Write a function triples that takes three in�nite streams, S ,T , andU , and produces the stream

of triples (Si ,Tj ,Uk) such that i ≤ j ≤ k . Use triples to generate the stream of all Pythagorean

triples of positive integers, i.e., the triples (i, j,k) such that i ≤ j and i2 + j2 = k2
.

Exercise 3.70

It would be nice to be able to generate streams in which the pairs appear in some useful

order, rather than in the order that results from an ad hoc interleaving process. We can use a

technique similar to the merge function of exercise 3.56, if we de�ne a way to say that one pair of

integers is “less than” another. One way to do this is to de�ne a “weighting function”W (i, j) and

stipulate that (i1, j1) is less than (i2, j2) ifW (i1, j1) <W (i2, j2). Write a function merge_weighted

that is like merge, except that merge_weighted takes an additional argument weight, which is

a function that computes the weight of a pair, and is used to determine the order in which

elements should appear in the resulting merged stream.
68

Using this, generalize pairs to a

function weighted_pairs that takes two streams, together with a function that computes a

weighting function, and generates the stream of pairs, ordered according to weight. Use your

function to generate

a. the stream of all pairs of positive integers (i, j) with i ≤ j ordered according to the sum

i + j

b. the stream of all pairs of positive integers (i, j)with i ≤ j, where neither i nor j is divisible

by 2, 3, or 5, and the pairs are ordered according to the sum 2i + 3j + 5ij.

68
We will require that the weighting function be such that the weight of a pair increases as we move out along

a row or down along a column of the array of pairs.
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Exercise 3.71

Numbers that can be expressed as the sum of two cubes in more than one way are sometimes

called Ramanujan numbers, in honor of the mathematician Srinivasa Ramanujan.
69

Ordered

streams of pairs provide an elegant solution to the problem of computing these numbers. To

�nd a number that can be written as the sum of two cubes in two di�erent ways, we need

only generate the stream of pairs of integers (i, j) weighted according to the sum i3 + j3 (see

exercise 3.70), then search the stream for two consecutive pairs with the same weight. Write

a function to generate the Ramanujan numbers. The �rst such number is 1,729. What are the

next �ve?

Exercise 3.72

In a similar way to exercise 3.71 generate a stream of all numbers that can be written as the

sum of two squares in three di�erent ways (showing how they can be so written).

Streams as signals

We began our discussion of streams by describing them as computational analogs of the “sig-

nals” in signal-processing systems. In fact, we can use streams to model signal-processing

systems in a very direct way, representing the values of a signal at successive time intervals

as consecutive elements of a stream. For instance, we can implement an integrator or summer
that, for an input stream x = (xi), an initial valueC , and a small increment dt , accumulates the

sum

Si = C +
i∑

j=1

xj dt

and returns the stream of values S = (Si). The following integral function is reminiscent of

the “implicit style” de�nition of the stream of integers (section 3.5.2):

Ifunction integral(integrand, initial_value, dt) {

const integ = pair(

initial_value,

() => add_streams(

scale_stream(integrand, dt),

integ)

);

69
To quote from G. H. Hardy’s obituary of Ramanujan (Hardy 1921): “It was Mr. Littlewood (I believe) who

remarked that “every positive integer was one of his friends.” I remember once going to see him when he was

lying ill at Putney. I had ridden in taxi-cab No. 1729, and remarked that the number seemed to me a rather dull

one, and that I hoped it was not an unfavorable omen. “No,” he replied, “it is a very interesting number; it is the

smallest number expressible as the sum of two cubes in two di�erent ways.”” The trick of using weighted pairs

to generate the Ramanujan numbers was shown to us by Charles Leiserson.
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return integ;

}

add

pair

initial_value

integral
scale: dt

input

Figure 3.32: The integral function viewed as a signal-processing system.

Figure 3.32 is a picture of a signal-processing system that corresponds to the integral

function. The input stream is scaled by dt and passed through an adder, whose output is

passed back through the same adder. The self-reference in the de�nition of integ is re�ected

in the �gure by the feedback loop that connects the output of the adder to one of the inputs.

Exercise 3.73

vi

R
C

i

+ --v

scale: R

integral

addscale:
C

v
v = v  +  1     i dt + R iC

Z
0

0
0

t

1

Figure 3.33: An RC circuit and the associated signal-�ow diagram.
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We can model electrical circuits using streams to represent the values of currents or voltages

at a sequence of times. For instance, suppose we have an RC circuit consisting of a resistor of

resistance R and a capacitor of capacitance C in series. The voltage response v of the circuit

to an injected current i is determined by the formula in �gure 3.33, whose structure is shown

by the accompanying signal-�ow diagram.

Write a function RC that models this circuit. RC should take as inputs the values of R, C , and

dt and should return a function that takes as inputs a stream representing the current i and

an initial value for the capacitor voltage v0 and produces as output the stream of voltages v .

For example, you should be able to use RC to model an RC circuit with R = 5 ohms, C = 1

farad, and a 0.5-second time step by evaluating const RC1 = RC(5, 1, 0.5). This de�nes RC1

as a function that takes a stream representing the time sequence of currents and an initial

capacitor voltage and produces the output stream of voltages.

Exercise 3.74

Alyssa P. Hacker is designing a system to process signals coming from physical sensors. One

important feature she wishes to produce is a signal that describes the zero crossings of the

input signal. That is, the resulting signal should be +1 whenever the input signal changes from

negative to positive, −1 whenever the input signal changes from positive to negative, and 0

otherwise. (Assume that the sign of a 0 input is positive.) For example, a typical input signal

with its associated zero-crossing signal would be

... 1 2 1.5 1 0.5 -0.1 -2 -3 -2 -0.5 0.2 3 4 ...

... 0 0 0 0 0 -1 0 0 0 0 1 0 0 ...

In Alyssa’s system, the signal from the sensor is represented as a stream sense_data and the

stream zero_crossings is the corresponding stream of zero crossings. Alyssa �rst writes a

function sign_change_detector that takes two values as arguments and compares the signs of

the values to produce an appropriate 0, 1, or −1. She then constructs her zero-crossing stream

as follows:

function make_zero_crossings(input_stream, last_value) {

return pair(sign_change_detector(head(input_stream),

last_value),

() => make_zero_crossings(

stream_tail(input_stream),

head(input_stream)));

}

const zero_crossings = make_zero_crossings(sense_data, 0);

Alyssa’s boss, Eva Lu Ator, walks by and suggests that this program is approximately equivalent

to the following one, which uses the function combine_streams from exercise 3.50:
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const zero_crossing = combine_streams(sign_change_detector,

sense_data,

expression);

Complete the program by supplying the indicated expression.

Exercise 3.75

Unfortunately, Alyssa’s zero-crossing detector in exercise 3.74 proves to be insu�cient, be-

cause the noisy signal from the sensor leads to spurious zero crossings. Lem E. Tweakit, a

hardware specialist, suggests that Alyssa smooth the signal to �lter out the noise before ex-

tracting the zero crossings. Alyssa takes his advice and decides to extract the zero crossings

from the signal constructed by averaging each value of the sense data with the previous value.

She explains the problem to her assistant, Louis Reasoner, who attempts to implement the idea,

altering Alyssa’s program as follows:

function make_zero_crossings(input_stream, last_value) {

const avpt = (head(input_stream) + last_value) / 2;

return pair(sign_change_detector(avpt, last_value),

() => make_zero_crossings(

stream_tail(input_stream),

avpt);

);

}

This does not correctly implement Alyssa’s plan. Find the bug that Louis has installed and �x

it without changing the structure of the program. (Hint: You will need to increase the number

of arguments to make_zero_crossings.)

Exercise 3.76

Eva Lu Ator has a criticism of Louis’s approach in exercise 3.75. The program he wrote is not

modular, because it intermixes the operation of smoothing with the zero-crossing extraction.

For example, the extractor should not have to be changed if Alyssa �nds a better way to

condition her input signal. Help Louis by writing a function smooth that takes a stream as

input and produces a stream in which each element is the average of two successive input

stream elements. Then use smooth as a component to implement the zero-crossing detector in

a more modular style.
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3.5.4 Streams and Delayed Evaluation

The integral function at the end of the preceding section shows how we can use streams to

model signal-processing systems that contain feedback loops. The feedback loop for the adder

shown in �gure 3.32 is modeled by the fact that integral’s internal stream integ is de�ned

in terms of itself:

const integ = pair(initial_value,

() => add_streams(

scale_stream(integrand, dt),

integ)

);

The interpreter’s ability to deal with such an implicit de�nition depends on the delay result-

ing from wrapping the call of add_streams into a lambda expression. Without this delay, the

interpreter could not construct integ before evaluating both arguments to pair, which would

require that integ already be de�ned. In general, such a delay is crucial for using streams

to model signal-processing systems that contain loops. Without a delay, our models would

have to be formulated so that the inputs to any signal-processing component would be fully

evaluated before the output could be produced. This would outlaw loops.

Unfortunately, stream models of systems with loops may require uses of a delay beyond the

stream programming pattern seen so far. For instance, �gure 3.34 shows a signal-processing

system for solving the di�erential equation dy/dt = f (y) where f is a given function. The

�gure shows a mapping component, which applies f to its input signal, linked in a feedback

loop to an integrator in a manner very similar to that of the analog computer circuits that are

actually used to solve such equations.

y

dy y
integralmap: f

0

Figure 3.34: An “analog computer circuit” that solves the equation

Assuming we are given an initial value y0 for y, we could try to model this system using the

function

function solve(f, y0, dt) {

const y = integral(dy, y0, dt);
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const dy = stream_map(f, y);

return y;

}

This function does not work, because in the �rst line of solve the call to integral requires

that the input dy be de�ned, which does not happen until the second line of solve.

On the other hand, the intent of our de�nition does make sense, because we can, in principle,

begin to generate the y stream without knowing dy. Indeed, integral and many other stream

operations can generate part of the answer given only partial information about the arguments.

For integral, the �rst element of the output stream is the speci�ed initial_value. Thus, we

can generate the �rst element of the output stream without evaluating the integrand dy. Once

we know the �rst element of y, the stream_map in the second line of solve can begin working

to generate the �rst element of dy, which will produce the next element of y, and so on.

To take advantage of this idea, we will rede�ne integral to expect the integrand stream to

be a delayed argument. The function integral will force the integrand to be evaluated only

when it is required to generate more than the �rst element of the output stream:

Ifunction integral(delayed_integrand, initial_value, dt) {

const integ =

pair(initial_value,

() => {

const integrand = delayed_integrand();

return add_streams(scale_stream(integrand, dt),

integ);

});

return integ;

}

Now we can implement our solve function by delaying the evaluation of dy in the de�nition

of y:

Ifunction solve(f, y0, dt) {

const y = integral( () => dy, y0, dt);

const dy = stream_map(f, y);

return y;

}

In general, every caller of integral must now delay the integrand argument. We can demon-

strate that the solve function works by approximating e ≈ 2.718 by computing the value at

y = 1 of the solution to the di�erential equation dy/dt = y with initial condition y(0) = 1:
70

Istream_ref(solve(y => y, 1, 0.001), 1000);

70
This calculations necessitates the use of the memoization optimization from section 3.5.1 in the functions

stream_combine and integral.
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2 .716923932235896

Exercise 3.77

The integral function used above was analogous to the “implicit” de�nition of the in�nite

stream of integers in section 3.5.2. Alternatively, we can give a de�nition of integral that is

more like integers-starting-from (also in section 3.5.2):

Ifunction integral(integrand, initial_value, dt) {

return pair(initial_value,

is_null(integrand) ? null

: integral(stream_tail(integrand),

dt * head(integrand) + initial_value,

dt));

}

When used in systems with loops, this function has the same problem as does our original ver-

sion of integral. Modify the function so that it expects the integrand as a delayed argument

and hence can be used in the solve function shown above.

Exercise 3.78

y00

y

scale: b

integral

scale: a

add

dyddy
integral

dy

Figure 3.35: Signal-�ow diagram for the solution to a second-order linear di�erential equation.
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Consider the problem of designing a signal-processing system to study the homogeneous

second-order linear di�erential equation

d2y

dt2
− a

dy

dt
− by = 0

The output stream, modeling y, is generated by a network that contains a loop. This is because

the value of d2y/dt2
depends upon the values of y and dy/dt and both of these are determined

by integrating d2y/dt2
. The diagram we would like to encode is shown in �gure 3.35. Write

a function solve_2nd that takes as arguments the constants a, b, and dt and the initial values

y0 and dy0 for y and dy/dt and generates the stream of successive values of y.

Exercise 3.79

Generalize the solve_2nd function of exercise 3.78 so that it can be used to solve general

second-order di�erential equations d2y/dt2 = f (dy/dt , y).

Exercise 3.80

A series RLC circuit consists of a resistor, a capacitor, and an inductor connected in series, as

shown in �gure 3.36. If R, L, and C are the resistance, inductance, and capacitance, then the

relations between voltage (v) and current (i) for the three components are described by the

equations

vR = iRR

vL = L
diL
dt

iC = C
dvC
dt

and the circuit connections dictate the relations

iR = iL = −iC

vC = vL +vR

Combining these equations shows that the state of the circuit (summarized by vC , the voltage

across the capacitor, and iL, the current in the inductor) is described by the pair of di�erential

equations

dvC
dt

= −
iL
C

diL
dt

=
1

L
vC −

R

L
iL
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The signal-�ow diagram representing this system of di�erential equations is shown in �g-

ure 3.37.

+ --v

R
i

L v

+

--

i

C
i

v
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--

C

C

R L

L

R

Figure 3.36: A series RLC circuit.
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C

Figure 3.37: A signal-�ow diagram for the solution to a series RLC circuit.

Write a function RLC that takes as arguments the parameters R, L, and C of the circuit and

the time increment dt . In a manner similar to that of the RC function of exercise 3.73, RLC

should produce a function that takes the initial values of the state variables, vC0
and iL0

, and
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produces a pair (using pair) of the streams of states vC and iL. Using RLC, generate the pair of

streams that models the behavior of a series RLC circuit with R = 1 ohm, C = 0.2 farad, L = 1

henry, dt = 0.1 second, and initial values iL0
= 0 amps and vC0

= 10 volts.

Normal-order evaluation

The examples in this section illustrate how delayed evaluation provides great programming

�exibility, but the same examples also show how this can make our programs more complex.

Our new integral function, for instance, gives us the power to model systems with loops, but

we must now remember that integral should be called with a delayed integrand, and every

function that uses integral must be aware of this. In e�ect, we have created two classes of

functions: ordinary functions and functions that take delayed arguments. In general, creating

separate classes of functions forces us to create separate classes of higher-order functions as

well.
71

One way to avoid the need for two di�erent classes of functions is to make all functions

take delayed arguments. We could adopt a model of evaluation in which all arguments to

functions are automatically delayed and arguments are forced only when they are actually

needed (for example, when they are required by a primitive operation). This would transform

our language to use normal-order evaluation, which we �rst described when we introduced

the substitution model for evaluation in section 1.1.5. Converting to normal-order evaluation

provides a uniform and elegant way to simplify the use of delayed evaluation, and this would

be a natural strategy to adopt if we were concerned only with stream processing. In section 4.2,

after we have studied the evaluator, we will see how to transform our language in just this

way. Unfortunately, including delays in function calls wreaks havoc with our ability to design

programs that depend on the order of events, such as programs that use assignment, mutate

data, or perform input or output. Even a single delay in the tail of a pair can cause great

confusion, as illustrated by exercise 3.51 and 3.52. As far as anyone knows, mutability and

delayed evaluation do not mix well in programming languages, and devising ways to deal with

both of these at once is an active area of research.

71
This is a small re�ection, in JavaScript, of the di�culties that conventional strongly typed languages such

as Pascal have in coping with higher-order functions. In such languages, the programmer must specify the data

types of the arguments and the result of each function: number, logical value, sequence, and so on. Consequently,

we could not express an abstraction such as “map a given function fun over all the elements in a sequence” by a

single higher-order function such as stream_map. Rather, we would need a di�erent mapping function for each

di�erent combination of argument and result data types that might be speci�ed for a fun. Maintaining a practical

notion of “data type” in the presence of higher-order functions raises many di�cult issues. One way of dealing

with this problem is illustrated by the language ML (Gordon, Milner, and Wadsworth 1979), whose “polymorphic

data types” include templates for higher-order transformations between data types. Moreover, data types for

most functions in ML are never explicitly declared by the programmer. Instead, ML includes a type-inferencing
mechanism that uses information in the environment to deduce the data types for newly de�ned functions.
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3.5.5 Modularity of Functional Programs and Modularity of Objects

As we saw in section 3.1.2, one of the major bene�ts of introducing assignment is that we can

increase the modularity of our systems by encapsulating, or “hiding,” parts of the state of a large

system within local variables. Stream models can provide an equivalent modularity without

the use of assignment. As an illustration, we can reimplement the Monte Carlo estimation of

π , which we examined in section 3.1.2, from a stream-processing point of view.

The key modularity issue was that we wished to hide the internal state of a random-number

generator from programs that used random numbers. We began with a function rand_update,

whose successive values furnished our supply of random numbers, and used this to produce a

random-number generator:

Ifunction make_rand() {

let x = random_init;

return () => {

x = rand_update(x);

return x;

};

}

const rand = make_rand();

In the stream formulation there is no random-number generator per se, just a stream of

random numbers produced by successive calls to rand_update:

Iconst random_numbers =

pair(random_init,

() => stream_map(rand_update, random_numbers));

We use this to construct the stream of outcomes of the Cesàro experiment performed on

consecutive pairs in the random_numbers stream:

Ifunction map_successive_pairs(f, s) {

return pair(f(head(s), head(stream_tail(s))),

() => map_successive_pairs(

f,

stream_tail(stream_tail(s))));

}

const cesaro_stream =

map_successive_pairs( (r1, r2) => gcd(r1, r2) === 1,

random_numbers);

The cesaro_stream is now fed to a monte_carlo function, which produces a stream of es-

timates of probabilities. The results are then converted into a stream of estimates of π . This

version of the program doesn’t need a parameter telling how many trials to perform. Better

estimates of π (from performing more experiments) are obtained by looking farther into the
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pi stream:

Ifunction monte_carlo(experiment_stream, passed, failed) {

function next(passed, failed) {

return pair(passed / (passed + failed),

() => monte_carlo(stream_tail(experiment_stream),

passed, failed));

}

return head(experiment_stream)

? next(passed + 1, failed)

: next(passed, failed + 1);

}

const pi = stream_map(p => math_sqrt(6 / p),

monte_carlo(cesaro_stream, 0, 0));

There is considerable modularity in this approach, because we still can formulate a general

monte_carlo function that can deal with arbitrary experiments. Yet there is no assignment or

local state.

Exercise 3.81

Exercise 3.6 discussed generalizing the random-number generator to allow one to reset the

random-number sequence so as to produce repeatable sequences of “random” numbers. Pro-

duce a stream formulation of this same generator that operates on an input stream of requests

to generate a new random number or to reset the sequence to a speci�ed value and that

produces the desired stream of random numbers. Don’t use assignment in your solution.

Exercise 3.82

Redo exercise 3.5 on Monte Carlo integration in terms of streams. The stream version of

estimate_integral will not have an argument telling how many trials to perform. Instead, it

will produce a stream of estimates based on successively more trials.

A functional-programming view of time

Let us now return to the issues of objects and state that were raised at the beginning of this

chapter and examine them in a new light. We introduced assignment and mutable objects to

provide a mechanism for modular construction of programs that model systems with state. We

constructed computational objects with local state variables and used assignment to modify

these variables. We modeled the temporal behavior of the objects in the world by the temporal

behavior of the corresponding computational objects.
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Now we have seen that streams provide an alternative way to model objects with local

state. We can model a changing quantity, such as the local state of some object, using a stream

that represents the time history of successive states. In essence, we represent time explicitly,

using streams, so that we decouple time in our simulated world from the sequence of events

that take place during evaluation. Indeed, because of the presence of delayed evaluation there

may be little relation between simulated time in the model and the order of events during the

evaluation.

In order to contrast these two approaches to modeling, let us reconsider the implementation

of a “withdrawal processor” that monitors the balance in a bank account. In section 3.1.3 we

implemented a simpli�ed version of such a processor:

function make_simplified_withdraw(balance) {

return amount => {

balance = balance - amount;

return balance;

};

}

Calls to make_simplified_withdraw produce computational objects, each with a local state

variable balance that is decremented by successive calls to the object. The object takes an

amount as an argument and returns the new balance. We can imagine the user of a bank

account typing a sequence of inputs to such an object and observing the sequence of returned

values shown on a display screen.

Alternatively, we can model a withdrawal processor as a function that takes as input a

balance and a stream of amounts to withdraw and produces the stream of successive balances

in the account:

Ifunction stream_withdraw(balance, amount_stream) {

return pair(balance,

() => stream_withdraw(

balance - head(amount_stream),

stream_tail(amount_stream)));

}

The function stream_withdraw implements a well-de�ned mathematical function whose

output is fully determined by its input. Suppose, however, that the input amount_stream is

the stream of successive values typed by the user and that the resulting stream of balances is

displayed. Then, from the perspective of the user who is typing values and watching results,

the stream process has the same behavior as the object created by make_simplified_withdraw.

However, with the stream version, there is no assignment, no local state variable, and conse-

quently none of the theoretical di�culties that we encountered in section 3.1.3. Yet the system

has state!

378 Generated 2020-08-18 16:40:02Z

http://source-academy.github.io/playground#chap=4&prgrm=GYVwdgxgLglg9mABAZygJwKYEMC2B9AdxigAsATNLAgCgCMsAbLSDAGkVznCj1U1wCUiAN6Ix4gFDjEmKCDRIADlhho6jZhDZTpuvdSEBeAHwp02fEVIUq1HXoePx9Ji0QBaRCWxlqnbrzmgqz2TmHSfBZ4UCoMfjhcYDyRggICANySAL4SEhAIqIg4AJ54-knIiIaIDDCo0XCB-DjUtajUAKwADOwAjF09iAAsXWnpeQVQRaVYEPkBKThVZs2ExOSUNABMA+wlZQncyBkAkBIYAG6MTRbU+7PzSTe47ADMGUA


Modularity, Objects, and State 3.5.5

This is really remarkable. Even though stream_withdraw implements a well-de�ned mathe-

matical function whose behavior does not change, the user’s perception here is one of inter-

acting with a system that has a changing state. One way to resolve this paradox is to realize

that it is the user’s temporal existence that imposes state on the system. If the user could step

back from the interaction and think in terms of streams of balances rather than individual

transactions, the system would appear stateless.
72

From the point of view of one part of a complex process, the other parts appear to change

with time. They have hidden time-varying local state. If we wish to write programs that model

this kind of natural decomposition in our world (as we see it from our viewpoint as a part

of that world) with structures in our computer, we make computational objects that are not

functional—they must change with time. We model state with local state variables, and we

model the changes of state with assignments to those variables. By doing this we make the

time of execution of a computation model time in the world that we are part of, and thus we

get “objects” in our computer.

Modeling with objects is powerful and intuitive, largely because this matches the perception

of interacting with a world of which we are part. However, as we’ve seen repeatedly throughout

this chapter, these models raise thorny problems of constraining the order of events and of

synchronizing multiple processes. The possibility of avoiding these problems has stimulated

the development of functional programming languages, which do not include any provision

for assignment or mutable data. In such a language, all functions implement well-de�ned

mathematical functions of their arguments, whose behavior does not change. The functional

approach is extremely attractive for dealing with concurrent systems.
73

On the other hand, if we look closely, we can see time-related problems creeping into func-

tional models as well. One particularly troublesome area arises when we wish to design in-

teractive systems, especially ones that model interactions between independent entities. For

instance, consider once more the implementation a banking system that permits joint bank

accounts. In a conventional system using assignment and objects, we would model the fact

that Peter and Paul share an account by having both Peter and Paul send their transaction

requests to the same bank-account object, as we saw in section 3.1.3. From the stream point of

view, where there are no “objects” per se, we have already indicated that a bank account can be

modeled as a process that operates on a stream of transaction requests to produce a stream of

responses. Accordingly, we could model the fact that Peter and Paul have a joint bank account

by merging Peter’s stream of transaction requests with Paul’s stream of requests and feeding

72
Similarly in physics, when we observe a moving particle, we say that the position (state) of the particle is

changing. However, from the perspective of the particle’s world line in space-time there is no change involved.

73
John Backus, the inventor of Fortran, gave high visibility to functional programming when he was awarded

the ACM Turing award in 1978. His acceptance speech (Backus 1978) strongly advocated the functional approach.

A good overview of functional programming is given in Henderson 1980 and in Darlington, Henderson, and

Turner 1982.
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the result to the bank-account stream process, as shown in �gure 3.38.

merge bank
accountPaul's requests

Peter's requests

Figure 3.38: A joint bank account, modeled by merging two streams of transaction requests.

The trouble with this formulation is in the notion of merge. It will not do to merge the

two streams by simply taking alternately one request from Peter and one request from Paul.

Suppose Paul accesses the account only very rarely. We could hardly force Peter to wait for

Paul to access the account before he could issue a second transaction. However such a merge

is implemented, it must interleave the two transaction streams in some way that is constrained

by “real time” as perceived by Peter and Paul, in the sense that, if Peter and Paul meet, they

can agree that certain transactions were processed before the meeting, and other transactions

were processed after the meeting.
74

This is precisely the same constraint that we had to deal with in section 3.4.1, where we

found the need to introduce explicit synchronization to ensure a “correct” order of events

in concurrent processing of objects with state. Thus, in an attempt to support the functional

style, the need to merge inputs from di�erent agents reintroduces the same problems that the

functional style was meant to eliminate.

We began this chapter with the goal of building computational models whose structure

matches our perception of the real world we are trying to model. We can model the world as a

collection of separate, time-bound, interacting objects with state, or we can model the world as

a single, timeless, stateless unity. Each view has powerful advantages, but neither view alone

is completely satisfactory. A grand uni�cation has yet to emerge.
75

74
Observe that, for any two streams, there is in general more than one acceptable order of interleaving. Thus,

technically, “merge” is a relation rather than a function—the answer is not a deterministic function of the inputs.

We already mentioned (footnote 41) that nondeterminism is essential when dealing with concurrency. The merge

relation illustrates the same essential nondeterminism, from the functional perspective. In section 4.3, we will

look at nondeterminism from yet another point of view.

75
The object model approximates the world by dividing it into separate pieces. The functional model does not

modularize along object boundaries. The object model is useful when the unshared state of the “objects” is much

larger than the state that they share. An example of a place where the object viewpoint fails is quantum mechanics,

where thinking of things as individual particles leads to paradoxes and confusions. Unifying the object view with

the functional view may have little to do with programming, but rather with fundamental epistemological issues.
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Chapter 4

Metalinguistic Abstraction

. . . It’s in words that the magic is—Abracadabra, Open Sesame, and the

rest—but the magic words in one story aren’t magical in the next. The

real magic is to understand which words work, and when, and for what;

the trick is to learn the trick.

. . . And those words are made from the letters of our alphabet: a couple-

dozen squiggles we can draw with the pen. This is the key! And the

treasure, too, if we can only get our hands on it! It’s as if—as if the key

to the treasure is the treasure!

— John Barth, Chimera

In our study of program design, we have seen that expert programmers control the complex-

ity of their designs with the same general techniques used by designers of all complex systems.

They combine primitive elements to form compound objects, they abstract compound objects

to form higher-level building blocks, and they preserve modularity by adopting appropriate

large-scale views of system structure. In illustrating these techniques, we have used JavaScript

as a language for describing processes and for constructing computational data objects and pro-

cesses to model complex phenomena in the real world. However, as we confront increasingly

complex problems, we will �nd that JavaScript, or indeed any �xed programming language,

is not su�cient for our needs. We must constantly turn to new languages in order to express

our ideas more e�ectively. Establishing new languages is a powerful strategy for controlling

complexity in engineering design; we can often enhance our ability to deal with a complex

problem by adopting a new language that enables us to describe (and hence to think about) the

problem in a di�erent way, using primitives, means of combination, and means of abstraction

that are particularly well suited to the problem at hand.
1

1
The same idea is pervasive throughout all of engineering. For example, electrical engineers use many di�erent

languages for describing circuits. Two of these are the language of electrical networks and the language of
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Programming is endowed with a multitude of languages. There are physical languages, such

as the machine languages for particular computers. These languages are concerned with the

representation of data and control in terms of individual bits of storage and primitive machine

instructions. The machine-language programmer is concerned with using the given hardware

to erect systems and utilities for the e�cient implementation of resource-limited computa-

tions. High-level languages, erected on a machine-language substrate, hide concerns about the

representation of data as collections of bits and the representation of programs as sequences

of primitive instructions. These languages have means of combination and abstraction, such

as function de�nition, that are appropriate to the larger-scale organization of systems.

Metalinguistic abstraction—establishing new languages—plays an important role in all branches

of engineering design. It is particularly important to computer programming, because in pro-

gramming not only can we formulate new languages but we can also implement these lan-

guages by constructing evaluators. An evaluator (or interpreter) for a programming language

is a function that, when applied to a statement or expression of the language, performs the

actions required to evaluate that statements or expression.

It is no exaggeration to regard this as the most fundamental idea in programming:

The evaluator, which determines the meaning of statements and expressions in a

programming language, is just another program.

To appreciate this point is to change our images of ourselves as programmers. We come to see

ourselves as designers of languages, rather than only users of languages designed by others.

In fact, we can regard almost any program as the evaluator for some language. For instance,

the polynomial manipulation system of section 2.5.3 embodies the rules of polynomial arith-

metic and implements them in terms of operations on list-structured data. If we augment

this system with functions to read and print polynomial expressions, we have the core of a

special-purpose language for dealing with problems in symbolic mathematics. The digital-

logic simulator of section 3.3.4 and the constraint propagator of section 3.3.5 are legitimate

languages in their own right, each with its own primitives, means of combination, and means of

abstraction. Seen from this perspective, the technology for coping with large-scale computer

systems merges with the technology for building new computer languages, and computer

electrical systems. The network language emphasizes the physical modeling of devices in terms of discrete

electrical elements. The primitive objects of the network language are primitive electrical components such

as resistors, capacitors, inductors, and transistors, which are characterized in terms of physical variables called

voltage and current. When describing circuits in the network language, the engineer is concerned with the physical

characteristics of a design. In contrast, the primitive objects of the system language are signal-processing modules

such as �lters and ampli�ers. Only the functional behavior of the modules is relevant, and signals are manipulated

without concern for their physical realization as voltages and currents. The system language is erected on the

network language, in the sense that the elements of signal-processing systems are constructed from electrical

networks. Here, however, the concerns are with the large-scale organization of electrical devices to solve a given

application problem; the physical feasibility of the parts is assumed. This layered collection of languages is

another example of the strati�ed design technique illustrated by the picture language of section 2.2.4.
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science itself becomes no more (and no less) than the discipline of constructing appropriate

descriptive languages.

We now embark on a tour of the technology by which languages are established in terms of

other languages. In this chapter we shall use JavaScript as a base, implementing evaluators as

JavaScript functions. JavaScript is particularly well suited to this task, because of its ability to

represent and manipulate symbolic expressions. We will take the �rst step in understanding

how languages are implemented by building an evaluator for JavaScript itself. The language

implemented by our evaluator will be a subset of JavaScript. Although the evaluator described

in this chapter is written for a particular subset of JavaScript, it contains the essential structure

of an evaluator for any language designed for writing programs for a sequential machine. (In

fact, most language processors contain, deep within them, a little evaluator.) The evaluator

has been simpli�ed for the purposes of illustration and discussion, and some features have

been left out that would be important to include in a production-quality JavaScript system.

Nevertheless, this simple evaluator is adequate to execute most of the programs in this book.
2

An important advantage of making the evaluator accessible as a JavaScript program is that

we can implement alternative evaluation rules by describing these as modi�cations to the

evaluator program. One place where we can use this power to good e�ect is to gain extra

control over the ways in which computational models embody the notion of time, which was

so central to the discussion in chapter 3. There, we mitigated some of the complexities of state

and assignment by using streams to decouple the representation of time in the world from

time in the computer. Our stream programs, however, were sometimes cumbersome, because

they were constrained by the applicative-order evaluation of JavaScript. In section 4.2, we’ll

change the underlying language to provide for a more elegant approach, by modifying the

evaluator to provide for normal-order evaluation.

Section 4.3 implements a more ambitious linguistic change, whereby statements and expres-

sions have many values, rather than just a single value. In this language of nondeterministic
computing, it is natural to express processes that generate all possible values for statements

and expressions and then search for those values that satisfy certain constraints. In terms of

models of computation and time, this is like having time branch into a set of “possible futures”

and then searching for appropriate time lines. With our nondeterministic evaluator, keeping

track of multiple values and performing searches are handled automatically by the underlying

mechanism of the language.

In section 4.4 we implement a logic-programming language in which knowledge is expressed

in terms of relations, rather than in terms of computations with inputs and outputs. Even

2
The most important features that our evaluator leaves out are mechanisms for handling errors and supporting

debugging. For a more extensive discussion of evaluators, see Friedman, Wand, and Haynes 1992, which gives an

exposition of programming languages that proceeds via a sequence of evaluators written in the Scheme dialect

of Lisp.

383 Generated 2020-08-18 16:40:02Z



Metalinguistic Abstraction 4.1

though this makes the language drastically di�erent from JavaScript, or indeed from any

conventional language, we will see that the logic-programming evaluator shares the essential

structure of the JavaScript evaluator.

4.1 The Metacircular Evaluator

Our evaluator for JavaScript will be implemented as a JavaScript program. It may seem circular

to think about evaluating JavaScript programs using an evaluator that is itself implemented

in JavaScript. However, evaluation is a process, so it is appropriate to describe the evaluation

process using JavaScript, which, after all, is our tool for describing processes.
3

An evaluator

that is written in the same language that it evaluates is said to be metacircular.

The metacircular evaluator is essentially a JavaScript formulation of the environment model

of evaluation described in section 3.2. Recall that the model speci�es the evaluation of function

application in two basic steps:

1. To evaluate a function application, evaluate the subexpressions and then apply the value

of the function subexpression to the values of the argument subexpressions.

2. To apply a compound function to a set of arguments, evaluate the body of the function

in a new environment. To construct this environment, extend the environment part of

the function object by a frame in which the parameters of the function are bound to the

arguments to which the function is applied.

These two rules describe the essence of the evaluation process, a basic cycle in which state-

ments and expressions to be evaluated in environments are reduced to functions to be applied

to arguments, which in turn are reduced to new expressions statements and expressions to be

evaluated in new environments, and so on, until we get down to symbols, whose values are

looked up in the environment, and to operators and primitive functions, which are applied

directly (see �gure 4.1).
4

This evaluation cycle will be embodied by the interplay between the

3
Even so, there will remain important aspects of the evaluation process that are not elucidated by our evaluator.

The most important of these are the detailed mechanisms by which functions call other functions and return

values to their callers. We will address these issues in chapter 5, where we take a closer look at the evaluation

process by implementing the evaluator as a simple register machine.

4
If we grant ourselves the ability to apply primitives, then what remains for us to implement in the evaluator?

The job of the evaluator is not to specify the primitives of the language, but rather to provide the connective

tissue—the means of combination and the means of abstraction—that binds a collection of primitives to form a

language. Speci�cally:

– The evaluator enables us to deal with nested expressions. For example, although simply applying primitives

would su�ce for evaluating the expression 1 + 6, it is not adequate for handling 1 + (2 * 3). As far

as the operator + is concerned, its arguments must be numbers, and it would choke if we passed it the

expression 2 * 3 as an argument. One important role of the evaluator is to choreograph composition so

that 2 * 3 is reduced to 6 before being passed as an argument to +.

– The evaluator allows us to use names. For example, the addition operator has no way to deal with expres-

sions such as x + 1. We need an evaluator to keep track of name and obtain their values before invoking
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two critical functions in the evaluator, evaluate and apply, which are described in section 4.1.1

(see �gure 4.1).

The implementation of the evaluator will depend upon functions that de�ne the syntax
of the expressions to be evaluated. We will use data abstraction to make the evaluator in-

dependent of the representation of the language. For example, rather than committing to a

choice that an assignment is to be represented by a list beginning with the symbol assignment

we use an abstract predicate is_assignment to test for an assignment, and we use abstract

selectors assignment_name and assignment_value to access the parts of an assignment. Imple-

mentation of expressions will be described in detail in section 4.1.2. There are also operations,

described in section 4.1.3, that specify the representation of functions and environments. For

example, make_function constructs compound functions, lookup_name_value accesses the val-

ues of names, and apply_primitive_function applies a primitive function to a given list of

arguments.

4.1.1 The Core of the Evaluator

Evaluate ApplyFunction, 
Arguments

Expression,
Environment

Figure 4.1: The evaluate–apply cycle exposes the essence of a computer language.

The evaluation process can be described as the interplay between two functions: evaluate

and apply.

the operators.

– The evaluator allows us to de�ne compound functions. This involves keeping track of function de�nitions,

knowing how to use these de�nitions in evaluating expressions, and providing a mechanism that enables

functions to accept arguments.

– The evaluator provides the other constructs of the language such as conditional expressions and blocks.
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The function evaluate

The function evaluate takes as arguments a statement or an expression
5

and an environment.

It classi�es the statement/expression and directs its evaluation. The function evaluate is struc-

tured as a case analysis of the syntactic type of the statement/expression to be evaluated. In

order to keep the function general, we express the determination of the type of a statement/-

expression abstractly, making no commitment to any particular representation for the various

types of statements/expressions. Each type of statement/expression has a predicate that tests

for it and an abstract means for selecting its parts. This abstract syntax makes it easy to see how

we can change the syntax of the language by using the same evaluator, but with a di�erent

collection of syntax functions.

Primitive expressions

– For self-evaluating expressions, such as numbers, evaluate returns the expression itself.

– The function evaluate must look up names in the environment to �nd their values.

Language constructs

– An assignment to (or a declaration of) a name must recursively call evaluate to compute

the new value to be associated with the name. The environment must be modi�ed to

change the binding of the name.

– A conditional expression requires special processing of its parts, so as to evaluate the

consequent if the predicate is true, and otherwise to evaluate the alternative.

– A lambda expression must be transformed into an applicable function by packaging

together the parameters and body speci�ed by the lambda expression with the environ-

ment of the evaluation.

– A sequence of statements requires evaluating its component statements in the order in

which they appear.

– A block requires evaluating its body, while ensuring that declarations within the block

remain local to the block.

– When evaluate encounters a return statement, the return expression is evaluated and

marked as a return value.

Combinations

– An operator combination is treated as a function application. The operator symbol is the

5
We see no need to distinguish between expressions and statements in our evaluator. For example, we do

not need to di�erentiate between expressions and expression statements; we represent them identically and

consequently they are handled in the same way by the evaluate function. JavaScript is syntactically restricted

such that statements cannot appear inside of expressions except in function bodies, but our evaluator is going to

ignore such restrictions. For example, JavaScript does not allow nesting of return statements inside of expressions,

but our evaluator would happily accept programs in which such nesting occurs, provided that we represent them

appropriately, according to section 4.1.2.
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name of the function being applied, and the operands are the arguments. Thus evaluate

does not need any rules for operators combinations.

– For a function application, evaluate must recursively evaluate the function expression

and the arguments of the application. The resulting function and arguments are passed

to apply, which handles the actual function application.

Here is the de�nition of evaluate:

Ifunction evaluate(stmt, env) {

return is_self_evaluating(stmt)

? stmt

: is_name(stmt)

? lookup_symbol_value(symbol_of_name(stmt), env)

: is_constant_declaration(stmt)

? eval_constant_declaration(stmt, env)

: is_variable_declaration(stmt)

? eval_variable_declaration(stmt, env)

: is_assignment(stmt)

? eval_assignment(stmt, env)

: is_conditional_expression(stmt)

? eval_conditional_expression(stmt, env)

: is_lambda_expression(stmt)

? make_function(lambda_parameters(stmt),

lambda_body(stmt),

env)

: is_sequence(stmt)

? eval_sequence(sequence_statements(stmt), env)

: is_block(stmt)

? eval_block(stmt, env)

: is_return_statement(stmt)

? eval_return_statement(stmt, env)

: is_application(stmt)

? apply(evaluate(function_expression(stmt), env),

list_of_values(args(stmt), env))

: error(stmt, "Unknown syntax -- evaluate");

}

For clarity, evaluate has been implemented as a case analysis using conditional expressions.

The disadvantage of this is that our function handles only a few distinguishable types of

statements and expressions, and no new ones can be de�ned without editing the de�nition

of evaluate. In most interpreter implementations, dispatching on the type of a statement or

expression is done in a data-directed style. This allows a user to add new types of statements

and expressions that evaluate can distinguish, without modifying the de�nition of evaluate

itself. (See exercise 4.3.)
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Metalinguistic Abstraction 4.1.1

Apply

The function apply takes two arguments, a function and a list of arguments to which the

function should be applied. The function apply classi�es functions into two kinds: It calls

apply_primitive_function to apply primitives; it applies compound functions by sequen-

tially evaluating the statements that make up the body of the function. The environment for

the evaluation of the body of a compound function is constructed by extending the base envi-

ronment carried by the function to include a frame that binds the parameters of the function

to the arguments to which the function is to be applied. Here is the de�nition of apply:

Ifunction apply(fun, args) {

if (is_primitive_function(fun)) {

return apply_primitive_function(fun, args);

} else if (is_compound_function(fun)) {

const result = evaluate(function_body(fun),

extend_environment(

function_parameters(fun),

args,

function_environment(fun)));

return is_return_value(result)

? return_value_content(result)

: undefined;

} else {

error(fun, "Unknown function type -- apply");

}

}

In order to return a value, JavaScript functions need to evaluate a return statement. If a function

terminates without return, the value undefined is returned. Thus, if the evaluation of the

function body yields a return value, the content of the return value is retrieved, and otherwise

the value undefined is returned.

Function arguments

When evaluate processes a function application, it uses list_of_values to produce the list

of arguments to which the function is to be applied. The function list_of_values takes as an

argument the arguments of the application. It evaluates each argument and returns a list of

the corresponding values:
6

Ifunction list_of_values(exps, env) {

6
We could have simpli�ed the is_application function clause in evaluate by using map (and stipulating

that args returns a list) rather than writing an explicit list_of_values function. We chose not to use map here

to emphasize the fact that the evaluator can be implemented without any use of higher-order functions (and

thus could be written in a language that doesn’t have higher-order functions), even though the language that it

supports will include higher-order functions.
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Metalinguistic Abstraction 4.1.1

return no_args(exps)

? null

: pair(evaluate(first_arg(exps), env),

list_of_values(rest_args(exps), env));

}

Conditional expressions

The function eval_conditional_expression evaluates the predicate part of a conditional

expression in the given environment. If the result is true, the consequent is evaluated, otherwise

the alternative:

Ifunction eval_conditional_expression(stmt, env) {

return is_true(evaluate(cond_expr_pred(stmt), env))

? evaluate(cond_expr_cons(stmt), env)

: evaluate(cond_expr_alt(stmt), env);

}

The use of is_true in eval_conditional_expression highlights the issue of the connec-

tion between an implemented language and an implementation language. The predicate is

evaluated in the language being implemented and thus yields a value in that language. The

interpreter predicate is_true translates that value into a value that can be tested by the con-

ditional expression in the implementation language: The metacircular representation of truth

might not be the same as that of the underlying JavaScript.
7

Sequences

The function eval_sequence is used by evaluate to evaluate a sequence of statements at the

toplevel, or in a block. It takes as arguments a sequence of statements and an environment,

and evaluates the statements in the order in which they occur. The value returned is the value

of the �nal statement, except if the result of evaluating any statement in the sequence yields a

return value, that value is returned and the subsequent statements are ignored.
8

Ifunction eval_sequence(stmts, env) {

if (is_empty_sequence(stmts)) {

return undefined;

} else if (is_last_statement(stmts)) {

return evaluate(first_statement(stmts),env);

7
In this case, the language being implemented and the implementation language are the same. Contemplation

of the meaning of is_true here yields expansion of consciousness without the abuse of substance.

8
The treatment of return statements in eval_sequence re�ects the proper result of evaluating function

applications in JavaScript, but the evaluator presented here does not comply with the ECMAScript speci�cation

for the value of programs that consist of sequences of statements outside of any function body. Exercise 4.9

addresses this gap.
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Metalinguistic Abstraction 4.1.1

} else {

const first_stmt_value =

evaluate(first_statement(stmts),env);

if (is_return_value(first_stmt_value)) {

return first_stmt_value;

} else {

return eval_sequence(

rest_statements(stmts),env);

}

}

}

Blocks

The function eval_block is used by evaluate to evaluate block statements. The constants

and variables declared in the block need to be local to the block. The evaluation of block

statements evaluates the body of the block with respect to an environment that extends the

current environment with a binding of the local names of the block body to a special value

"*unassigned*".

Ifunction list_of_unassigned(names) {

return is_null(names)

? null

: pair("*unassigned*", list_of_unassigned(tail(names)));

}

Ifunction eval_block(stmt, env) {

const body = block_body(stmt);

const locals = scan_out_declarations(body);

const unassigneds = list_of_unassigned(locals);

return evaluate(body,

extend_environment(locals, unassigneds, env));

}

The function scan_out_declarations collects the list of all names declared in the body state-

ments. For a name to be included in the list, it needs to be declared outside of any other

block.

Ifunction scan_out_declarations(stmt) {

if (is_sequence(stmt)) {

const stmts = sequence_statements(stmt);

return is_empty_sequence(stmts)

? null

: append(scan_out_declarations(first_statement(stmts)),

scan_out_declarations(make_sequence(

rest_statements(stmts))));

} else {
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Metalinguistic Abstraction 4.1.1

return is_constant_declaration(stmt)

? list(constant_declaration_symbol(stmt))

: is_variable_declaration(stmt)

? list(variable_declaration_symbol(stmt))

: null;

}

}

The purpose of the lambda expression is purely to create a unique identity; the function will

never be applied and its return value (here null) is irrelevant.

Return statements

The function eval_return_statement is used by evaluate to evaluate return statements. As

seen in the evaluation of sequences, the result of evaluation of return statements needs to be

identi�able so that the evaluation of function bodies can return immediately, even if there are

statements after the return statement. For this purpose, the evaluation of a return statement

wraps the result of evaluating the return expression in a return value object.

Ifunction eval_return_statement(stmt, env) {

return make_return_value(

evaluate(return_expression(stmt),

env));

}

Assignments and declarations

The following function handles assignments to variables. It calls evaluate to �nd the value to

be assigned and transmits the variable and the resulting value to assign_symbol_to_value to

be installed in the designated environment.

Ifunction eval_assignment(stmt, env) {

const value = evaluate(assignment_value(stmt), env);

assign_symbol_value(assignment_symbol(stmt), value, env);

return value;

}

Declarations of constants and variables are treated similar to assignments; they replace the

current value of the name in the environment (which must be "*unassigned*") by the result

of evaluating the value statement. Exercise 4.12 explains how we distinguish variables from

constants and how we prevent assignment to constants.

Ifunction eval_variable_declaration(stmt, env) {

assign_symbol_value(variable_declaration_symbol(stmt),

evaluate(variable_declaration_value(stmt), env),

391 Generated 2020-08-18 16:40:02Z

http://source-academy.github.io/playground#chap=4&prgrm=PTAEDMFcDsGMBcCWB7aBnCAnZBbUBlASQGEAFUAKX1ABYA6ARkYCgo4lVQBTANwEMANpD7wuACjTwc8ADTdoPAJSgA3s1AbMXeJEzRQiNAH00XAeCO9BwpNADmEqfEXqNb9wH4Nk6a-fuALgNjaD4ccR9nP38NLwFkZABrSAAHEwBPHAAjZAEjfiEIzJy85AtQ8MdpRTkuBRcYwOCjWFRJPmh4IwATLlgBPkwRFGgqqMa3Lys81vR4Dq7e-sHh1DHa+uiYoMN8wcQ+LIEuHr6BoY5RyIaJ0CmCvcwDo5Ol89Wrpw2lLf8d4z4aDQiDs0HCnTGNwm90ERkBwNB4Pg63kP1uoH+LVQ3UQl1hXAAHiktECRpDfp5uA9Zji8XlCcSuKS1pFvlDGpiBtlunxLESScCWU52TEvDg+IkTmwEGSuVkeUYUitwqJMGhITIKejbnKFTluukNVrtY06mjbpjTABHSB1WARYXGu5U2HW21wCJcG12k7tURI9XXNlOzFHZCwRLk9EwvJhiMos0iv7NLQ6PQmeb+urI65OmNGVO6aAZkRcJEJzbozF8FIpASIWAfKO3Lw1uuG6Y2cTSy58xnMz7VNmak0xeuSIxlPaFdWDOyB4VspNNLiYbCYFEAIgAqtBEtBkAB3fRodKdPgE0AAWivLqEpc3igA3MwAL6sGAyzhtgSGthyOc0GUNQ3EQcBQDEXZiUQHBcUQHgpU-S4xDYRRgN+Qs9FAH90kVJ5YKQBCjB7Ml-2wzB52fPxX24ARTAMcDIOMVocBSZAYG6YikNImA0NUX5ZkkUASUgAR4FAABeO8uxQ7jUCMfU-14kdR21QlRGgTizUQbAwWzMQnVU-wSPkpUhhVVd1VQlSjJNQCbNs9ETOLbTdPLVC0JfGJMP0XYfOnW0xBEsTl1FYTtCLAKTlmDTkWC8YTSCDiuHARBoC4bovI0GizHokD-FXddZOgOQdz3A9jwgOT9HgdIUi4a9bxwx8stAd932c0Bxy6KcCltdUGTQNl+P8HzQAPOEKIGokgONLxoFEgRjSCJUdLETtSxQnSJzndaZpqVEakM-xusnCw+qZIKmS6QC9pSIClxfDrqrvLFNLg1B8X5JlBUHWRDpGtwxt2eBMECjbRDEGk+0wPCMo1Q7QsmaTNuhhlYcEhHE0MoIIfENH+ThMSsfqJ6P3YEZXrdH0xiGgH8o0MCIN2MsUlqkwvXde1ab4hnRoirDktS9LMuiHK6IapmmKMAYJz9Mt9MiID0JNMa8a2tUunl8slZqRNWra2i8q1QTxNSzWM2kKLJNAY71fNuXMwViFdZkfWtSlvyBeLC6Ncdq2Lt546xodrWnCig33HF43Ve9qnOZp473BJMPSwDHm3dJrV3yjt9ya-fRTqnGB4RBEWxAqJkVaBuPdgWgQBArsIq61ebFq1Fa+DWzcACoS9JUEMp7zc5CLix+4Rcv5kQRvK+V58AEh3Dzzq0EbYt2MWM4VkuBdqkBxnGN2amPUhauYlN0AlZtk-7RLLNOj35xI5rtNfOMVn2dvh1pFmk024bsdIIbY6jdAkOvSckAt7LAuCMKy21U4PxzE4ZWDlHJrw6JA6B7xd5iHFJKDm3pT5J0cvzR2adsxP3nlRKORsGp82TrXZibR5idFODApsuZ-5dUMMiU2Cx2E4JGBkbIuQz5AOaPwJ4hxjiCJ3mSLho44i8LEFI54si3jyPkqeURjdrhI2TPXAQBt2r50uK9OMkZWT02iJfRSNtLEKWQAaSEBtL7xEbHRG+EDN5yNgW0MQikaFuEvhPMuGUMBSTHkYMJg8wEeMEEBA2as+qbUUmgtSBINJaQUDpVA5YEl0TkLEkWdNExUWehTTg0w4QDz0i7L4Nj3CXwujbdWpdETZiiiTJQBsOnFh0SUbp-SkQiJKAjC6bJklxwumTTqNS1EyNeNvfxf1hp836WM3I3TFkvD8R8LZejFxanVrsjRKyDm+yDIdDJGh3Y0Q0GYymNT+FsM0asisSgD7YTqYc7przsFaIGcUMRQYTmpMhgC-ZvYrmLhuScrO75mAgCqlU9AWBcAEBIOQKgtBGB0AAExPM4MfMwFgIZpQcNcb5wMQiQGyKuSEGgAA+zLDLH1BpSploBWXsuMDkXIXAOhMt5dqOui1uUsrZWK4wQs0rw2uHMl6IM+B2DsBlGWKjrHwAABYnHmHYc+4U37NFWhualAAyC1oA9V8DAdSiSjrQC6v1aqpVaLmiVyZXzWlRgDXqs4t1LclcWorxeoM7ZU4vXUp9XHW1YDp5HOqBU4l79amTx1sKA+vr-UaqDdYzcIzsyhsqQXH5GaukRqTc4bNcahUJq7o3eNYhE1n08mGj1Ra2Gwv3gzMazbW2tv0SmzquwoXvM4VmvtTC-WqoDZqyQW5x0XMuCW1NoBl0cN7FW71fh+31pbY2sQA6j3DpHS9TdQj5I9prdOk1J6Z6HsfcO91ZbdhnOWVuhRU690ztzYGrVjTNwfuhSMNdnUQMTu3SC6t59912qfU2g9Q7hRoXPR6yDK7hE3rg3WhDg7T2ofQ2+4wupeTox+t+3tv6TUqrVXmwD0hSpkZhpR1A4GXosbMs3VUT9cMmvFCkCQMGzpGErnIB9sH22lvMSxxSu7X5Fhtcho9KHk3EfMV7N+99nbIOo4prCdH535qA-5bWxaNOU38hRgcCnNB4Ybc+1Dr7NPMPenSVjtmY00aU0Zhji7rEkI0JuGkH1Qj0m+gODjHqCbEjhvan9BnC68ILClFEDBLOcFixjAJ3mks8InFocAKICWZf0Nlomenb0+awqdIrKIADMZXmjfzs8a3zxh-0Lqq6Vb+0Wy34N9AnU+uta0mqDZuPrchdYucpt-HT6cY1uBq-oSTZ9ZucFDgtxWKD+NKebTNjtZaU7bcfjzMbSm1PwCSUd1zlhWJf2G9zUbd6OtiYlYdmTlNdiy0Qbp87r3DN0obohnmzXdiWLa+1oHs76MAYC0Byx-XzGDYUh4qxiX7PjZUZuJH03hQbf0I4+TeX8trf0YT5oP4GyTv01jt7XWTNMdAIW2s9ZGyrua85Tzv02vwcc1Jynt1SfQ9Wypx9V20OU4mrdZA909sw6MWIOXN2vubYQZNBwKuFdi4Q9rynJ3Zfy4u1hVt+u87IrAM5DA4BsB4CIGQSg1B6BMAa+ukGYNxAEiNWNS8jqpKg1tJT1HzkxDcYsmqOQ6Smn5YmyxNiHEuJopHkF0A4ftCWSj849IUzbvfeYaxdimkk8FxQj7v9c7-PInAKVePRfOLOWR5Tbn6feNl5pXHOraWa+gAy5T7n8nwDl+x4V7vchSv9+qpYXJbl9JD47yPro9We9NeDxKE4-lfYxWzMPpTE3N-WC4CPDdqBYrg+MAfwoqjD+75h4zlRkyWeX9tE3zgz-oqn-0oHBf+3xeN0Ds1naPEMCPYNPjwHkvUsiImD-qbkevcuultrbs3OtPUDAbrmAvAfMnAMAScFkH+OZFwOssvIwiamaihAQbnu+JfC6vdmzLhK5PktmDbEYi+J1CHgQcJronTBdEBGgWnl3OajBtwYfqrggQQYclZAQcBMQWTgekgeEFzuITweQc3NIctiQZdkevIVwIAVkqAmARATrEIXIAUHTFkICCcNAbGuNnUHYLqpwSULwf7l1LYfYaYQYs6GQewcgVWsIXRAdOYaYGAR4UEMcPYPYb4coAADwuHhE6rX7+FJxTBrjIAbibgAAqCQoA4o0A6Q5Edg9KlCV8qQdYiAGUQQm4oAAA1LbKQm4JIE8PYGBIaJEdUSzqVG0anv4A0ZSs0QkcrEnLjCkWkZkcgBAFwIePkYUY-MUWzmUd0BUZ0XUd4Jyk0eAC0UIcoDUcfpUTUV0e4D0WsYaO4c1vEEkKkH8lcjBustEFgTwDLAkEJlYVqKvOvA4bkH4bwQwo0L6krpEfsc6GaA8XLgZMsW4EAcgCAXYAYbPhCOUgCUEFWpJE6gdpsQCbEMpghu4eiRiFfG8UOpsXIK2icS-NlB7IxGaMiQHnqrQezAwZAUahMIVKke8QIKVLuDkBxONM3KGhMNHPQsdJfNoTbIgRwe7LHCahgqMNoRISoQobco5DKcodoe2nyWLNEGrAoMCU8YiuupslWt0lWiYYIDce4HcdqSgV8t8RoK8cKr4caf4d8hML8R9mibZFMFqWcUJuiRCVCTCYwXCfUB4cmEic4aiVwcGWFKYF0M2qYQ6ZGSGfiaeoSc6keiSdnLUY0FLJSc4TQZ-PQTPgGdViaMyYIbouydAJyZpNyeEI1OWmXEiLyY0PyU6Y0EKQQSKRrtoZacEuiGNFKXKb6EIYOUdGCW4EqSISOb2f4DnG4LOfTlhECV6T2WTJbqigXDbnblio7rii7nQDQO7sYNBARPBIhGisVDrs0PfoumRJuMeXBAhK-voPeYRCcDBHWLpk2KhCbugaDh5GTJfC+aeSXrvDbEGhSBNvGsfm4PGqOKOWODjomtBRoImnBbchNmashfwTpGhRBTjt1Fhd1LhY0BNuKg3MfmRQIOiPBSdDjjiGgHWHwOkMfvRYxXkbcDRe4BNqWchaWSaJxW4BNuKLqnCFkGgCPMJTqqJRgBMAJRoBNlUVhW4GIASHIOkMoBJAAHygCXg1HsVyUFbIibhXhKUaAqVqUaXaWXi3j6XoU47DxyAxDmWgDqWSRWWgA9wuUaAGUTbACmUQSqUuWWU6WgBgC2V4WLqbgACk-lzlrlWlIVUVXloAPlOO--HnMcOJDQXYPEOYfSIWZATfBFGkLnRCFROujUmZk7Jmszs8RoVhKju-mHaOOrNZpFrzmClTeUquZfDgLhMSMgHYOZDbGZKYMtSoOueYsVtIWNAwInTRB-T-aGurNfXhHfeZESTSZPW9fiLPUiM+EAA
http://source-academy.github.io/playground#chap=4&prgrm=PTAEDMFcDsGMBcCWB7aBnCAnZBbUBlASQGEAFUAKX1ABYA6ARkYCgo4lVQBTANwEMANpD7wuACjTwc8ADTdoPAJSgA3s1AbMXeJEzRQiNAH00XAeCO9BwpNADmEqfEXqNb9wH4Nk6a-fuALgNjaD4ccR9nP38NLwFkZABrSAAHEwBPHAAjZAEjfiEIzJy85AtQ8MdpRTkuBRcYwOCjWFRJPmh4IwATLlgBPkwRFGgqqMa3Lys81vR4Dq7e-sHh1DHa+uiYoMN8wcQ+LIEuHr6BoY5RyIaJ0CmCvcwDo5Ol89Wrpw2lLf8d4z4aDQiDs0HCnTGNwm90ERkBwNB4Pg63kP1uoH+LVQ3UQl1hXAAHiktECRpDfp5uA9Zji8XlCcSuKS1pFvlDGpiBtlunxLESScCWU52TEvDg+IkTmwEGSuVkeUYUitwqJMGhITIKejbnKFTluukNVrtY06mjbpjTABHSB1WARYXGu5U2HW21wCJcG12k7tURI9XXNlOzFHZCwRLk9EwvJhiMos0iv7NLQ6PQmeb+urI65OmNGVO6aAZkRcJEJzbozF8FIpASIWAfKO3Lw1uuG6Y2cTSy58xnMz7VNmak0xeuSIxlPaFdWDOyB4VspNNLiYbCYFEAIgAqtBEtBkAB3fRodKdPgE0AAWivLqEpc3igA3MwAL6sGAyzhtgSGthyOc0GUNQ3EQcBQDEXZiUQHBcUQHgpU-S4xDYRRgN+Qs9FAH90kVJ5YKQBCjB7Ml-2wzB52fPxX24ARTAMcDIOMVocBSZAYG6YikNImA0NUX5ZkkUASUgAR4FAABeO8uxQ7jUCMfU-14kdR21QlRGgTizUQbAwWzMQnVU-wSPkpUhhVVd1VQlSjJNQCbNs9ETOLbTdPLVC0JfGJMP0XYfOnW0xBEsTl1FYTtCLAKTlmDTkWC8YTSCDiuHARBoC4bovI0GizHokD-FXddZOgOQdz3A9jwgOT9HgdIUi4a9bxwx8stAd932c0Bxy6KcCltdUGTQNl+P8HzQAPOEKIGokgONLxoFEgRjSCJUdLETtSxQnSJzndaZpqVEakM-xusnCw+qZIKmS6QC9pSIClxfDrqrvLFNLg1B8X5JlBUHWRDpGtwxt2eBMECjbRDEGk+0wPCMo1Q7QsmaTNuhhlYcEhHE0MoIIfENH+ThMSsfqJ6P3YEZXrdH0xiGgH8o0MCIN2MsUlqkwvXde1ab4hnRoirDktS9LMuiHK6IapmmKMAYJz9Mt9MiID0JNMa8a2tUunl8slZqRNWra2i8q1QTxNSzWM2kKLJNAY71fNuXMwViFdZkfWtSlvyBeLC6Ncdq2Lt546xodrWnCig33HF43Ve9qnOZp473BJMPSwDHm3dJrV3yjt9ya-fRTqnGB4RBEWxAqJkVaBuPdgWgQBArsIq61ebFq1Fa+DWzcACoS9JUEMp7zc5CLix+4Rcv5kQRvK+V58AEh3Dzzq0EbYt2MWM4VkuBdqkBxnGN2amPUhauYlN0AlZtk-7RLLNOj35xI5rtNfOMVn2dvh1pFmk024bsdIIbY6jdAkOvSckAt7LAuCMKy21U4PxzE4ZWDlHJrw6JA6B7xd5iHFJKDm3pT5J0cvzR2adsxP3nlRKORsGp82TrXZibR5idFODApsuZ-5dUMMiU2Cx2E4JGBkbIuQz5AOaPwJ4hxjiCJ3mSLho44i8LEFI54si3jyPkqeURjdrhI2TPXAQBt2r50uK9OMkZWT02iJfRSNtLEKWQAaSEBtL7xEbHRG+EDN5yNgW0MQikaFuEvhPMuGUMBSTHkYMJg8wEeMEEBA2as+qbUUmgtSBINJaQUDpVA5YEl0TkLEkWdNExUWehTTg0wCze3vs7ZB0hhp8zGvgk4-lfYkJRpDfy6MfoKMXF0245SyadRqWomRrxt7+L+s06IpdQQiJKFFVR+xJl+I+EssRQYtTqwmS8DZvZfZBkOhkjQ7saIaDMZTGp-C2GaJmRWJQB9sID2LDo5Zvs7nYK0e84o2zBkTHVt8w5wjjmLlObsrO75mAgCqlU9AWBcAEBIOQKgtBGB0AAEzXM4MfMwFgIZpQcNcF5wMQiQGyKuSEGgAA+tLDLH1BsSmloB6WMuMDkXIXAOg0vZdqOui1WV0oZQK4wQs0rw2uKMl6IM+B2DsBlGWKjrHwAABYnHmHYc+4U37NFWhuUlAAyI1oANV8DAaSiS1rQDqs1fKmVCLmiVxpS0phRgtWKs4t1LclcWorxeh83IZ0jAutJW6vV5qwHTz0cKCpuL35wjeTrYUB9yUevlV65VkgtwLL0p0f1lSC6vMnkiLZsb94MzGlGsQMaxA1rrfozyAanV5rLeCytfhq08ujV3Ruja43xs6rsEFDzOGpqre6z1SqfXWM3KO6ZHxC0JtAAujhvYg0VucGmuODa+31p7bW-dTah0vTXUI+SHbt2TsjYeutA7qjNqLeY3Y+yNGLuQuGrtU7M0zpVV8UAm431TPXSMZdnVgOgu0f8rd59u0WqPTPA9CGH3ODQqep1kGx1HOsD-a937b0of3ah9Djri27F1LyPpA5XUEaLM0ad3r-1NMA5RmG-TUDgZemxsyzdVRPzg3HcUKQJAwZDZXOQe6kNNrI+YtjilaOv3o1J-tx7B2ycpl7N+9SU2dqU1hOVCq-05rnf5bW2YuNOt6d9GjX79P6BU2fDTeLmHvTpOx2zE66MGeMIx7NjT-pDPndiD6oR6Q2d+pZ4tBNiRw0tV5+zPCJxaHACiBgGHovYhhm9ATO69WnRSyiLFGXzExdhoIALgn8u8Nqal6xABmErmnjDf0U5oH9RmmMmYA5ub+UXzFtMIVzPDQE8v0Z9b1hOHoR5XxQU1zg38dOUNdW4bzDm71qcfc5-Qoclsuzm2NrCNbdbbfCuQpBVCqv0dQ0klt5GP6sS-lN7mutDuJqMTzU7FHASIIaTzN7zqhU3afSu3Yli2vtb1YZrNs6euWP65TQb4O7OQ-Gyozc8O5DSru+YxxCmUeo6Oxt6TcavsAlrPWRsn6EuE8TX52HLHNw-gbEu+bO3qoed+hD+DvaSdbZx5TW6BOeeIdU3ztDbPxrIEmvOMQyB7pXZ86GoV8vbvPsprt3aqvFfrYQ9r07KcZfqm1wDut+u86wrAM5DA4BsB4CIGQSg1B6BMHq6D3zYNxAEh1WNS81qpKg1tKdwbzkxC8YsmqOQ6SbGMOqzm4LrF2KaS4gikeQzw-aEslH5x6Q2Rk6xInjiKeC4oR9x1mHKjwClRYmxIvzkEecGcoqZUme1Sl7JXHArKUUJyHS6dpvCnwBl7j10QrVfQDFf7xz1y+T9JD47yP2rPfQCNeDxKdpdSvmoFisPtH8eOm4ZmzFbMkutORV9oHBf9HofGeRBdUqB-CgN-0I-20b1YqrMKLvonRGkOB0l3aPEMCPYJYLkm5PpImFflhHWhciurtrbs3OtPUFAbrmArAWMnAEAScFkH+OZFwM0svLHvRgaihHgXnnnJfHapYI9rhDPvmuJFJEYi+J1CHngaJronTBdKNhGsQV3IajBpwbhmrnAXgeWlZHgcBIQYljWggeEJLrIScFwaQc3JIatkQdAfugoQAVkqAqATwHkvQewSUIIUUqAFkICCcJATwVhMcPYOqkYbkKNv7l1HUHYPYQUH-NGKACQawYgZuiYQ9GYRYXoQYhiC4XYWqg4XRMoAADzhFuGREeGhGxDcBrjIAbibgAAqCQoA4o0A6Q5EdglKlCV8qQdYiAGUQQm4oAAA1LbKQm4JIE8PYGBIaP4coHUTNtUXUUMv4E0cSq0Z-srEnLjGkRkdkcgBAFwIeIUcUY-KURThUd0FUbUfUQ0bNs0XYIMe0asV0asb0e4P0S0eAIaEkZLvEEkKkOWispunMu4BgTwDLAkCJlYVqKvOvFEQETqhMOmh9u0Qcc6GaE8fLgZOsW4IAcgMAXYHoQYeWOUgCUEJupJDasdgIckS2GaoekkQCRoIiR8Y2miXIHWmcS-NlB7IxGaMiQHhqtQWzLQWAbPp0N8aaGMVEaVLuDkBxONM3P6hMNHPQsdJfAoTbPAWwe7LHHqhgqMAoWIcoXIWco5DKUoVocEjEDnG4OqbTqiMCS8dCiunmtcccjBnIAUHcW4A8TqUgc8gwuaYGh8f4SaYksyd5O6n8WiUMlMAoJaTiRCVCTCeARCPCbZIiTBlSZiQhv8aQl4KYF0DWh4Y6QIOicmFKaLp8QdMSU6aqf4DROSRBJSc4VQZ-PSfoQGfhiaIVOkWyYBhyUnt0NyeEI1CWmXEiLyY0PyS8hMEKXgSKQgsRGKVnBKfRimTKf4XKVwEdGCeaaIcqRIVmbnPOYlkCRcbqUoGTJbvCgXDbnbiio7uii7nQDQO7nhDBHBERKHqhADjfl1siGRJuNBARPBFwM-t4fhKeScDBHWA0k2BeTespsTo3B5GTJfPeW+cXrvDbD6hSBNlGjNm4FGqOBOWOOjjGrBRoDGghWchNgaqhd4XwRhVBejt1Dhd1PhY0BNoKg3DNhRQIOiIhSdOjjiGgHWHwOkDNoxcxQUbcHRe4BNhWZgKhXxSaNxW4BNuKOqnCFkGgCPGJWqhJRgBMMJRoBNjUThW4GIASHIOkMoBJAAHygCXh1GcWKVJbIibhXiqUaDqWaXaV6WXi3hGWYXo7DxyAxBWWgBaWSS2WgA9zuUaDGUTbAAWUQQaXuU2X6WgBgAOUEXx4ACkQVblHlul4VMVvloA-l6O-uqlCVYVfuNqWljl8eAAhNallSFYlV5cVVJPldFaZTEfFWVTlaAHERoNVWRejjERJBZdlZ5eFR1S1elfHjpfVdZT1ZeHpf1QVaZTpZ1S5e4N1UlWNVJKFZNWIJuIVUFeFe4ElRoIVW4N7hSFRMBa+YRIhAimIZJFqMJsht0HICBSdWBXAodSwi+SefdU3sgFkAAFZ9DwCRKXU1jFQ9VYXHWPkzaOYeTGX+B3WPkPVtBPVzAvUPlETfKRImViATYSoiwzaY0ZSQ2TkiXo6EDQDCy4isUuVE0k21R4341o2bgyVGCkCECoX02M3U342iUiCyUACiOF9NXNbNk5E2AAcnwELUFSLULUmaQvDUJNDcjSwgIv4RdRMFdeBElTIQdHLdFArY-DLeJFrTlqwl0FwcrY0KrT1eDWhLdSDfLXMAsLdp1DhMeUjadSXmRHON1N-voE7WlDEppKuL+MSkYJ9XwPwGvE8GzKCUZAbR+ccEiN+cpEMh7bws+P4ALgthFGkHQeWF7dwDocntnfpF0iAppGHjba7RugIXIDiRoAbSCu0QqY0CXWAgbe9V9T9XTDXYjaBSClwQLW4IWTQf6Yyc-HnMcOJFQXYPEOYfSAyfQTfJncPYYVRCujUm2orABq8e4JfBdDbOrOvWwlegdOKW4AaZuisgfVrDBgjPfodMknHBdGuZfDgLhMSMgHYOZDbGZKYKtSoC4eJH7qAAwE+OFVJFiiA6+P6urC-XhO-eZESTSVPR9fiHPUiM+EAA
http://source-academy.github.io/playground#chap=4&prgrm=PTAEDMFcDsGMBcCWB7aBnCAnZBbUBlASQGEAFUAKX1ABYA6ARkYCgo4lVQBTANwEMANpD7wuACjTwc8ADTdoPAJSgA3s1AbMXeJEzRQiNAH00XAeCO9BwpNADmEqfEXqNb9wH4Nk6a-fuALgNjaD4ccR9nP38NLwFkZABrSAAHEwBPHAAjZAEjfiEIzJy85AtQ8MdpRTkuBRcYwOCjWFRJPmh4IwATLlgBPkwRFGgqqMa3Lys81vR4Dq7e-sHh1DHa+uiYoMN8wcQ+LIEuHr6BoY5RyIaJ0CmCvcwDo5Ol89Wrpw2lLf8d4z4aDQiDs0HCnTGNwm90ERkBwNB4Pg63kP1uoH+LVQ3UQl1hXAAHiktECRpDfp5uA9Zji8XlCcSuKS1pFvlDGpiBtlunxLESScCWU52TEvDg+IkTmwEGSuVkeUYUitwqJMGhITIKejbnKFTluukNVrtY06mjbpjTABHSB1WARYXGu5U2HW21wCJcG12k7tURI9XXNlOzFHZCwRLk9EwvJhiMos0iv7NLQ6PQmeb+urI65OmNGVO6aAZkRcJEJzbozF8FIpASIWAfKO3Lw1uuG6Y2cTSy58xnMz7VNmak0xeuSIxlPaFdWDOyB4VspNNLiYbCYFEAIgAqtBEtBkAB3fRodKdPgE0AAWivLqEpc3igA3MwAL6sGAyzhtgSGthyOc0GUNQ3EQcBQDEXZiUQHBcUQHgpU-S4xDYRRgN+Qs9FAH90kVJ5YKQBCjB7Ml-2wzB52fPxX24ARTAMcDIOMVocBSZAYG6YikNImA0NUX5ZkkUASUgAR4FAABeO8uxQ7jUCMfU-14kdR21QlRGgTizUQbAwWzMQnVU-wSPkpUhhVVd1VQlSjJNQCbNs9ETOLbTdPLVC0JfGJMP0XYfOnW0xBEsTl1FYTtCLAKTlmDTkWC8YTSCDiuHARBoC4bovI0GizHokD-FXddZOgOQdz3A9jwgOT9HgdIUi4a9bxwx8stAd932c0Bxy6KcCltdUGTQNl+P8HzQAPOEKIGokgONLxoFEgRjSCJUdLETtSxQnSJzndaZpqVEakM-xusnCw+qZIKmS6QC9pSIClxfDrqrvLFNLg1B8X5JlBUHWRDpGtwxt2eBMECjbRDEGk+0wPCMo1Q7QsmaTNuhhlYcEhHE0MoIIfENH+ThMSsfqJ6P3YEZXrdH0xiGgH8o0MCIN2MsUlqkwvXde1ab4hnRoirDktS9LMuiHK6IapmmKMAYJz9Mt9MiID0JNMa8a2tUunl8slZqRNWra2i8q1QTxNSzWM2kKLJNAY71fNuXMwViFdZkfWtSlvyBeLC6Ncdq2Lt546xodrWnCig33HF43Ve9qnOZp473BJMPSwDHm3dJrV3yjt9ya-fRTqnGB4RBEWxAqJkVaBuPdgWgQBArsIq61ebFq1Fa+DWzcACoS9JUEMp7zc5CLix+4Rcv5kQRvK+V58AEh3Dzzq0EbYt2MWM4VkuBdqkBxnGN2amPUhauYlN0AlZtk-7RLLNOj35xI5rtNfOMVn2dvh1pFmk024bsdIIbY6jdAkOvSckAt7LAuCMKy21U4PxzE4ZWDlHJrw6JA6B7xd5iHFJKDm3pT5J0cvzR2adsxP3nlRKORsGp82TrXZibR5idFODApsuZ-5dUMMiU2Cx2E4JGBkbIuQz5AOaPwJ4hxjiCJ3mSLho44i8LEFI54si3jyPkqeURjdrhI2TPXAQBt2r50uK9OMkZWT02iJfRSNtLEKWQAaSEBtL7xEbHRG+EDN5yNgW0MQikaFuEvhPMuGUMBSTHkYMJg8wEeMEEBA2as+qbUUmgtSBINJaQUDpVA5YEl0TkLEkWdNExUWehTTg0wCze3vs7ZB0hhp8zGvgk4-lfYkJRpDfy6MfoKMXF0245SyadRqaXREisvg2PcJfC6Nt1YTL0mw32QZDoGyWSIkoUUxBLKRFssRayLpsmSXHC6ZNmAgCqlU9AWBcAEBIOQKgtBGB0AAExmMpsfMwFgIZpQcNcA+4U37NAWtkVckINAAB8oWGWPqDf5kLQAwrhcYHIuQuAdEhSi7UddFpIuhbC3FxghZpXhtcUZL0QZ8DsHYDKMsVHWPgAACxOPMOw59gVFmaKtDcgKABk-LQCsr4GAwFEkJWgBZWymllKbmgubpClpTCjDsrpZxbqW5K4tRXi9HR2ypyVyVdEMaIqwHTz0cKCpnzOC7D2VM-eDNgbGDVfSzV1jNz2s6DqypBdsID2WVrYohzhQH1NZi81XdG5mrEBas+nldXyq9V0VZoanVxxjXGuN+jrWdV2Pwthmj-F-XPs61VNL1UMskFuAt2CtHQB9Ta-Qta-EfAOZax1fhw2itjVGsQma+05tzS9FtRa22ps7a-blA6Z69tnTmuVfrdhqJka8bexbjVTqwtS2lbrGXTM3Cul4rbLiNs6kejR66236pDZOzQGaI1zujY+7NVqE2+vMRetdHDewTucGGh9Pas2DrfYu8xuxdS8j6QOTd96QU7sre6g9kGYb9NQGel6KGzLN1VE-UtcdxQpAkMG0o5Rm5yBnR25w76m1dTCPKXkilYNcqwpRp98awNfOMP5bWDr-3pvgy6ite7q0ep407JEGH5W9O+jBwFAnp0vpA9UYd8r83Yg+qEeksnfrMbLa6jV+6mm21spuGkmmvr9l+lJv1BNiRwzFWmrtcdTpaHACiBgqnbPYhhm9PDAGQWuZSiiN5XnzF2dhoIRp-HnOBd4bU9z1iADMYWuOEK5j-GLW737lt3YZ0TB7v42fMW09LNNdYBe5ZqzcRW5C6045wb+9T07ybcLFxTQHlPUYa-oUOzW+NAUq6xx99XE1+pTv1x+PMhs1S60ksb4GP6sS-gnU+FWFPbpCPi0bH60uy0QQ06bG2ctGPY7rVLtq0UeKsU5xhgncuIaM-9TcljiuU1K5YvTLmVEveuyPK+woeugEcUx+TJrAORvnVaoHdraz1kbMhMH2XmgGardF0qP4GwfDe5wZyqG5O3bgx1yHVGaOdVukjonw3OuztfSpi7+gJq3WQPdfD93Tss-m7t3HCDJoOE52z4nYgBdA4m8z1nM2pV9pF3nS5YBnIYHANgPARAyCUGoPQJgSXaMgzBuIAknKxqXglVJUGtogelecmIbDFk1RyHSTM5H1WWJsQ4lxG5I8hk2+0JZe3zj0gnIW2ll37FNLu4LihQ3KrUeavAKVEPbvnI4969VRUyofdqkj0CsaQX3Nx9AJ5oHeOmPgCj3FicbmUJyFC0X1Prl8n6VL9n77Ffgv55SxbiU7S6m+xitmMvVWfsdOsFwf7ffOgM5TD3kfqiR8D82w9kTyJjmgE3MPwoyeWM+xH29WKs-Cjz-0GxwOk+7TxGBPYSwuS3L6UTM3kFcb3bc967zpXiq7-KpBTGp-tGz-IFMApH+OZFwM0svHdtyryihMAYHu+JfNKpYMtrhPXoGjbEYi+J1JbsAcRronTBdINp-hAV3HyiRrgSPlzrRm-uEO2lZMAcBGAcjjGpQVwJPkwVFDQc3HQW1uAVhHGkwaflkqAlfjwHkoGtgSUKQUUsDoCCcB-uDoFnUHYCymIbkINibl1AoUoQUH-NGKAJAZgYqjepIVoQdFkNIUIQYhiOofYEoYYYNgADxWGKHMr77aHahTBrjIAbibgAAqCQoA4o0A6Q5EdgkAAYV8qQdYiAGUQQm4oAAA1CZqQt4AivYGBIaLYcoAkf9rEQkUMv4JIE8KkeAIaMYRYRoLjB4V4b4cgBAFwIeMEaEZQuEXDlEd0DEfEYkUkQUf8mkcoXRJkavqVB0Xke4N0UUSUYkmTphgkMkGkIYTsoYc0tEGMgoDLAkERrIRMKvOvH0RIfgcHCqqdhkSMc6GaGsSzgZEke4H-hfnYEISIeWOUicUEIYZJJKjGscVcc6DGsYSceUVfDsdmiQQdHGqUS-NlB7IxGaG8abqyggWzEgdfg3hPkChMIVJ4X0aVLuDkBxONM3DqhMNHPQsdJfEwTbH1kwetFnLHCChgqMKwbYVARwRkqQqwXgUyeEAmoSWLHIdymcfEBcT-uTgGu2gsSRnIAUEse4CsTwOcRsfUKiW4NsVirYRKZMYqd5IcdtsCUMlMKsQKURn8Tcf8vcTfhCE8bZC8SRjCcKiNjqaQl4KYF0D8YkmqQIGUdsACVikCTgSCX2mCdnJ0f4FLNCWofAZ-IicIWaVlmpJUZiavtiaHt0HieEI1P6pPJJsEjEESRqf4KScAeSa-lge7DSdynSRyb6CQRWUdF8UqcAWwdWVmf4DnG4C2VTvoPyesVSUoBclcgrnciro8uri8kwDQDrsYNBARPBIhDcsVILgvjHiomRJuJOXBAhJvquYRCcDBHWA0k2KhJLmxh5GTJfJudOeHrvDbJqhSNVmav9m4GaqODWWOD9haveRoBak+SydVryu+boUQV+TeT9t1H+d1IBY0NVnig3P9lBQIOiM+SdD9jiGgHWHwOkP9shahUEbcAhe4NVuiZgO+QRSaLhW4NVuKCynCFkGgCPBRcylRRgBMKRRoNVnEX+W4GIASHIOkMoBJAAHygCXgJHYXMU8LVqbhXjsUaCcXcW8UCWXi3giXfk-bDxyAxAyWgA8WSTyWgA9yaUaCiXVbABSUQRcWaVyWCWgBgBKVAXiUACkJlGlWl-Flldl+loAhlP2Ju7FTlFlxukqPFyl4lAAhBKj5WZc5TpaFVJIFbZciJuHYY5RFX5aAA4RoLFRBT9nYRJFJb5dpZZdlelZ5eJXxUlbJflZeAJUVUFfFXxTlWpe4HlS5ZVVJOZTVWIJuMFSZZZe4C5RoMFW4AbhSFRKefhGuTOQXNQZJFqIRv2hGnIGeURAriNSwroWNVuRecIsgFkAAFZ9DwCRIzU1jFT5U-nrXTn-ZHm8RoQsn+CLUTW7wrVzBrUwTjV+asIHVXkqLVakoiz-a-UZSiW1l4U-aEDQDCy4joVqVg0Q21RA3A0sU-Z0VGCkCEDvnI2o3w0I3kUiD0UACif5yNeNWNwN1WAAcnwGTSZRTWTR6UkU9UJPde9QIrYdNRMLNeBC5YwQdEzbWvNqNa9RtS2ngWzY0BzflUeTdS9VOURHzVROTnDrhEzVbmRHON1IfthIrUYGlDEppKuL+CaTtXwPwGvE8GzJcUZEzTuccEiPucpEMmrbws+P4EHo1hFGkMgeWBrepIIZ7fpF0iAppNbudUtanqqUGaQrzSwizcCbdY0IHWAsranttXtQgHTH8RoFHXMAIngSTe4OGYgaacic-HnMcOJPAXYPEKYfSEiSgVJE6akEXaIVRL-g8F+iegMsZpsW4JsvMb7O3WOr2IYUaGiakpDAPVer+jPmsomLdU-m1mMtSNHYWpPZ3f9N3RoL3SRjsqOqvdoiRiPaaGPfjMvXWsWgsYuIdHPVnO+MwJfDgErdgHYOZDbGZKYB1SoOoeJMbgXk+KAJfEEVJG8n-UJZpX-a+DqurA-XhMgM-WEHIBXVXfiLXUiM+EAA


Metalinguistic Abstraction 4.1.2

env);

}

function eval_constant_declaration(stmt, env) {

assign_symbol_value(constant_declaration_symbol(stmt),

evaluate(constant_declaration_value(stmt), env),

env);

}

Exercise 4.1

Notice that we cannot tell whether the metacircular evaluator evaluates arguments from left

to right or from right to left. Its evaluation order is inherited from the function map of the

underlying JavaScript environment: If the arguments to pair in map are evaluated from left to

right, then evaluate will evaluate arguments from left to right; and if the arguments to pair

are evaluated from right to left, then evaluate will evaluate arguments from right to left.

Write a version of evaluate that evaluates arguments from left to right regardless of the order

of evaluation in the underlying JavaScript. Also write a version of evaluate that evaluates

arguments from right to left.

4.1.2 Representing Statements and Expressions

The evaluator is reminiscent of the symbolic di�erentiation program discussed in section 2.3.2.

Both programs operate on symbolic expressions. In both programs, the result of operating on

a compound expression is determined by operating recursively on the pieces of the expres-

sion and combining the results in a way that depends on the type of the expression. In both

programs we used data abstraction to decouple the general rules of operation from the details

of how expressions are represented. In the di�erentiation program this meant that the same

di�erentiation function could deal with algebraic expressions in pre�x form, in in�x form,

or in some other form. For the evaluator, this means that the syntax of the language being

evaluated is determined solely by the functions that classify and extract pieces of expressions.

Here is the speci�cation of the syntax of our language:

– The self-evaluating items are numbers, strings, boolean values, and null.

Ifunction is_self_evaluating(stmt) {

return is_number(stmt) ||

is_string(stmt) ||

is_boolean(stmt) ||

is_null(stmt) ||

is_undefined(stmt);

}
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– The function is_name tests whether the given statement is a name expression, and the

function symbol_of_name accesses the JavaScript string that represents the name.

Ifunction is_name(stmt) {

return is_tagged_list(stmt, "name");

}

function symbol_of_name(stmt) {

return head(tail(stmt));

}

The function is_name is de�ned in terms of the function is_tagged_list, which identi-

�es lists beginning with a designated string that we call tag:

Ifunction is_tagged_list(stmt, the_tag) {

return is_pair(stmt) && head(stmt) === the_tag;

}

– Assignments have the form name = value:

Ifunction is_assignment(stmt) {

return is_tagged_list(stmt, "assignment");

}

function assignment_symbol(stmt) {

return head(tail(head(tail(stmt))));

}

function assignment_value(stmt) {

return head(tail(tail(stmt)));

}

– Declarations have the form

const name = value;

or

let name = value;

or

function name(parameter1, . . ., parametern) {

body
}

Here, we treat the latter form (function declarations) as syntactic sugar
9

for

const name = (parameter1, . . ., parametern) => { body; };

The corresponding syntax functions are the following:

Ifunction is_constant_declaration(stmt) {

return is_tagged_list(stmt, "constant_declaration");

}

function constant_declaration_symbol(stmt) {

return head(tail(head(tail(stmt))));

9
In JavaScript, there is a subtle di�erence between the two forms, see footnote 52 in chapter 1.
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}

function constant_declaration_value(stmt) {

return head(tail(tail(stmt)));

}

function is_variable_declaration(stmt) {

return is_tagged_list(stmt, "variable_declaration");

}

function variable_declaration_symbol(stmt) {

return head(tail(head(tail(stmt))));

}

function variable_declaration_value(stmt) {

return head(tail(tail(stmt)));

}

– Lambda expressions are lists that begin with the string "lambda_expression":

Ifunction is_lambda_expression(stmt) {

return is_tagged_list(stmt, "lambda_expression");

}

function lambda_parameters(stmt) {

return map(symbol_of_name, head(tail(stmt)));

}

function lambda_body(stmt) {

return head(tail(tail(stmt)));

}

– return statements are objects tagged with the string "return":

Ifunction is_return_statement(stmt) {

return is_tagged_list(stmt, "return_statement");

}

function return_expression(stmt) {

return head(tail(stmt));

}

– Conditional expressions are tagged with "conditional_expression" and have a predi-

cate, a consequent, and an alternative.

Ifunction is_conditional_expression(stmt) {

return is_tagged_list(stmt,

"conditional_expression");

}

function cond_expr_pred(stmt) {

return list_ref(stmt, 1);

}

function cond_expr_cons(stmt) {

return list_ref(stmt, 2);

}

function cond_expr_alt(stmt) {

return list_ref(stmt, 3);

}
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– A sequence statement packages a sequence of statements into a single statement. We

include syntax operations on sequences to extract the actual sequence from the sequence

statement, selectors that return the �rst statement and the rest of the statements in

the sequence, and predicates that test whether a sequence is empty or has only one

statement.
10

Ifunction is_sequence(stmt) {

return is_tagged_list(stmt, "sequence");

}

function make_sequence(stmts) {

return list("sequence", stmts);

}

function sequence_statements(stmt) {

return head(tail(stmt));

}

function first_statement(stmts) {

return head(stmts);

}

function rest_statements(stmts) {

return tail(stmts);

}

function is_empty_sequence(stmts) {

return is_null(stmts);

}

function is_last_statement(stmts) {

return is_null(tail(stmts));

}

– A block contains its body statement.

Ifunction is_block(stmt) {

return is_tagged_list(stmt, "block");

}

function make_block(stmt) {

return list("block", stmt);

}

function block_body(stmt) {

return head(tail(stmt));

}

– A function application is an object tagged with the string "application". We provide

access functions for the operator, the operands, and three functions for iterating through

the operand list:

Ifunction is_application(stmt) {

return is_tagged_list(stmt, "application");

10
These selectors for a list of statements—and the corresponding ones for a list of operands—are not intended

as a data abstraction. They are introduced as mnemonic names for the basic list operations in order to make it

easier to understand the explicit-control evaluator in section 5.4.
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}

function function_expression(stmt) {

return head(tail(stmt));

}

function args(stmt) {

return head(tail(tail(stmt)));

}

function no_args(ops) {

return is_null(ops);

}

function first_arg(ops) {

return head(ops);

}

function rest_args(ops) {

return tail(ops);

}

Exercise 4.2

In this section, we assume that the given program is represented using tagged list notation.

Of course, for actually writing our programs we prefer the JavaScript syntax. The JavaScript

environment for this book provides a function parse that translates a given string in JavaScript

syntax into the corresponding tagged list notation.

Iparse("const x = 1;");

l i s t ( " c on s t an t_d e c l a r a t i on " , l i s t ( "name" , " x " ) , 1 )

a. Verify experimentally that the parse function in your JavaScript environment treats

function declarations as constant declarations, ignoring the subtle di�erence between

the two mentioned in footnote 52 of chapter 1.

b. Explore how parse treats the variant of lambda expressions introduced in footnote 21

of chapter 2 by comparing the results of

Iparse("x => 1;");

and

Iparse("x => { return 1; };");

c. Verify experimentally that parse treats operator combinations as applications of primi-

tive functions. Why does this not lead to any confusion in the interpreter?

d. Explore how parse treats conditional statements if (...) \{...\} else \{...\} in-

troduced in section 1.3.2. Install conditional statements for the evaluator by de�ning ap-

propriate syntax functions and the evaluation function eval_conditional_statement.

e. The inverse of the function parse is called unparse. It takes a tagged list as produced

by parse as argument and returns a string that adheres to JavaScript notation. Write
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a function unparse by following the structure of evaluate (without the environment

parameter), but producing a string that represents the given statement, rather than eval-

uating it. Recall from section 3.3.4 that the the operator + can be applied to two strings

to concatenate them and that the primitive function stringify turns values such as 1.5,

true, null and undefined into strings. Unparsing application expressions needs to check

whether the function expression is an operator name, and in that case use in�x or pre�x

notation. Take care to respect operator precedences by surrounding resulting strings

with parentheses (always or whenever necessary).

f. Your unparse function will come in handy when solving later exercises in this section.

Improve unparse by adding blank " " and newline "\n" characters to the result string,

to follow the indentation style used in the JavaScript programs of this book. The activity

of adding/removing such characters to and from a program text is called pretty-printing.

Hint: Passing a string as second argument of the display function will cause the output

to include an actual new line for each newline character.

Exercise 4.3

Rewrite evaluate so that the dispatch is done in data-directed style. Compare this with the

data-directed di�erentiation function of exercise 2.73. (You may use the head of a compound

expression as the type of the expression, as is appropriate for the syntax implemented in this

section.)

Exercise 4.4

Recall the de�nitions of the logical composition operations && and || from chapter 1:

– expression
1
&& expression

2
: The expression expression

1
is evaluated �rst. If it evaluates to

false, false is returned; the expression expression
2

is not evaluated. If it evaluates to true,

the value of expression
2

is returned.

– expression
1
|| expression

2
: The expression expression

1
is evaluated �rst. If it evaluates to

true, true is returned; the expression expression
2

is not evaluated. If it evaluates to false,

the value of expression
2

is returned.

Explore how parse represents && and || expressions. Explain why we should not treat these

expressions as applications of primitive functions, similar to operator combinations. Install &&

and || operations for the evaluator by de�ning appropriate syntax functions and evaluation

functions eval_and and eval_or.
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Exercise 4.5

In JavaScript, lambda expressions must not have duplicate parameters. The evaluate function

in section 4.1.1 does not check for this.

– Modify the evaluate function such that any attempt to apply a function with duplicate

parameters raises an error.

– Implement a verify function that checks whether any lambda expression in a given

program contains duplicate parameters. With such a function, we could check the entire

given program before we pass it to evaluate.

In order to implement this check in a JavaScript interpreter, which one of these two approaches

would you prefer? Why?

The names declared in the body of a lambda expression outside of a block must be distinct

from each other, and also distinct from the names of the parameters of the lambda expression.

Use your preferred approach above to check for this, as well.

Exercise 4.6

The language Scheme includes a variant of let called let*. We could approximate the seman-

tics of let* in JavaScript by stipulating that a let* declaration implicitly introduces a new

block whose body includes the declaration and all subsequent statements of the statement

sequence in which the declaration occurs. For example, the program

display(1);

let* x = 2;

let* y = x + 3;

display(x + y);

could be seen as a shorthand for

display(1);

{

let x = 2;

{

let y = x + 3;

display(x + y);

}

}

a. Write programs in such an extended JavaScript language that behave di�erently when

some occurrences of the keyword let are replaced with let*.

b. De�ne appropriate syntax functions for this let* variant.

c. Write a function let_star_to_nested_let that that transforms any occurrence of let*
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in a given program as described above. We can then evaluate programs p in the extended

language by running evaluate(let_star_to_nested_let(p));.

d. Consider the alternative of implementing let* as we implemented let and const, namely

by introducing an evaluation function eval_let_star_declaration. Why does this ap-

proach not work?

Exercise 4.7

The language JavaScript supports while loops that execute a given statement repeatedly. More

speci�cally,

Iwhile ( predicate ) { body }

evaluates the predicate, and if it holds, it evaluates the body, followed by evaluating the whole

while loop again. Once the result of evaluating the condition is false, the while loop terminates.

Using this syntax, we can for example compute the greatest common divisor of two numbers

using the following function:

Ifunction gcd(a, b) {

while (a !== b) {

if(a > b) {

a = a - b;

} else {

b = b - a;

}

}

return a;

}

a. Declare a function while_loop that takes as arguments a predicate and a body—both

represented by functions of no arguments—and simulates the behavior of the while loop.

The gcd function would then look as follows:

Ifunction gcd(a, b) {

while_loop( () => a !== b,

() => { if (a > b) {

a = a - b;

} else {

b = b - a;

}

}

);

return a;

}

Make sure that your function while_loop generates an iterative process, see section 1.2.1.

b. Explore how parse represents while loops.
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c. Install while loops for the evaluator by de�ning appropriate syntax functions and a trans-

formation function while_to_function_call that makes use of your function while_loop.

d. What problem arises with this approach for implementing while loops, when the pro-

grammer decides within the body of the loop to return from the function that contains

the loop?

e. Change your approach to address the problem. How about directly installing while loops

for the evaluator, using a function eval_while?

f. Following this direct approach, implement a break; statement that immediately termi-

nates the loop in which it is evaluated.

g. Implement a continue; statement that terminates only the loop iteration in which it is

evaluated, and continues with evaluating the while loop predicate.

Exercise 4.8

Another kind of loop available in JavaScript is the for loop, which combines an initialization,

a predicate, an update statement and a body in a single construct. Similar to the while loop, the

body is repeatedly executed as long as the predicate holds. After every execution, the update

statement is evaluated. Here is a function that reverses a list, using a for loop.

Ifunction reverse(xs) {

let result = null;

for (let current = xs; ! is_null(current); current = tail(current)) {

result = pair(head(current), result);

}

return result;

}

a. Explore how parse represents for loops.

b. Following the approach for while loops in exercise 4.7, �rst implement a function

for_loop that takes as arguments four functions of no arguments, and simulates the

behavior of the for loop. Then install for loops for the evaluator by de�ning appropriate

syntax functions and a transformation function for_to_function_call that makes use

of your function for_loop. Finally, install for loops directly in the interpreter, using a

function eval_for.

c. Assume the you have solved the last part of exercise 4.7. Would this allow for a particu-

larly elegant way to install for loops for the evaluator?

d. Eva Lu Ator tries to combine for loops with lambda expressions in the following pro-

gram.

Ifunction reverse_functions(xs) {

let result = null;

for (let curr = xs; ! is_null(curr); curr = tail(curr)) {
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result = pair(() => head(curr), result);

}

return result;

}

To her surprise, all functions in the list returned by reverse_functions are useless: They

apply head to null and thus give an error because after execution of the for loop, the

value of the variable curr is null. Alyssa P. Hacker proposes to give each iteration of

any for loop with a declaration of a variable its own “instance” of the variable. Modify

your solution to part (b) to follow Alyssa’s approach, and verify that Eva’s program now

works as expected.

e. The designers of JavaScript decided to follow Alyssa’s approach. Discuss this decision.

Exercise 4.9

Following up on footnote 8, this exercise addresses the question what should be the result of

evaluating a JavaScript program that consists of a sequence containing declarations, blocks, ex-

pression statements, conditional statements and assignments outside of any function body. For

this, JavaScript statically
11

distinguishes between value-producing and non-value-producing
statements. All declarations are non-value-producing, and all expression statements, condi-

tional statements and assignments are value-producing. A block is value-producing if its body

statement is value-producing, and then its value is the value of its body statement. A sequence

is value-producing if any of its component statements is value-producing, and then its value

is the value of its last value-producing component statement. The value of an expression state-

ment is the value of the expression. The value of a conditional statement is the value of the

branch that gets executed, or the value undefined if that branch is not value-producing. The

value of an assignment is the value of the expression to the right of its = sign. Finally, if the

whole program is not value-producing, its value is the value undefined.

a. According to this speci�cation, what are the values of the following programs?

– I1; 2; 3;

– I1; { if (true) { } else { 2; } }

– I1; const x = 2;

– I1; { let x = 2; { x = x + 3; } }

b. Modify the evaluate function of the previous section to adhere to this speci�cation.

11
Here “statically” means that we can make the distinction by inspecting the program rather than by running

it.
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4.1.3 Evaluator Data Structures

In addition to de�ning the external syntax of expressions, the evaluator implementation must

also de�ne the data structures that the evaluator manipulates internally, as part of the execution

of a program, such as the representation of functions and environments and the representation

of true and false.

Testing of predicates

To enter the consequent of a conditional, we expect the predicate to evaluate to the value true,

and thus we de�ne the evaluator function is_true as follows:

Ifunction is_true(x) {

return x === true;

}

With the de�nition of the function eval_conditional_expression of section 4.1.1, this means

that our evaluator evaluates the alternative statement for any predicate value other than true.

Representing functions

To handle primitives, we assume that we have available the following functions:

– apply_primitive_function( fun, args ) applies the given primitive function to the ar-

gument values in the list args and returns the result of the application.

– is_primitive_function(fun) tests whether fun is a primitive function.

These mechanisms for handling primitives are further described in section 4.1.4.

Compound functions are constructed from parameters, function bodies, and environments

using the constructor make_function:

Ifunction make_function(parameters, body, env) {

return list("compound_function",

parameters, body, env);

}

function is_compound_function(f) {

return is_tagged_list(f, "compound_function");

}

function function_parameters(f) {

return list_ref(f, 1);

}

function function_body(f) {

return list_ref(f, 2);

}
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function function_environment(f) {

return list_ref(f, 3);

}

Representing return values

We saw in section 4.1.1 that the evaluation of sequences terminates when the �rst return state-

ment encountered, and that the evaluation of function applications needs to return the value

undefined if the evaluation of the function body does not encounter a return statement. In

order to identify the evaluation of return statements, we introduce return values as evaluator

data structures.

Ifunction make_return_value(content) {

return list("return_value", content);

}

function is_return_value(value) {

return is_tagged_list(value, "return_value");

}

function return_value_content(value) {

return head(tail(value));

}

Operations on Environments

The evaluator needs operations for manipulating environments. As explained in section 3.2,

an environment is a sequence of frames, where each frame is a table of bindings that associate

names with their corresponding values. We use the following operations for manipulating

environments:

– lookup_symbol_value( symbol, env ) returns the value that is bound to the symbol in

the environment env, or signals an error if the symbol is unbound.

– extend_environment( symbols, values, base-env ) returns a new environment, consisting

of a new frame in which the symbols in the list symbols are bound to the corresponding

elements in the list values, where the enclosing environment is the environment base-env.

– assign_symbol_value( symbol, value, env ) �nds the innermost frame of env in which

the symbol is bound, and changes that frame so that the symbol is now bound to the

given value.

To implement these operations we represent an environment as a list of frames. The enclosing

environment of an environment is the tail of the list. The empty environment is simply the

empty list.

Ifunction enclosing_environment(env) {
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return tail(env);

}

function first_frame(env) {

return head(env);

}

function enclose_by(frame, env) {

return pair(frame, env);

}

const the_empty_environment = null;

Each frame of an environment is represented as a pair of lists: a list of the variables bound

in that frame and a list of the associated values.
12

Ifunction make_frame(symbols, values) {

return pair(symbols, values);

}

function frame_symbols(frame) {

return head(frame);

}

function frame_values(frame) {

return tail(frame);

}

To extend an environment by a new frame that associates symbols with values, we make

a frame consisting of the list of symbols and the list of values, and we adjoin this to the

environment. We signal an error if the number of symbols does not match the number of

values.

Ifunction extend_environment(symbols, vals, base_env) {

return length(symbols) === length(vals)

? pair(make_frame(symbols, vals), base_env)

: error(pair(symbols, vals),

length(symbols) < length(vals)

? "Too many arguments supplied"

: "Too few arguments supplied");

}

The function extend_environment is used by apply in section 4.1.1 to bind the parameters of

a function to its arguments.

To look up a symbol in an environment, we scan the list of symbols in the �rst frame. If we

�nd the desired symbol, we return the corresponding element in the list of values. If we do

not �nd the symbol in the current frame, we search the enclosing environment, and so on. If

we reach the empty environment, we signal an “unbound name” error.

12
Frames are not really a data abstraction in the following code: The function assign_symbol_value uses

set_head to directly modify the values in a frame. The purpose of the frame functions is to make the environment-

manipulation functions easy to read.
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Ifunction lookup_symbol_value(symbol, env) {

function env_loop(env) {

function scan(symbols, vals) {

return is_null(symbols)

? env_loop(

enclosing_environment(env))

: symbol === head(symbols)

? head(vals)

: scan(tail(symbols), tail(vals));

}

if (env === the_empty_environment) {

error(symbol, "Unbound name");

} else {

const frame = first_frame(env);

return scan(frame_symbols(frame),

frame_values(frame));

}

}

return env_loop(env);

}

To assign a name to a new value in a speci�ed environment, we scan for the symbol of the

name, just as in lookup_symbol_value, and change the corresponding value when we �nd it.

Ifunction assign_symbol_value(symbol, val, env) {

function env_loop(env) {

function scan(symbols, vals) {

return is_null(symbols)

? env_loop(

enclosing_environment(env))

: symbol === head(symbols)

? set_head(vals, val)

: scan(tail(symbols), tail(vals));

}

if (env === the_empty_environment) {

error(symbol, "Unbound name -- assignment");

} else {

const frame = first_frame(env);

return scan(frame_symbols(frame),

frame_values(frame));

}

}

return env_loop(env);

}

The method described here is only one of many plausible ways to represent environments.

Since we used data abstraction to isolate the rest of the evaluator from the detailed choice of

representation, we could change the environment representation if we wanted to. (See exer-
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cise 4.10.) In a production-quality JavaScript system, the speed of the evaluator’s environment

operations—especially that of symbol lookup—has a major impact on the performance of the

system. The representation described here, although conceptually simple, is not e�cient and

would not ordinarily be used in a production system.
13

Exercise 4.10

Instead of representing a frame as a pair of lists, we can represent a frame as a list of bindings,

where each binding is a symbol-value pair. Rewrite the environment operations to use this

alternative representation.

Exercise 4.11

The functions lookup_symbol_value and assign_symbol_value can be expressed in terms of

a more abstract function for traversing the environment structure. De�ne an abstraction that

captures the common pattern and rede�ne the two functions in terms of this abstraction.

Exercise 4.12

Our language distinguishes constants from variables by using two di�erent keywords: const

and let. However, our interpreter does not make use of this distinction; the function assign_symbol_value

will happily assign a new value to a given symbol, regardless whether it is declared as a con-

stant or a variable. Correct this �aw by calling the function error whenever an attempt is

made to use a constant on the left hand side of an assignment. You may proceed as follows:

– Change the functions scan_out_declarations and (if necessary) extend_environment

such that constants are distinguishable from variables in the frames in which they are

bound.

– Change the function assign_symbol_value such that it checks whether the given symbol

has been declared as a variable or as a constant, and in the latter case signals an error

that assignment operations are not allowed on contants.

13
The drawback of this representation (as well as the variant in exercise 4.10) is that the evaluator may have

to search through many frames in order to �nd the binding for a given variable. (Such an approach is referred to

as deep binding.) One way to avoid this ine�ciency is to make use of a strategy called lexical addressing, which

will be discussed in section 5.5.6.
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Exercise 4.13

Prior to ECMAScript 2015’s strict mode that we are using in this book, variables in JavaScript

worked quite di�erently from Scheme, which would have made this adaptation considerably

less compelling.

a. Before ECMAScript 2015, the only way to declare a local variable in JavaScript was

using the keyword var instead of the keyword let. The scope of variables declared with

var is the entire body of the immediately surrounding function declaration or lambda

expression, rather than just the immediately enclosing block. Modify scan_out_names

and eval_block such that names declared with const and let follow the scoping rules

of var.

b. When not using the strict mode, JavaScript permits undeclared names to appear on the

left of the = sign in assignments. The meaning of such an assignment is that the new

binding is added to the global environment. Modify the function assign_symbol_value

to make assignment behave this way. The strict mode was introduced in JavaScript in

order to make programs more secure. What security issue is addressed by removing the

ability of assignment to add bindings to the global environment?

4.1.4 Running the Evaluator as a Program

Given the evaluator, we have in our hands a description (expressed in JavaScript) of the process

by which JavaScript statements and expressions are evaluated. One advantage of expressing

the evaluator as a program is that we can run the program. This gives us, running within

JavaScript, a working model of how JavaScript itself evaluates expressions. This can serve as

a framework for experimenting with evaluation rules, as we shall do later in this chapter.

Our evaluator program reduces expressions ultimately to the application of primitive func-

tions. Therefore, all that we need to run the evaluator is to create a mechanism that calls on

the underlying JavaScript system to model the application of primitive functions.

There must be a binding for each primitive function name, so that when evaluate evalu-

ates the function expression of an application of a primitive, it will �nd an object to pass to

apply. We thus set up a global environment that associates unique objects with the names of

the primitive functions that can appear in the expressions we will be evaluating. The global

environment also includes bindings for undefined and other names, so that they can be used

as constants in expressions to be evaluated.

Ifunction setup_environment() {

return extend_environment(

append(primitive_function_symbols,

primitive_constant_symbols),
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append(primitive_function_objects,

primitive_constant_values),

the_empty_environment);

}

Ilet the_global_environment = setup_environment();

It does not matter how we represent primitive function objects, so long as apply can identify

and apply them using the functions is_primitive_function and apply_primitive_function.

We have chosen to represent a primitive function as a list beginning with the string "primitive"

and containing a function in the underlying JavaScript that implements that primitive.

Ifunction is_primitive_function(fun) {

return is_tagged_list(fun, "primitive");

}

function primitive_implementation(fun) {

return head(tail(fun));

}

The function setup_environment will get the primitive names and implementation functions

from a list:
14

Iconst primitive_functions = list(

list("head", head ),

list("tail", tail ),

list("pair", pair ),

list("is_null", is_null ),

list("+", (x, y) => x + y ),

// more primitive functions

);

const primitive_function_symbols =

map(head, primitive_functions);

const primitive_function_objects =

map(fun => list("primitive", head(tail(fun))),

primitive_functions);

Similar to primitive functions, we de�ne primitive values that are installed in the global

environment by the function setup_environment.

Iconst primitive_constants = list(list("undefined", undefined),

list("math_PI", math_PI)

// more primitive constants

);

const primitive_constant_symbols =

14
Any function de�ned in the underlying JavaScript can be used as a primitive for the metacircular evaluator.

The name of a primitive installed in the evaluator need not be the same as the name of its implementation in the

underlying JavaScript; the names are the same here because the metacircular evaluator implements JavaScript

itself. Thus, for example, we could put list("first", head) or list("square", x => x * x) in the list of

primitive_functions.
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map(f => head(f), primitive_constants);

const primitive_constant_values =

map(f => head(tail(f)), primitive_constants);

To apply a primitive function, we simply apply the implementation function to the argu-

ments, using the underlying JavaScript system:
15

Ifunction apply_primitive_function(fun, arglist) {

return apply_in_underlying_javascript(

primitive_implementation(fun),

arglist);

}

For convenience in running the metacircular evaluator, we provide a driver loop that models

the the read-evaluate-print loop of the underlying JavaScript system. It prints a prompt and

reads an input program as a string. It then transforms the program string into a tagged-list

representation of the statement according to the description in section 4.1.2—a process called

parsing and accomplished by the primitive function parse (see exercise 4.2). We precede each

printed result by an output prompt so as to distinguish the value of the program from other

output that may be printed. The driver loop gets the program environment of the previous

program as argument. Following section 3.2.4, the new program environment is constructed

by extending the given environment with bindings of the names declared at toplevel to their

initial value "*unassigned*". The driver loop evaluates the program in the new program

environment and prints the result.

Iconst input_prompt = "M-evaluate input: ";

const output_prompt = "M-evaluate value: ";

function driver_loop(env) {

const input = user_read(input_prompt);

if (input === null) {

display("evaluator terminated");

} else {

const program = parse(input);

15
JavaScript’s apply method of function objects expects arguments in a vector. (Confusingly, vectors are called

arrays in JavaScript. For more on vectors, see section 5.3.1.) Thus, the arglist is transformed into a vector—here

in style using a while loop (see exercise 4.7):

function apply_in_underlying_javascript(prim, arglist) {
const arg_array = []; // empty vector
let i = 0;
while (!is_null(arglist)) {

arg_array[i] = head(arglist); // vector_set (see 5.3.1)
i = i + 1;
arglist = tail(arglist);

}
return prim.apply(prim, arg_array); // apply is accessed via prim

}
We have made use of apply_in_underlying_javascript to de�ne the function apply in section 2.4.3.
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Metalinguistic Abstraction 4.1.4

const locals = scan_out_declarations(program);

const unassigneds = list_of_unassigned(locals);

const program_env = extend_environment(locals, unassigneds, env);

const output = evaluate(program, program_env);

user_print(output_prompt, output);

driver_loop(program_env);

}

}

We use a special printing function user_print, to avoid printing the environment part of a

compound function, which may be a very long list (or may even contain cycles).

Ifunction user_print(string, object) {

function prepare(object) {

return is_compound_function(object)

? "< compound-function >"

: is_primitive_function(object)

? "< primitive-function >"

: is_pair(object)

? pair(prepare(head(object)),

prepare(tail(object)))

: object;

}

display(prepare(object), string);

}

We use JavaScript’s prompt function in order to request the input string from the user:

Ifunction user_read(prompt_string) {

return prompt(prompt_string);

}

Now all we need to do to run the evaluator is to initialize the global environment and start

the driver loop. Here is a sample interaction:

Iconst the_global_environment = setup_environment();

driver_loop(the_global_environment);

M−eva lua te input :

Ifunction append(xs, ys) {

return is_null(xs)

? ys

: pair(head(xs), append(tail(xs), ys));

}

M−eva lua te value :
undef ined

M−eva lua te input :

410 Generated 2020-08-18 16:40:02Z
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Iappend(list('a', 'b', 'c'), list('d', 'e', 'f'));

M−eva lua te value :
[ ' a ' , [ ' b ' , [ ' c ' , [ ' d ' , [ ' e ' , [ ' f ' , nu l l ] ] ] ] ] ]

Exercise 4.14

Eva Lu Ator and Louis Reasoner are each experimenting with the metacircular evaluator. Eva

types in the de�nition of map, and runs some test programs that use it. They work �ne. Louis,

in contrast, has installed the system version of map as a primitive for the metacircular evaluator.

When he tries it, things go terribly wrong. Explain why Louis’s map fails even though Eva’s

works.

4.1.5 Data as Programs

In thinking about a JavaScript program that evaluates JavaScript statements and expressions, an

analogy might be helpful. One operational view of the meaning of a program is that a program

is a description of an abstract (perhaps in�nitely large) machine. For example, consider the

familiar program to compute factorials:

Ifunction factorial(n) {

return n === 1

? 1

: factorial(n - 1) * n;

}

We may regard this program as the description of a machine containing parts that decrement,

multiply, and test for equality, together with a two-position switch and another factorial ma-

chine. (The factorial machine is in�nite because it contains another factorial machine within

it.) Figure 4.2 is a �ow diagram for the factorial machine, showing how the parts are wired

together.
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Figure 4.2: The factorial program, viewed as an abstract machine.

In a similar way, we can regard the evaluator as a very special machine that takes as input

a description of a machine. Given this input, the evaluator con�gures itself to emulate the

machine described. For example, if we feed our evaluator the de�nition of factorial, as shown

in �gure 4.3, the evaluator will be able to compute factorials.

function factorial(n) {
    return n === 1
           ? 1
           : factorial(n - 1) * n;
}

eval6 720

Figure 4.3: The evaluator emulating a factorial machine.

From this perspective, our evaluator is seen to be a universal machine. It mimics other ma-

chines when these are described as JavaScript programs.
16

16
The fact that the machines are described in JavaScript is inessential. If we give our evaluator a JavaScript

program that behaves as an evaluator for some other language, say C, the JavaScript evaluator will emulate the

C evaluator, which in turn can emulate any machine described as a C program. Similarly, writing a JavaScript

evaluator in C produces a C program that can execute any JavaScript program. The deep idea here is that any

evaluator can emulate any other. Thus, the notion of “what can in principle be computed” (ignoring practicalities
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This is striking. Try to imagine an analogous evaluator for electrical circuits. This would be

a circuit that takes as input a signal encoding the plans for some other circuit, such as a �lter.

Given this input, the circuit evaluator would then behave like a �lter with the same description.

Such a universal electrical circuit is almost unimaginably complex. It is remarkable that the

program evaluator is a rather simple program.
17

Another striking aspect of the evaluator is that it acts as a bridge between the data objects

that are manipulated by our programming language and the programming language itself.

Imagine that the evaluator program (implemented in JavaScript) is running, and that a user

is typing programs to the evaluator and observing the results. From the perspective of the

user, an input program such as x * x; is a program in the programming language, which

the evaluator should execute. From the perspective of the evaluator, however, the expression

is simply a string or—after parsing—a tagged-list representation that is to be manipulated

according to a well-de�ned set of rules.

That the user’s programs are the evaluator’s data need not be a source of confusion. In

fact, it is sometimes convenient to ignore this distinction, and to give the user the ability to

explicitly evaluate a string as a JavaScript expression, using JavaScript’s primitive function

eval that takes as argument a string. It parses the string and—provided that it syntactically

correct—evaluates the resulting representation in the environment in which eval is applied.

Thus,

Ieval("5 * 5;");

and

Ievaluate(parse("5 * 5;"), the_global_environment);

will both return 25.
18

of time and memory required) is independent of the language or the computer, and instead re�ects an underlying

notion of computability. This was �rst demonstrated in a clear way by Alan M. Turing (1912–1954), whose 1936

paper laid the foundations for theoretical computer science. In the paper, Turing presented a simple computa-

tional model—now known as a Turing machine—and argued that any “e�ective process” can be formulated as a

program for such a machine. (This argument is known as the Church-Turing thesis.) Turing then implemented a

universal machine, i.e., a Turing machine that behaves as an evaluator for Turing-machine programs. He used

this framework to demonstrate that there are well-posed problems that cannot be computed by Turing machines

(see exercise 4.15), and so by implication cannot be formulated as “e�ective processes.” Turing went on to make

fundamental contributions to practical computer science as well. For example, he invented the idea of structuring

programs using general-purpose subroutines. See Hodges 1983 for a biography of Turing.

17
Some people �nd it counterintuitive that an evaluator, which is implemented by a relatively simple function,

can emulate programs that are more complex than the evaluator itself. The existence of a universal evaluator

machine is a deep and wonderful property of computation. Recursion theory, a branch of mathematical logic,

is concerned with logical limits of computation. Douglas Hofstadter’s beautiful book Gödel, Escher, Bach (1979)

explores some of these ideas.

18
Note that eval may not be available in the JavaScript environment that you are using, or its use may be

restricted for security reasons.
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Exercise 4.15

Given a one-argument function p and an object a, p is said to “halt” on a if evaluating the

expression p(a) returns a value (as opposed to terminating with an error message or running

forever). Show that it is impossible to write a function halts that correctly determines whether

p halts on a for any function p and object a. Use the following reasoning: If you had such a

function halts, you could implement the following program:

function run_forever() {

return run_forever();

}

function strange(p) {

return halts(p, p)

? run_forever();

: "halted";

}

Now consider evaluating the expression strange(strange) and show that any possible out-

come (either halting or running forever) violates the intended behavior of halts.
19

4.1.6 Internal Declarations

Our environment model of evaluation (section 3.2.4) and our metacircular evaluator (sec-

tion 4.1.1) evaluate blocks by extending an environment with bindings for the local names that

occur in the body of the block. Initially, the names refer to the special value "*unassigned*",

but evaluation of their declaration statement assigns them to their proper values. Correct

JavaScript programs never attempt to access the value of names before their declaration has

been evaluated. In this section, we explore alternative solutions to problem of local declarations

in programming languages.

Consider a function with internal declarations, such as

Ifunction f(x) {

function is_even(n) {

return n === 0

? true

: is_odd(n - 1);

}

function is_odd(n) {

return n === 0

? false

19
Although we stipulated that halts is given a function object, notice that this reasoning still applies even if

halts can gain access to the function’s text and its environment. This is Turing’s celebrated Halting Theorem,

which gave the �rst clear example of a non-computable problem, i.e., a well-posed task that cannot be carried out

as a computational function.
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: is_even(n - 1);

}

〈rest o f body o f f〉

}

Our intention here is that the name is_odd in the body of the function is_even should refer

to the function is_odd that is declared after is_even. The scope of the name is_odd is the body

block of f, not just the portion of the body of f starting at the point where the declaration of

is_odd occurs. Indeed, when we consider that is_odd is itself de�ned in terms of is_even—so

that is_even and is_odd are mutually recursive functions—we see that the only satisfactory

interpretation of the two declarations is to regard them as if the names is_even and is_odd

were being added to the environment simultaneously. More generally, in block structure, the

scope of a local name is the entire block in which the declaration is evaluated.

The evaluator in section 4.1.1 �nds all locally declared names of a block using scan_out_declarations,

and binds them to the value "*unassigned*", whenever the block is evaluated. For lambda

expressions with local declarations, we can achieve the same e�ect by transforming their bod-

ies into immediately invoked lambda expressions (see section 3.2.3). For example, the lambda

expression

( vars ) => {

let u = e1;

let v = e2;

statements
}

would be transformed into

( vars ) => {

return ( (u, v) => {

u = e1;

v = e2;

statements
})("*unassigned*", "*unassigned*");

}

An alternative strategy for scanning out internal declarations is shown in exercise 4.17.

Unlike the transformation shown above, this enforces the restriction that the declared names’

values can be evaluated without using any of the names’ values.

Exercise 4.16

In this exercise we implement the method just described for interpreting internal declarations

of lambda expressions as syntactic sugar for immediately invoked functions that carry out

assignments.
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a. Write a function transform_lambda that transforms any lambda expression as shown

above.

b. Install transform_lambda in the interpreter by modifying the function evaluate in an

appropriate way.

c. JavaScript’s semantics requires that any attempt to access the value "*unassigned*"

leads to a runtime error. Change lookup_symbol_value (section 4.1.3) to signal an error

if the value it �nds is "*unassigned*".

d. Even with this protection in place, there is a loophole: A program could declare a variable

in a block and assign a value to the variable before its let declaration is evaluated.

Change the evaluator of section 4.1.1 such that any assignment to a variable declared

with let leads to an error if the declaration has not been evaluated yet.

Exercise 4.17

Consider an alternative strategy for scanning out declarations that translates the example in

the text to

( vars ) => {

return ( (u, v) => {

return ( (a, b) => {

u = a;

v = b;

statements
})(e1, e2);

})("*unassigned*", "*unassigned*");

}

Here a and b are meant to represent new names, created by the interpreter, that do not appear

in the user’s program. Consider the solve function from section 3.5.4:

Ifunction solve(f, y0, dt) {

const y = integral( () => dy, y0, dt);

const dy = stream_map(f, y);

return y;

}

Will this function work if internal de�nitions are scanned out as shown in this exercise? What

if they are scanned out as shown in the text? Explain.

Exercise 4.18

Our implementation of blocks in section 4.1.1 imposes a runtime burden: It needs to scan

the body of the block for locally declared names. We shall devise a simpler mechanism in

this exercise. We can achieve the desired result in many cases by changing the evaluation of
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constant and variable declaration such that they force into the innermost frame of the given

environment a binding of the declared name to the result of evaluating the expression on the

right hand side of the declaration.

a. Simplify the declaration of eval_block in section 4.1.1 to ignore local declarations.

b. Declare a function

Iadd_binding_to_frame(name, value, f rame)

that permanently changes the given frame such that after calling the function, the given

name refers to the given value.
c. Change the functions eval_constant_declaration and eval_variable_declaration

such that they make use of add_binding_to_frame instead of set_name_value.

d. Can you �nd programs that behave di�erently with this treatment of local declarations,

compared to the implementation in section 4.1.1?

Exercise 4.19

Draw diagrams of the environment in e�ect when evaluating the statements in the function in

the text, comparing how this will be structured when declarations are interpreted sequentially

as described in exercise 4.18 with how it is structured if declarations are scanned out as

described in section 4.1.1. Why is there an extra frame in the latter case? JavaScript forbids

the re-declaration of parameters as local names in the body block of any function. With this

restriction, can you achieve the scoping for local names in lambda expressions of section 4.1.1,

without constructing the extra frame?

Exercise 4.20

Ben Bitdiddle, Alyssa P. Hacker, and Eva Lu Ator are arguing about the desired result of

evaluating the expression

Ilet a = 1;

function f(x) {

let b = a + x;

let a = 5;

return a + b;

}

f(10);

Ben asserts that the result should be obtained using the sequential implementation for let

as given in exercise 4.18: b is declared to be 11, then a is declared to be 5, so the result is 16.

Alyssa objects that mutual recursion requires the simultaneous scope rule for internal function

declarations, and that it is unreasonable to treat function names di�erently from other names.
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Thus, she argues for the mechanism implemented in section 4.1.1. This would lead to a being

unassigned at the time that the value for b is to be computed. Hence, in Alyssa’s view the

function should produce an error. Eva has a third opinion. She says that if the declarations of a

and b are truly meant to be simultaneous, then the value 5 for a should be used in evaluating b.

Hence, in Eva’s view a should be 5, b should be 15, and the result should be 20. Which (if any)

of these viewpoints do you support? Can you devise a way to implement internal declarations

so that they behave as Eva prefers?
20

Exercise 4.21

Recursive functions are obtained in a roundabout way in our interpreter: First declare the

name that will refer to the recursive function and assign it to the special value "*unassigned*".

Then de�ne the recursive function in the scope of that name, and �nally assign the name to

the de�ned function. By the time the recursive function gets applied, any occurrences of the

name in the body properly refer to the recursive function. Amazingly, it is possible to specify

recursive functions without using assignment. The following program computes 10 factorial

by applying a recursive factorial function:
21

I(n => (fact => fact(fact, n))

( (ft, k) => k === 1

? 1

: k * ft(ft, k - 1)

)

)

(10);

a. Check (by evaluating the expression) that this really does compute factorials. Devise an

analogous expression for computing Fibonacci numbers.

b. Consider the following function, which includes mutually recursive internal de�nitions:

Ifunction f(x) {

function is_even(n) {

return n === 0

? true

: is_odd(n - 1);

}

function is_odd(n) {

20
The designers of JavaScript support Alyssa on the following grounds: Eva is in principle correct—the de�ni-

tions should be regarded as simultaneous. But it seems di�cult to implement a general, e�cient mechanism that

does what Eva requires. In the absence of such a mechanism, it is better to generate an error in the di�cult cases

of simultaneous de�nitions (Alyssa’s notion) than to produce an incorrect answer (as Ben would have it).

21
This example illustrates a programming trick for formulating recursive functions without using assignment.

The most general trick of this sort is the Y operator, which can be used to give a “pure λ-calculus” implementation

of recursion. (See Stoy 1977 for details on the lambda calculus, and Gabriel 1988 for an exposition of theY operator

in the language Scheme.)
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return n === 0

? false

: is_even(n - 1);

}

return is_even(x);

}

Fill in the missing expressions to complete an alternative declaration of f, which uses

neither const nor let nor internal function declarations:

function f(x) {

return (

(is_even, is_odd) =>

is_even(is_even, is_odd, x)

)

( (ev, od, n) =>

n === 0 ? true : od(〈??〉, 〈??〉, 〈??〉),

(ev, od, n) =>

n === 0 ? false : ev(〈??〉, 〈??〉, 〈??〉)

);

}

4.1.7 Separating Syntactic Analysis from Execution

The evaluator implemented above is simple, but it is very ine�cient, because the syntactic

analysis of expressions is interleaved with their execution. Thus if a program is executed many

times, its syntax is analyzed many times. Consider, for example, evaluating factorial(4) using

the following de�nition of factorial:

Ifunction factorial(n) {

return n === 1

? 1

: factorial(n - 1) * n;

}

Each time factorial is called, the evaluator must determine that the body is a conditional

expression and extract the predicate. Only then can it evaluate the predicate and dispatch on

its value. Each time it evaluates the expression factorial(n - 1) * n, or the subexpressions

factorial(n - 1) and n - 1, the evaluator must perform the case analysis in evaluate to

determine that the expression is an application, and must extract its operator and operands.

This analysis is expensive. Performing it repeatedly is wasteful.

We can transform the evaluator to be signi�cantly more e�cient by arranging things so that

syntactic analysis is performed only once.
22

We split evaluate, which takes an expression and

22
This technique is an integral part of the compilation process, which we shall discuss in chapter 5. Jonathan

Rees wrote a Scheme interpreter like this in about 1982 for the T project (Rees and Adams 1982). Marc Feeley
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an environment, into two parts. The function analyze takes only the expression. It performs

the syntactic analysis and returns a new function, the execution function, that encapsulates

the work to be done in executing the analyzed expression. The execution function takes an

environment as its argument and completes the evaluation. This saves work because analyze

will be called only once on an expression, while the execution function may be called many

times.

With the separation into analysis and execution, evaluate now becomes

Ifunction evaluate(exp, env) {

return analyze(exp)(env);

}

The result of calling analyze is the execution function to be applied to the environment.

The analyze function is the same case analysis as performed by the original evaluate of

section 4.1.1, except that the functions to which we dispatch perform only analysis, not full

evaluation:

Ifunction analyze(stmt) {

return is_self_evaluating(stmt)

? analyze_self_evaluating(stmt)

: is_name(stmt)

? analyze_name(stmt)

: is_constant_declaration(stmt)

? analyze_constant_declaration(stmt)

: is_variable_declaration(stmt)

? analyze_variable_declaration(stmt)

: is_assignment(stmt)

? analyze_assignment(stmt)

: is_conditional_expression(stmt)

? analyze_conditional_expression(stmt)

: is_lambda_expression(stmt)

? analyze_lambda_expression(stmt)

: is_sequence(stmt)

? analyze_sequence(sequence_statements(stmt))

: is_block(stmt)

? analyze_block(stmt)

: is_return_statement(stmt)

? analyze_return_statement(stmt)

: is_application(stmt)

? analyze_application(stmt)

: error(stmt, "Unknown syntax -- analyze");

}

Here is the simplest syntactic analysis function, which handles self-evaluating expressions.

It returns an execution function that ignores its environment argument and just returns the

1986 (see also Feeley and Lapalme 1987) independently invented this technique in his master’s thesis.
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expression:

Ifunction analyze_self_evaluating(stmt) {

return env => stmt;

}

Looking up the value of a name must still be done in the execution phase, since this depends

upon knowing the environment.
23

Ifunction analyze_name(stmt) {

return env => lookup_symbol_value(

symbol_of_name(stmt), env);

}

The function analyze_assignment also must defer actually setting the variable until the exe-

cution, when the environment has been supplied. However, the fact that the assignment_value

expression can be analyzed (recursively) during analysis is a major gain in e�ciency, because

the assignment_value expression will now be analyzed only once. The same holds true for

constant and variable declarations.

Ifunction analyze_assignment(stmt) {

const symbol = assignment_symbol(stmt);

const vfun = analyze(assignment_value(stmt));

return env => {

const value = vfun(env);

assign_symbol_value(symbol, value, env);

return value;

};

}

function analyze_variable_declaration(stmt) {

const symbol = variable_declaration_symbol(stmt);

const vfun = analyze(variable_declaration_value(stmt));

return env =>

assign_symbol_value(symbol, vfun(env), env);

}

function analyze_constant_declaration(stmt) {

const symbol = constant_declaration_symbol(stmt);

const vfun = analyze(constant_declaration_value(stmt));

return env =>

assign_symbol_value(symbol, vfun(env), env);

}

For conditional expressions, we extract and analyze the predicate, consequent, and alternative

at analysis time.

23
There is, however, an important part of the search for a name that can be done as part of the syntactic analysis.

As we will show in section 5.5.6, one can determine the position in the environment structure where the value

of the variable will be found, thus obviating the need to scan the environment for the entry that matches the

variable.

421 Generated 2020-08-18 16:40:02Z

http://source-academy.github.io/playground#chap=4&prgrm=GYVwdgxgLglg9mABAQzMgNgTwF4FMD6AzrusPrgG4YjKxgDmAFIVALZQCUiA3on-wCh+iAE64oIEUlxgKiALwA+RC3YBuAQF8BAgPS7EYEOnSIYhRFAAWuRLlYAHKJjuyYIhKxlREjMHB8QYgATRBsxDgBIAVQMHAJiUnIqdBo6JgdkEWJGACIoERBcNVyODj9jdA41IA
http://source-academy.github.io/playground#chap=4&prgrm=PTAEDMFcDsGMBcCWB7aBnCAnZBbUBlASQGEAFUAKX1ABYA6ARjoCYAoKOJVURNAfTQBTADbg+ggG4BDYZClJoAcwAUaeDngBKUAG9WoA6EyD4kTNB79okHACNBmVeq0GAPq-2Gvh3gPiZEJScNbVB3T28vX1tkZGFBKWhgl3DI719rYWFk0LcPNKj+GAATQXBAwWKcgG5WAF92GAQUC194KUVFSr5hXnhkgBpQeAALQT52xW09L2NTc0s+AAcpREc1ENAAMi3QMakqjZcAXlPhsYmO2oaOZu4MqRxBHN0IoxMzVv5JruKevsGoAARNBHoIgZpro1OC1QGgAJ52OJ8ZBiUFPF4zQxzT57BJVdqIbJHTSQ+rQu5fPhSNBoRCKaBPaD9EmvbEfBZtDq-f5qQFAml0hlM+AQqG3LgWQX0xmCZkCRExYnOaYRHELfYE1bZTXKQnKkKksk3JqS0DS4Vy+B8aSyZ6srHveYWXX6vXanKk8Wm2G+WCoNSJa2lWDCKSYeQtTFqjlUn7dXp8o5DIH+9DteUhsMRyVi8kS2FpwOZwSh8OR1AKpEGlyO9Uu-HuonKV0eklG70w7hFjPB0vZivQG0ySD2lVsgz1vEHJvZN3t40Us2+aQBKS2eJ8LPlyXR9nOxbxv6JlnOFOrxDrzfbnMtPMmrsWC9X8Y3wdVpV7yex6da5ut5sF0XAtuGfDdX37HcWmHO0vydXEALnNsVS9fMfXufgwzsYopHEAAPJZjFpKMHRjA8uU6BMAWTYEsNsHD8MIwRiNQe8l1hOiGJWCMnngBw0DgqccCkJZVEVZFUT4dFBCGRDPWA9CLE43CYmKeFBJ-OT5xQhTH0Wes-HkQQRQ08jvm5KikzPYEDMDPiRTYkCLAMwQCKIulUFMhDG20w1O0pRY02KRBJRkRj3JI8c6x-CieRPQE3gKLxU1QYLQuEcLmI86BHMU0AgvC5ZjEOKKyNxE8+GMcBAQYXSAoK1zCL4IsvIWCqqsBZg6rNBq3OpYRT02aKD3aspAQAZm631+CEABHUc4DHIays5czKOPajrKBOaFtgcEpu4YSAGtxh2uU9uSNBVX3cqAW2wR5vO8EhiOK7-LNM7FsM+yrQEh1DBWhsZ18rQDoscpMDUb7jKtS7ru-A9dVesH3ihuyYeZP7nCuid4IWEG3rQvTfGMpZ4HhAQHt2pb4Bx4bcQySAsjh97pp6GlrXRkzkdxqdGeZgnUIfALomEZBYCOuC8bjCyNqsjQUw3cWjtyvTjvGJWJdapS7s1lWXpVVnuD1vhVPU0jZk0nzkL8omRf4ESll6WBB21w9Zd5Qb4BTR3ncHVWAqczKWKSC2Ee84GbdBo2pUwRQseWm6NWt5sQY7O2zWgZBqTjgTkCWOnAcWTJsnzwnhbNCGofDFQy-h6Xf2UOuY9R60a7zgv66nN1m-JVgQAgRSMHAbA8CIMhKGoegmHG9iMImTBR2UPD64bvDQFOY5hkXwQW-VvgnOUbiwT4yGhjNoY5QkVep3ilKcCWZASgPxSgQGRKkoMY-eP48-kDUy+0Br4tz9LgR+z9D7gBvjFNacUATgBTP6B+T9oB-CcgHSuilljlh-pDZQUDcYN1GtVBBoBaotyDmbfB0CRp9EqmNUhXUKFYKvmsVAJkCGOiIXQjqpDJp7ykCdehzoYJLzTHxZkNDbp8iBAZW0o4375VQBIrQID+ByJHM8eRggpGrUuOtT2yhtEpg0XaDBsJTGjmaso2G2jdFAz-NkOxKNzpizpEocQQC2GymZMoK+9jhgen8RQtYUMR5gj8UAgJupgkZ1hK45AQhTbqXCU8QB19dBeDeFOFYax8E8RkqAWJDQeznHGKTcmniJDeJFBvUAJdahOVAPvVJ9pxLCDQEMbRhdLYHlyesdpnTQDdJRq0j8cQBKtOmFk3pEcqhTIoQU0RzF8lgmmQDWZ+MPQLLidwVyEi-isOwD4lkgyukyCGbYGk5SomENvnKRQowxLVhxpvUA8QlBPNtFdD+3gAD8oB+nKBaQU55SohnfM0Ofa5VTNC-K8AALneQ8p5CIXnaAADzIs+SMIxFy4Wf0MAChw2BHBAgACqxGaYkeE5o442F+nCSASwnaIEqEioEoAADUoB4WEoMGoAIShEDgHNoM7QPLFGcp5Xy-lgrAiKBFepSFBL+VIpJcgMllLkAQEEAAdzpYoBlmMmUst6Oy4E3LeX8qSvK4VoqwUTIlcCFMVrZWErtYqh1KqW5i2QEdZl4yMraMdcIdJq8mlXx6LEUS-jCFeCaWgF2ocznDPxfGtIfMrBM2JOK91BRiVAOjfnZQ+bCUJPcYoKpNTYb+NVTaxFcJ2kbzOEjPNDa0gAt1JCstBQkVJsSLOUNV0hhuh9fChoBQRWgEiRIFtW9RjlIfpUo57CrSrwKBqgZ1YUwAFVoAxBKPUsEeYCh1CKR0wQGbIilNaXUqu1pWmzrJPyqcA6khjLReC1ZTwoW9s-mM7pP6dEvrSJOww4Hw4LCjX62NUSW4WiHF+5EIbkNhrTehuNXDI1Ftg8+69g89LvuHecjpG7M0wKkjm4d9abWFokMW0S-7vAVoVdW45Jk63Mf7c2t5bb0XMYMACoQ1pu0XNI7Rht-bk1DrQyOwJzZx1nutWkads751lPEMuimq6TnkciFu0Ne6D0oOKMep4oAAC0lnzTEUtMyU9YGL1CAI14W9BT72hMfaC2Jr6fzEc-YM4Df6O1JUA5oyZBTUJnreJBhuMGY3PqhP3MATlh6jwICQcgVBaCMDoDQOeVJCKIBwCFRAEhxiQJgF3SjR5DEcBTMV0rSAKvmO4E1srFW+Aladhjdou4OA1cRinbIg3FylI6y1yrQ86nxV+XfTUijDCahtSFyId99RLYMPqVb780h336VtwFqxMC7fm3dE8R2Txnf23dfmwhFH3c-mt7wd9gpoCdlIeEij3ufdpUlF7Xg75bq21u-lgPDB32EqMaktg0Bv2hyMWHGACgQ4MHfLlR3DDLyGPCbQxwAB8oB148v+2j95d1LNY4MDj0AeON5E-XjZsne31t3QAFTU5nXhXH+PGegHZ3Tgw5O77AC57T+nhPiegDACz87MiACk4ued0759LhXQvQAi7upvLHEu1frzeXj1nr27oAEJTh65V5L-nFut7G-l-0IEGLle84Z9LrFBgHe3ZkRi441P9fu-Xn7r32uZEE9d6roPoAieh5N0Du6BP-dDG8IHqX68k9x8d8oIEZuufS68FLgwZvDAr1+WSCbARmvlem4+INGBjjwuEqJTUQxJs15fo+QmleSuddr5SFEtgABWpZaYbybyJfBMB3cHar33xRckxvk+8O3rraWK8BngICufU3rHpiDA3infI74lDKBUYoijT-lGgJUZfoWkp30INAa-IVvsp6fy-8md-78+6d4jvgpAhAW2-+gB3+P+puMi-+AAokdtAWAeAZDndAAHJSBIFc4oFIGSYIFpAb7pjb696749hBj17j4FDN74Lu66hQJt474d5EGYy4FqD4HV5db0HWjdKkFpDkHgCUEjbUJQrMF9577Fi0xkhNK+wUyr794DYwBDA1wngBISHdZDin6YDCDwhsZD5SDSBJoBBkylqhZSHdYPzxAiiuyDbx78ryF9CQjeC7IWAiaBq6YmQBL7JyiHJeIcawz-qOzuFHy0Fr5YJyZDCCYr4BHjBsH17wGGC+GoL+EEEd5BzIDD6j5DKhFeBGGREjKWGfyLpaZkw6aeFrqSJQjxBb55GKBixXIZTOFWh1KOFLDsbFH9BkiFbmigjqEABe4w0kmIkQ2SP4V8M+sQAajRaGyyBh2B4xkkvRJI4ayWiQMg8I3RUkES3EQgOeOA8I0k1QEIBKfieEByTRJyygUO2xJ6Ah8UtUIR2BFRVRYUtRkikIQAA
http://source-academy.github.io/playground#chap=4&prgrm=PTAEDMFcDsGMBcCWB7aBnCAnZBbUBlASQGEAFUAKX1ABYA6ARkYCgo4lVQAbRNeAfWTh+MAIZo0iAObQApgBMAFNFE5ZaAJSgA3s1D7QmWfEiZooXv2iQuXZavUa9BlwH5Q1285f6AXKAAHUURMRQAiACoxCWk5eQiwgBpuXgEhERUYmQVFeGC7FTVNDQ0AbgBIF2YAX2YQCBgEFHQsXAIScipaRjoAJlZGjnNLNFkuYVkAN1EuSFEkaClFPhx4LV0XIxMzCzQrSBwAI1lQlbX9AB8L7x8DEfhMREXl+FWtUCub293+Q+RkLiyUTQF5vD7Xb4uSyeOxnd6XCGQ-SWGDyWTgJ45OGlGoDdjNH55KRSBT8Hh8UHwZLwAAWsn4RPWNy2pmGeyCIUpWgAZNzQHTREo4aAALxi0C0+lEnG1NhNTjQhxcnTM4yswmiYmk8nwSnJMKFWRhMq4uVDUBoACeRwBgmEhuVGwMLJ2AqUeUQsNeaxNssGBMs4kkMjU0F1wqdhjVO0sRJJ8jJqT1oDCQdiofgxplePl5jTIdkYf4VptXrBkZd5jduXyimrHrLPpK2bNBPz0Az-Gms1kju8lf5QPdtYbXObpv9Cr2sFQfGBAjRsC4okw82afed0bZDM18cTFLO+pn6DyRcXy9XQyzE-xnGPc7PsiXK7XqGL1r+jaZm+2VaHNc9Ot-1HOESl9HNzXvU8FyfC9X2gLsZkgXsI37LdB0FAC7BA70wJbSdt2mR5REOQF+HPF8hg3fQB1jXdtSTQ8UyIxASLIijL2aa8-VvcwWLY+kOPg99S2oqNfww4dAPrWtQPHHjc1AfjSME2DKOaRCezEgcZMAnC3nkiCAz2ZcjnkUR+FkAAPAIjBiVBtPQuitQTHVkzCUzDnMyybLsyRUG4ozOE87yglXNR4BONBHIknBRACZYP1tdJDWSXSv0M1tgtULyLL+eRLRi9V0qwsdwKy7dK2LPJIozIqYz2OMGIPb19SqudasLTNyoI8TWR82z1H8kFUJ-YrgNk3Cet4n5j3kRAhhmAa-PXUaaKcxr6NcxjWtAL4kX0MI5oW5oluswb7OgQKKtAOblv4QahVwlUxp2HV+CMcBkwYabFLu87MH4e96vMd7PuTXpfsg1AEwB-gZnDZ6K3QsH0WTABmKHjOLWQAEdkLgFCkbQiTnL3NymLCUZ8cLWAjSxzg4oAa3pamCbpylNBe9aJLcqm8fZo1kjOTR8JmtnadZmrZAzaKIwMEnxsw-SfTFxSMUwPhqvmGWus578eaVp7VlFm9FLsgQOt1sM5e9LnkYklXTYU81LBlgJ4EtHGacJ-Xub6hr9lsfW1ddkzxEt6W6pFg2A+3GFSpjhnt1I5BYCZsS441Fz90R1Z9VT9Prt65n6ULjO1qzvny6SC1cNDgly9+ZACsznSJsA0CG6neGAgCHhYHgkHs-Jnb85TeL+8QQer2ThpeOWobVuJ16-2VyaDO7vNMCkW3y0V10O+wjemy3jxkHhnfouQAJ7YP+ObDsG-naC8wNa1lclmf2P28w7+z4tpfXeihv7+wHKOf+uI6hgAqhgcA2A8BEDIJQag9AmDo1foSTAyFFBWVjlnKyopxQPGQmfUu-AKqKDCg4SKmtkj5UtMkQskx8EDj5jOHAARkCogoQRJI+0DrUIilFehLdGGgGYXPSwHCuE8MoeAVhG0dw5zcuAI8uBZHQATBVYuM0KoPRfMIzWigFH+yrqkD6aM1GgB+mffRDCTGKN5hY8G1jIZ2IIpZaAkwQioDqqYyM5itauOSJjMhogWaWN-JpHBx5IphiceqPmVVuzIVrnErqUi9gpKQr2VJshEmByattCk+S2pbhifTABFT8lA1QPE3U+TClryknYJpc9aZcGQJIRYXifHYA7HrSRZjwG1kkXYkIWt4FKmGYE3+Shxlm3NJ07pZdCrTLUEw7x6wqibHQhyUIGzZBbJYdmKCEo6SWU4Z7PpvjBlhlFB4R+OIbrkKOYlUsaBkj5LvnsiSByPmfi+UpXJL8bpHJEkCkx4UCk6F2avSS0KHBzwhT8pFagdkKz+eqUcRyOlWXibDbxdzo5JS4MC7swLDjiHpLM1UvNCxSFpICgEXMxQim4Iy5llKnAHVAO4AFbyYUsvJd8mYmh6E0r6byg6-hASLGZSWIFWgAA8nKFU0kUDygRtx3AnGwKEMIAAVf4oA4rQEtKAT+BwuoYDQJAPuPAFD+DCKAAA1HtPlB0+CPEWIgcAhUlWsq0B62urqPU6q9XXX1Uh-WFR5TKvl-h9XIENSa5AEBZAAHcrU7xtTbC0Dqp7OpTO6z1Ubvg+qeLGgNIquahv1GWyNXqq1+trQms+XTkBMwdZC20+SRUnPwTdZhZJ-gJTpZCG6aBB4jTJRS8V+DIS0T2AnIN5LE0Vv0Hq7xY6b6KGbVGlZPSpC3IGXVSRm6t3+HXUQjl1Z12aEPQddw1ZtVbtuDe2did50aGpLWDtOraiQn9aARQzC70XNpdcr2zCSWZLMZCFNpwyX6gAKrQD+KiDwDhryQmqBI8lshEPfHOUcx578BDvMWV6gcM7gTotZvOxjf7n1etRaCljJp8M3GAwi0dXaJ3bLPu2PtXBKmDpBVwIdZiR27sE+B7ZJH9DTu-Y+sVG7lM+BXUHWEv62MGB3ZMPdCUDO3GPdWs9fihnbKvUmi0ZLIMPv0x+7dFpjD8DfeKjTdmvVfoYyBX9-7AKAfw+W24oHFOTEg5KK5HtYPEvPQhwJSHMAGsk2EDDWGtE4bUKAAAtPlq1WR7ndRxGFsYowtMuDIzCijkyqPCpo3yuj36IWPpY4kMzSIOM9mini7j3w+P6GG1nAT46ovgWgfPXMcCEHtGQV0NBdAaCYMsLZRAOATqTHpPImAP8lHFNziYmA+oNtbaQDt3RilzvbfpJt-u1sarrjYAdiSJVXvgXObdy7u2CIYA5W5ARfM3S1wMG6KNrHvh8wbGD-QDZIddeh0mMIBy4eBGCJgRHwOUc6nRzqbHyOKRhGhI-WupPbAHSh7cPm800D91EJaWudOGeWqRNTnwfNkNw+Q16jnLg+ZxVpPDQ4aAkhC5pCLjAkJ+cGD5m69HBhcHJEtFoEUAA+UAhCPVs9l-oPm+XFf6GV6AVXopNeEKK7rpHNOUcJGSLcE3ZuNda9ABEU3+g9cpGJ8AI3YGrIq7Vxb0AYBrc4+JwAUj907oPruI8e9AF7vm7LFcx-N679lpuk8o4AIRilTwHrP6fCF545arm3nOUcquj4X53we1X6HL+H3UYQVUiiN2nl3hC2+N+z8T9XNfA-F9AJr3vFeBco-V+3h3LhO-B6n2P5v4Qc9+9dy4F3+gc8GDwQIk033HgXcQDt3hC9H2ih1XFBKbpkg-aP393ipt9+bbuyf3MghDgACsnzwABxf+KJ3zAXc+Zb8rs0oj4ACwJx9IQQD79Zs99Zx4BAgD8X8oJ5wAdvddQ+ZUR0RMR5Ba5sCMQ4gvdXMkQ+ZCBoBCCFomcHdyDKDPZiCSCicW8Jd+BSBCA4cWC2CGDGDK9icWCABRdHAQ7gnguXFHAAOVEHEL90kPEN81EJcHgJPCQOf1+zqRPHnDE1-0hEvxMXT2rAURv2QLUNQJtiUL4BUMP2P1MIEB+XPx0P-3AH0PAIUT-UsJQIQLQJNBukni4C9hgNfyojYGSE-h1GaStUdS9ieAyDREwD8Msw-1EGmBnUeA9gPQ-QCIe0BAzCHleygL5VCNSDKB8CWQJFGBMACCs1K0UHCOskJSqLqjM0nkLCUACP0XU3C0YICJsK0JEJcGaK0SoWMLv0CI0mQE-2--eGrDkoRYwKKR5dcgxGFWhPeNYRc26DkhhI8nKbyBxbEYUiww4MU1c3sBhQbeEpUxEjXQ9N5AiKhQxA8uhUAF807CRYTZcvMCUqEgsv2QJadB0sMViWwdZGABgZINgSGLTAcZU6rAwMjdCzSCjdCk059HTHJLSNgBgTSeQvldwaizSIs-wLCsi-DS80bG6BTSjE-ZIQBNgX5P0pRBOfimAJ9LdBilMtgMzOVCbd0pAGYPwkxKS07Is74asUS9AEofIj9UcTS4oDip8xAgSx5XQt84WO2T8rOCnOwASrQQ9IzdPAg3Aw9WS-dAwsStw3FTyueN834LpdOTOc5G8jlJuB8+uIy7gNOcVN02Mi0zsqcpMxQD8ioOEq85Q6IYMOIdA96dITK2IHIAKxdS84K18mC98sRKy3Cn8zXMCkEOolohovWIq0VUAfK7IeQYFS9fE+kqJfqUsvWSudKiwzAMqgk3sKqTcy6McS86q6LF3chSinBUa407qqC8U8a3uKeGeZecsSk3c5Q8AMa+kgAt-Ka4aGayKo0loDlMy8qkIq+S6xUiC+alUvlayJ8eM+kXw6eXI-U7ZHShwhKa69Pa6ybEIuy-FT6yKLageXI8Cz+QS5EJwxQdbYY4-PbaAEoHC9CXw-w9G2AoIhGq+KyqsojCwFG+szhbhLRUYhyT7Z0vcoCs8kihefcs8iAy8g658sRVmt-BxV7LmgijkuyGwRA0KsRcDAlRq84uqdmkRXNXeLrSoBQ-RWWvWT7Ky56ywJaia9QMWui3VOOSpdQhpRQUWuUw2nwfwZyuIDiwjKrWs-QZDAA-UGAJmaAZALNN+XqT2AIYjQrCRKyaG76x1X62eQyl2NscqtuJRUYcYSyX4hYJYEcyEdwPy+On4pCP4lOlsyEfwRUNQLkHVdO8q6Eou1O74Au6cDsoSKiSuo2vynouu3atYHVauxCYiFSBKxM1u+Q0uzaicnu3M7ctu-On4dsaOPO74Ae3qyewa6ez9WaGGE6VAM6Uk6ahunwWe3k9Q+aYkxeTexe62n4Y886vukuja3qs+jei6relwDuuC++wzK+3ep+pCumVMss0Cdun4cuYutO1+qE-+5+vwH4dqKOBet4S+vyiBnWKe6B8ewMMOna8k4+twIB0O7a4c9BgwZNNLVNdyDDD2r28wK0MMUQS3IrN867c0Py+esMIKjk29bkkrTsGcx87mxAyYY6yUhh2w3JJ6-jGq-Cnwc5fJR5Hh1ayCrdUTNEgdddDTZCPEszAcfJIWnwaoHq3eoelutBvarFYW5QlhkFLuwcxKjSDhiKrhpSXhz4rVFcVibuvRhCBRqaWa9CPCw9ORslCTRR2x6RlhFRqOlcsu5uoc+upGFWzol0xzDlcJixt8Kxt4EqjkqRwAzB9sjQx8RJ1xwRoU56rxgokrMTPx1DAJ+qgGl6qbehthvWMKUYcIQhDlbXGxUoY0RNKW+o9WxhvmKyY0ZINyR4ryy5XY8Ys6RLI41WIAA


Metalinguistic Abstraction 4.1.7

Ifunction analyze_conditional_expression(stmt) {

const pfun = analyze(cond_expr_pred(stmt));

const cfun = analyze(cond_expr_cons(stmt));

const afun = analyze(cond_expr_alt(stmt));

return env =>

is_true(pfun(env)) ? cfun(env) : afun(env);

}

Analyzing a lambda expression also achieves a major gain in e�ciency: We analyze the

lambda body only once, even though functions resulting from evaluation of the lambda ex-

pression may be applied many times.

Ifunction analyze_lambda_expression(stmt) {

const parameters = lambda_parameters(stmt);

const body = lambda_body(stmt);

const bfun = analyze(body);

return env =>

make_function(parameters, bfun, env);

}

Analysis of a sequence of statements is more involved.
24

Each statement in the sequence is

analyzed, yielding an execution function. These execution functions are combined to produce

an execution function that takes an environment as argument and sequentially calls each

individual execution function with the environment as argument.

Ifunction analyze_sequence(stmts) {

function sequentially(fun1, fun2) {

return env => {

const fun1_val = fun1(env);

return is_return_value(fun1_val)

? fun1_val

: fun2(env);

};

}

function loop(first_fun, rest_funs) {

return is_null(rest_funs)

? first_fun

: loop(sequentially(first_fun,

head(rest_funs)),

tail(rest_funs));

}

const funs = map(analyze, stmts);

return is_null(funs)

? env => undefined

: loop(head(funs), tail(funs));

}

24
See exercise 4.23 for some insight into the processing of sequences.
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Metalinguistic Abstraction 4.1.7

For return statements, we analyze the return expression and apply the resulting execution

function in the execution function for the return statement.

Ifunction analyze_return_statement(stmt) {

const rfun = analyze(return_expression(stmt));

return env => make_return_value(rfun(env));

}

The bodies of blocks are scanned only once for local declarations, and their bindings are

installed in the environment, once the execution function for the block is called.

Ifunction analyze_block(stmt) {

const body = block_body(stmt);

const locals = scan_out_declarations(body);

const unassigneds = list_of_unassigned(locals);

const bfun = analyze(body);

return env => bfun(extend_environment(locals, unassigneds, env));

}

To analyze an application, we analyze the function expression and arguments and construct

an execution function that calls the execution function of the function expression (to obtain

the actual function to be applied) and the argument execution functions (to obtain the actual

arguments). We then pass these to execute_application, which is the analog of apply in

section 4.1.1. The function execute_application di�ers from apply in that the function body

for a compound function has already been analyzed, so there is no need to do further analysis.

Instead, we just call the execution function for the body on the extended environment.

Ifunction analyze_application(stmt) {

const ffun = analyze(function_expression(stmt));

const afuns = map(analyze, args(stmt));

return env =>

execute_application(ffun(env),

map(afun => afun(env), afuns));

}

function execute_application(fun, args) {

if (is_primitive_function(fun)) {

return apply_primitive_function(fun, args);

} else if (is_compound_function(fun)) {

const parameters = function_parameters(fun);

const body = function_body(fun);

const result = body(extend_environment(parameters, args,

function_environment(fun)));

return is_return_value(result)

? return_value_content(result)

: undefined;

} else {

error(fun, "unknown function type -- execute_application");
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}

}

Our new evaluator uses the same data structures, syntax functions, and run-time support

functions as in sections 4.1.2, 4.1.3, and 4.1.4.

Exercise 4.22

Extend the evaluator in this section to support while loops. (See exercise 4.7.)

Exercise 4.23

Alyssa P. Hacker doesn’t understand why analyze_sequence needs to be so complicated. All

the other analysis functions are straightforward transformations of the corresponding evalua-

tion functions (or evaluate clauses) in section 4.1.1. She expected analyze_sequence to look

like this:

Ifunction analyze_sequence(stmts) {

function execute_sequence(funs, env) {

if (is_null(funs)) {

return undefined;

} else if (is_null(tail(funs))) {

return head(funs)(env);

} else {

const head_val = head(funs)(env);

return is_return_value(head_val)

? head_val

: execute_sequence(tail(funs), env);

}

}

const funs = map(analyze, stmts);

return execute_sequence(funs, env);

}

Eva Lu Ator explains to Alyssa that the version in the text does more of the work of evaluating

a sequence at analysis time. Alyssa’s sequence_execution function, rather than having the

calls to the individual execution functions built in, loops through the functions in order to call

them: In e�ect, although the individual expressions in the sequence have been analyzed, the

sequence itself has not been.

Compare the two versions of sequence_execution. For example, consider the common case

(typical of function bodies) where the sequence has just one expression. What work will the

execution function produced by Alyssa’s program do? What about the execution function

produced by the program in the text above? How do the two versions compare for a sequence
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with two expressions?

Exercise 4.24

Design and carry out some experiments to compare the speed of the original metacircular

evaluator with the version in this section. Use your results to estimate the fraction of time that

is spent in analysis versus execution for various functions.

4.2 Lazy Evaluation

Now that we have an evaluator expressed as a JavaScript program, we can experiment with

alternative choices in language design simply by modifying the evaluator. Indeed, new lan-

guages are often invented by �rst writing an evaluator that embeds the new language within

an existing high-level language. For example, if we wish to discuss some aspect of a proposed

modi�cation to JavaScript with another member of the JavaScript community, we can sup-

ply an evaluator that embodies the change. The recipient can then experiment with the new

evaluator and send back comments as further modi�cations. Not only does the high-level im-

plementation base make it easier to test and debug the evaluator; in addition, the embedding

enables the designer to snarf
25

features from the underlying language, just as our embedded

JavaScript evaluator uses primitives and control structure from the underlying JavaScript. Only

later (if ever) need the designer go to the trouble of building a complete implementation in a

low-level language or in hardware. In this section and the next we explore some variations on

JavaScript that provide signi�cant additional expressive power.

4.2.1 Normal Order and Applicative Order

In section 1.1, where we began our discussion of models of evaluation, we noted that JavaScript

is an applicative-order language, namely, that all the arguments to JavaScript functions are

evaluated when the function is applied. In contrast, normal-order languages delay evaluation

of function arguments until the actual argument values are needed. Delaying evaluation of

function arguments until the last possible moment (e.g., until they are required by a primitive

operation) is called lazy evaluation.
26

Consider the function

25
Snarf: “To grab, especially a large document or �le for the purpose of using it either with or without the

owner’s permission.” Snarf down: “To snarf, sometimes with the connotation of absorbing, processing, or under-

standing.” (These de�nitions were snarfed from Steele et al. 1983. See also Raymond 1993.)

26
The di�erence between the “lazy” terminology and the “normal-order” terminology is somewhat fuzzy.

Generally, “lazy” refers to the mechanisms of particular evaluators, while “normal-order” refers to the semantics

of languages, independent of any particular evaluation strategy. But this is not a hard-and-fast distinction, and

the two terminologies are often used interchangeably.
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Ifunction try_me(a, b) {

return a === 0 ? 1 : b;

}

Evaluating try_me(0, head(null)); generates an error in JavaScript. With lazy evaluation,

there would be no error. Evaluating the expression would return 1, because the argument

head(null) would never be evaluated.

An example that exploits lazy evaluation is the de�nition of a function unless

Ifunction unless(condition, usual_value, exceptional_value) {

return condition ? exceptional_value : usual_value;

}

that can be used in expressions such as

Iunless(xs === null,

head(xs),

display("error: xs should not be null"));

This won’t work in an applicative-order language because both the usual value and the ex-

ceptional value will be evaluated before unless is called (compare exercise 1.6). An advantage

of lazy evaluation is that some functions, such as unless, can do useful computation even if

evaluation of some of their arguments would produce errors or would not terminate.

If the body of a function is entered before an argument has been evaluated we say that the

function is non-strict in that argument. If the argument is evaluated before the body of the

function is entered we say that the function is strict in that argument.
27

In a purely applicative-order language, all functions are strict in each argument. In a purely

normal-order language, all compound functions are non-strict in each argument, and primitive

functions may be either strict or non-strict. There are also languages (see exercise 4.31) that

give programmers detailed control over the strictness of the functions they de�ne.

A striking example of a function that can usefully be made non-strict is pair (or, in general,

almost any constructor for data structures). One can do useful computation, combining ele-

ments to form data structures and operating on the resulting data structures, even if the values

of the elements are not known. It makes perfect sense, for instance, to compute the length of

a list without knowing the values of the individual elements in the list. We will exploit this

idea in section 4.2.3 to implement the streams of chapter 3 as lists formed of non-strict pairs

27
The “strict” versus “non-strict” terminology means essentially the same thing as “applicative-order” versus

“normal-order,” except that it refers to individual functions and arguments rather than to the language as a whole.

At a conference on programming languages you might hear someone say, “The normal-order language Hassle

has certain strict primitives. Other functions take their arguments by lazy evaluation.”
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Exercise 4.25

Suppose that (in ordinary applicative-order JavaScript) we de�ne unless as shown above and

then de�ne factorial in terms of unless as

Ifunction factorial(n) {

return unless(n === 1,

n * factorial(n - 1),

1);

}

What happens if we attempt to evaluate factorial(5);? Will our de�nitions work in a normal-

order language?

Exercise 4.26

Ben Bitdiddle and Alyssa P. Hacker disagree over the importance of lazy evaluation for im-

plementing things such as unless. Ben points out that it’s possible to implement unless in

applicative order as a new kind of expression, akin to conditional expressions. Alyssa coun-

ters that, if one did that, unless would be merely syntax, not a function that could be used

in conjunction with higher-order functions. Fill in the details on both sides of the argument.

Show how to de�ne the evaluation of unless as a new kind of expression (as we de�ned the

evaluation of conditional expressions in section 1.1.6), by introducing appropriate syntax func-

tions and installing an evaluation function in the evaluate function of section 4.1.1. Give an

example of a situation where it might be useful to have unless available as a function, rather

than as a new expression syntax.

4.2.2 An Interpreter with Lazy Evaluation

In this section we will implement a normal-order language that is the same as JavaScript except

that compound functions are non-strict in each argument. Primitive functions will still be

strict. It is not di�cult to modify the evaluator of section 4.1.1 so that the language it interprets

behaves this way. Almost all the required changes center around function application.

The basic idea is that, when applying a function, the interpreter must determine which

arguments are to be evaluated and which are to be delayed. The delayed arguments are not

evaluated; instead, they are transformed into objects called thunks.
28

28
The word thunk was invented by an informal working group that was discussing the implementation of

call-by-name in Algol 60. They observed that most of the analysis of (“thinking about”) the expression could be

done at compile time; thus, at run time, the expression would already have been “thunk” about (Ingerman et

al. 1960).
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The thunk must contain the information required to produce the value of the argument

when it is needed, as if it had been evaluated at the time of the application. Thus, the thunk

must contain the argument expression and the environment in which the function application

is being evaluated.

The process of evaluating the expression in a thunk is called forcing.
29

In general, a thunk will be forced only when its value is needed: when it is passed to a

primitive function that will use the value of the thunk; when it is the value of a predicate of a

conditional; and when it is the value of an operator that is about to be applied as a function

. One design choice we have available is whether or not to memoize thunks, similar to the

optimization for streams in section 3.5.1. With memoization, the �rst time a thunk is forced, it

stores the value that is computed. Subsequent forcings simply return the stored value without

repeating the computation. We’ll make our interpreter memoize, because this is more e�cient

for many applications. There are tricky considerations here, however.
30

Modifying the evaluator

The main di�erence between the lazy evaluator and the one in section 4.1 is in the handling

of function applications in evaluate and apply.

The is_application clause of evaluate becomes

I: is_application(stmt)

? apply(actual_value(function_expression(stmt), env),

args(stmt), env)

This is almost the same as the is_application clause of evaluate in section 4.1.1. For lazy

evaluation, however, we call apply with the operand expressions, rather than the arguments

produced by evaluating them. Since we will need the environment to construct thunks if the

arguments are to be delayed, we must pass this as well. We still evaluate the operator, because

apply needs the actual function to be applied in order to dispatch on its type (primitive versus

compound) and apply it.

Whenever we need the actual value of an expression, we use

29
This is analogous to the use of force on the delayed objects that were introduced in chapter 3 to represent

streams. The critical di�erence between what we are doing here and what we did in chapter 3 is that we are

building delaying and forcing into the evaluator, and thus making this uniform and automatic throughout the

language.

30
Lazy evaluation combined with memoization is sometimes referred to as call-by-need argument passing, in

contrast to call-by-name argument passing. (Call-by-name, introduced in Algol 60, is similar to non-memoized

lazy evaluation.) As language designers, we can build our evaluator to memoize, not to memoize, or leave this

an option for programmers (exercise 4.31). As you might expect from chapter 3, these choices raise issues that

become both subtle and confusing in the presence of assignments. (See exercises 4.27 and 4.29.) An excellent

article by Clinger (1982) attempts to clarify the multiple dimensions of confusion that arise here.
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Ifunction actual_value(exp, env) {

return force_it(evaluate(exp, env));

}

instead of just evaluate, so that if the expression’s value is a thunk, it will be forced.

Our new version of apply is also almost the same as the version in section 4.1.1. The di�er-

ence is that evaluate has passed in unevaluated operand expressions: For primitive functions

(which are strict), we evaluate all the arguments before applying the primitive; for compound

functions (which are non-strict) we delay all the arguments before applying the function.

Ifunction apply(fun, args, env) {

if (is_primitive_function(fun)) {

return apply_primitive_function(

fun, list_of_arg_values(args, env)); // changed

} else if (is_compound_function(fun)) {

const body = function_body(fun);

const symbols = function_parameters(fun);

const result = evaluate(

body,

extend_environment(symbols,

// following line changed

list_of_delayed_args(args, env),

function_environment(fun)));

return is_return_value(result)

? return_value_content(result)

: undefined;

} else {

error(fun, "Unknown function type -- apply");

}

}

The functions that process the arguments are just like list_of_values from section 4.1.1,

except that list_of_delayed_args delays the arguments instead of evaluating them, and

list_of_arg_values uses actual_value instead of evaluate:

function list_of_arg_values(exps, env) {

return no_args(exps)

? null

: pair(actual_value(first_arg(exps), env),

list_of_arg_values(rest_args(exps), env));

}

function list_of_delayed_args(exps, env) {

return no_args(exps)

? null

: pair(delay_it(first_arg(exps), env),

list_of_delayed_args(rest_args(exps), env));
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}

The other place we must change the evaluator is in the handling of conditional expres-

sions, where we must use actual_value instead of evaluate to get the value of the predicate

expression before testing whether it is true or false:

Ifunction eval_conditional_expression(expr, env) {

return is_true(actual_value(cond_expr_pred(expr),

env))

? evaluate(cond_expr_cons(expr), env)

: evaluate(cond_expr_alt(expr), env);

}

Finally, we must change the driver_loop function (section 4.1.4) to use actual_value instead

of evaluate, so that if a delayed value is propagated back to the read-evaluate-print loop, it

will be forced before being printed. We also change the prompts to indicate that this is the

lazy evaluator:

Iconst input_prompt = "L-evaluate input: ";

const output_prompt = "L-evaluate value: ";

function driver_loop(env) {

const input = user_read(input_prompt);

if (input === null) {

display("evaluator terminated");

} else {

const program = parse(input);

const locals = scan_out_declarations(program);

const unassigneds = list_of_unassigned(locals);

const program_env = extend_environment(locals, unassigneds, env);

const output = actual_value(program, program_env);

user_print(output_prompt, output);

driver_loop(program_env);

}

}

With these changes made, we can start the evaluator and test it. The successful evaluation

of the try_me expression discussed in section 4.2.1 indicates that the interpreter is performing

lazy evaluation:

Iconst the_global_environment = setup_environment();

driver_loop(the_global_environment);

L−eva lua te input :

function try_me(a, b) {

return a === 0 ? 1 : b;

}
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L−eva lua te value :
undef ined

L−eva lua te input :

try_me(0, head(null));

L−eva lua te value :
1

Representing thunks

Our evaluator must arrange to create thunks when functions are applied to arguments and to

force these thunks later. A thunk must package an expression together with the environment,

so that the argument can be produced later. To force the thunk, we simply extract the expression

and environment from the thunk and evaluate the expression in the environment. We use

actual_value rather than evaluate so that in case the value of the expression is itself a thunk,

we will force that, and so on, until we reach something that is not a thunk:

function force_it(obj) {

return is_thunk(obj)

? actual_value(thunk_exp(obj), thunk_env(obj))

: obj;

}

One easy way to package an expression with an environment is to make a list containing

the expression and the environment. Thus, we create a thunk as follows:

Ifunction delay_it(exp, env) {

return list("thunk", exp, env);

}

function is_thunk(obj) {

return is_tagged_list(obj, "thunk");

}

function thunk_exp(thunk) {

return head(tail(thunk));

}

function thunk_env(thunk) {

return head(tail(tail(thunk)));

}

Actually, what we want for our interpreter is not quite this, but rather thunks that have been

memoized. When a thunk is forced, we will turn it into an evaluated thunk by replacing the

stored expression with its value and changing the thunk tag so that it can be recognized as

already evaluated.
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Notice that we also erase the env from the thunk once the expression’s value has been computed. This makes
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Ifunction is_evaluated_thunk(obj) {

return is_tagged_list(obj, "evaluated_thunk");

}

function thunk_value(evaluated_thunk) {

return head(tail(evaluated_thunk));

}

function force_it(obj) {

if (is_thunk(obj)) {

const result = actual_value(

thunk_exp(obj),

thunk_env(obj));

set_head(obj, "evaluated_thunk");

set_head(tail(obj), result); // replace exp with its value

set_tail(tail(obj), null); // forget unneeded env

return result;

} else if(is_evaluated_thunk(obj)) {

return thunk_value(obj);

} else {

return obj;

}

}

Notice that the same delay_it function works both with and without memoization.

Exercise 4.27

Suppose we type in the following de�nitions to the lazy evaluator:

Ilet count = 0;

function id(x) {

count = count + 1;

return x;

}

Give the missing values in the following sequence of interactions, and explain your answers.
32

Iconst w = id(id(10));

L−eva lua te input :

count;

no di�erence in the values returned by the interpreter. It does help save space, however, because removing the

reference from the thunk to the env once it is no longer needed allows this structure to be garbage-collected and its

space recycled, as we will discuss in section 5.3. Similarly, we could have allowed unneeded environments in the

memoized delayed objects of section 3.5.1 to be garbage-collected, by having memo do something like fun = null;
to discard the function fun (which includes the environment in which the lambda expression that makes up the

tail of the stream was evaluated) after storing its value.

32
This exercise demonstrates that the interaction between lazy evaluation and side e�ects can be very confusing.

This is just what you might expect from the discussion in chapter 3.
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Metalinguistic Abstraction 4.2.2

L−eva lua te value :

〈response〉

L−eva lua te input :

w;

L−eva lua te value :

〈response〉

L−eva lua te input :

count;

L−eva lua te value :

〈response〉

Exercise 4.28

The function evaluate uses actual_value rather than evaluate to evaluate the operator be-

fore passing it to apply, in order to force the value of the operator. Give an example that

demonstrates the need for this forcing.

Exercise 4.29

Exhibit a program that you would expect to run much more slowly without memoization than

with memoization. Also, consider the following interaction, where the id function is de�ned

as in exercise 4.27 and count starts at 0:

Ifunction square(x) {

return x * x;

}

L−eva lua te input :

square(id(10));

L−eva lua te value :

〈response〉
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L−eva lua te input :

count;

L−eva lua te value :

〈response〉
Give the responses both when the evaluator memoizes and when it does not.

Exercise 4.30

Cy D. Fect, a reformed C programmer, is worried that some side e�ects may never take place,

because the lazy evaluator doesn’t force the expressions in a sequence. Since the value of an

expression in a sequence other than the last one is not used (the expression is there only for its

e�ect, such as assigning to a variable or printing), there can be no subsequent use of this value

(e.g., as an argument to a primitive function) that will cause it to be forced. Cy thus thinks

that when evaluating sequences, we must force all expressions in the sequence except the �nal

one. He proposes to modify evaluate_sequence from section 4.1.1 to use actual_value rather

than evaluate:

function eval_sequence(stmts, env) {

if (is_empty_sequence(stmts)) {

return undefined;

} else if (is_last_statement(stmts)) {

return evaluate(first_statement(stmts),env);

} else {

const first_stmt_value =

actual_value(first_statement(stmts),env);

if (is_return_value(first_stmt_value)) {

return first_stmt_value;

} else {

return eval_sequence(

rest_statements(stmts),env);

}

}

}

a. Ben Bitdiddle thinks Cy is wrong. He shows Cy the for_each function described in

exercise 2.23, which gives an important example of a sequence with side e�ects:

Ifunction for_each(fun, items) {

if (is_null(items)){

return undefined;

} else {

fun(head(items));

for_each(fun, tail(items));

}
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}

He claims that the evaluator in the text (with the original eval_sequence) handles this

correctly:

L−eva lua te input :

for_each(x => display( x),

list(57, 321, 88));

57
321
88
L−eva lua te value :
undef ined
Explain why Ben is right about the behavior of for_each.

b. Cy agrees that Ben is right about the for_each example, but says that that’s not the kind

of program he was thinking about when he proposed his change to eval_sequence. He

de�nes the following two functions in the lazy evaluator:

Ifunction f1(x) {

x = pair(x, list(2));

return x;

}

function f2(x) {

function f(e) {

e;

return x;

}

function set_x(y) {

x = y;

}

return f(set_x(pair(x, list(2))));

}

What are the values of f1(1) and f2(1) with the original eval_sequence? What would

the values be with Cy’s proposed change to eval_sequence?

c. Cy also points out that changing eval_sequence as he proposes does not a�ect the

behavior of the example in part a. Explain why this is true.

d. How do you think sequences ought to be treated in the lazy evaluator? Do you like Cy’s

approach, the approach in the text, or some other approach?
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Exercise 4.31

The approach taken in this section is somewhat unpleasant, because it makes an incompatible

change to JavaScript. It might be nicer to implement lazy evaluation as an upward-compatible
extension, that is, so that ordinary JavaScript programs will work as before. We can do this by

introducing optional parameter declaration as a new syntactic form inside function declara-

tions to let the user control whether or not arguments are to be delayed. While we’re at it, we

may as well also give the user the choice between delaying with and without memoization.

For example, the declaration

function f(a, b, c, d) {

parameters("strict", "lazy", "strict", "lazy_memo");

. . .
}

would de�ne f to be a function of four arguments, where the �rst and third arguments are

evaluated when the function is called, the second argument is delayed, and the fourth argument

is both delayed and memoized. You can assume that the parameter declaration is always the

�rst statement in the body of a function declaration, and if it is omitted, all parameters are strict.

Thus, ordinary function declaration will produce the same behavior as ordinary JavaScript,

while adding the "lazy_memo" declaration to each parameter of every compound function will

produce the behavior of the lazy evaluator de�ned in this section. Design and implement the

changes required to produce such an extension to JavaScript. The parse function will treat

parameter declarations as function applications, so you need to modify apply to dispatch to

your implementation of the new syntactic form. You must also arrange for evaluate or apply

to determine when arguments are to be delayed, and to force or delay arguments accordingly,

and you must arrange for forcing to memoize or not, as appropriate.

4.2.3 Streams as Lazy Lists

In section 3.5.1, we showed how to implement streams as delayed lists. We used a lambda

expression to construct a “promise” to compute the tail of a stream, without actually ful�lling

that promise until later. We were forced to create streams as a new kind of data object similar

but not identical to lists, and this required us to reimplement many ordinary list operations

(map, append, and so on) for use with streams.

With lazy evaluation, streams and lists can be identical, so there is no need for separate list

and stream operations. All we need to do is to arrange matters so that pair is non-strict. One

way to accomplish this is to extend the lazy evaluator to allow for non-strict primitives, and

to implement pair as one of these. An easier way is to recall (section 2.1.3) that there is no

fundamental need to implement pair as a primitive at all. Instead, we can represent pairs as
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functions:
33

Ifunction pair(x, y) {

return m => m(x, y);

}

function head(z) {

return z( (p, q) => p );

}

function tail(z) {

return z( (p, q) => q );

}

In terms of these basic operations, the standard de�nitions of the list operations will work

with in�nite lists (streams) as well as �nite ones, and the stream operations can be implemented

as list operations. Here are some examples:

Ifunction list_ref(items, n) {

return n === 0

? head(items)

: list_ref(tail(items), n - 1);

}

function map(fun, items) {

return is_null(items)

? null

: pair(fun(head(items)),

map(fun, tail(items)));

}

function scale_list(items, factor) {

return map(x => x * factor, items);

}

function add_lists(list1, list2) {

return is_null(list1)

? list2

: is_null(list2)

? list1

: pair(head(list1) + head(list2),

add_lists(tail(list1),

tail(list2)));

}

const ones = pair(1, ones);

const integers = pair(1, add_lists(ones, integers));

list_ref(integers, 17);

L−eva lua te input :

33
This is the functional representation described in exercise 2.4. Essentially any functional representation

(e.g., a message-passing implementation) would do as well. Notice that we can install these de�nitions in the

lazy evaluator simply by typing them at the driver loop. If we had originally included pair, head, and tail as

primitives in the global environment, they will be rede�ned. (Also see exercises 4.33 and 4.34.)
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l i s t _ r e f ( i n t e g e r s , 1 7 ) ;
L−eva lua te value :
18

Note that these lazy lists are even lazier than the streams of chapter 3: The head of the list,

as well as the tail, is delayed.
34

In fact, even accessing the head or tail of a lazy pair need not

force the value of a list element. The value will be forced only when it is really needed—e.g.,

for use as the argument of a primitive, or to be printed as an answer.

Lazy pairs also help with the problem that arose with streams in section 3.5.4, where we

found that formulating stream models of systems with loops may require us to sprinkle our

programs with additional delayed lambda expressions, beyond the ones required to construct

a stream pair. With lazy evaluation, all arguments to functions are delayed uniformly. For

instance, we can implement functions to integrate lists and solve di�erential equations as we

originally intended in section 3.5.4:

Ifunction integral(integrand, initial_value, dt) {

const int =

pair(initial_value,

add_lists(scale_list(integrand, dt),

int));

return int;

}

function solve(f, y0, dt) {

const y = integral(dy, y0, dt);

const dy = map(f, y);

return y;

}

list_ref(solve(x => x, 1, 0.001), 1000);

L−eva lua te input :
l i s t _ r e f ( s o l v e ( x => x , 1 , 0 . 0 0 1 ) , 1 0 0 0 ) ;
L−eva lua te value :
2 . 716924

Exercise 4.32

Give some examples that illustrate the di�erence between the streams of chapter 3 and the

“lazier” lazy lists described in this section. How can you take advantage of this extra laziness?

34
This permits us to create delayed versions of more general kinds of list structures, not just sequences. Hughes

1990 discusses some applications of “lazy trees.”
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Exercise 4.33

Ben Bitdiddle tests the lazy list implementation given above by evaluating the expression

head(list("a", "b", "c"));

To his surprise, this produces an error. After some thought, he realizes that the “lists” obtained

from the primitive list function are di�erent from the lists manipulated by the new de�nitions

of pair, head, and tail. Modify the evaluator such that applications of the primitive list

function typed at the driver loop will produce true lazy lists.

Exercise 4.34

Modify the driver loop for the evaluator so that lazy pairs and lists will print in some reason-

able way. (What are you going to do about in�nite lists?) You may also need to modify the

representation of lazy pairs so that the evaluator can identify them in order to print them.

4.3 Nondeterministic Computing

In this section, we extend the JavaScript evaluator to support a programming paradigm called

nondeterministic computing by building into the evaluator a facility to support automatic search.

This is a much more profound change to the language than the introduction of lazy evaluation

in section 4.2.

Nondeterministic computing, like stream processing, is useful for “generate and test” appli-

cations. Consider the task of starting with two lists of positive integers and �nding a pair of

integers—one from the �rst list and one from the second list—whose sum is prime. We saw

how to handle this with �nite sequence operations in section 2.2.3 and with in�nite streams in

section 3.5.3. Our approach was to generate the sequence of all possible pairs and �lter these to

select the pairs whose sum is prime. Whether we actually generate the entire sequence of pairs

�rst as in chapter 2, or interleave the generating and �ltering as in chapter 3, is immaterial to

the essential image of how the computation is organized.

The nondeterministic approach evokes a di�erent image. Imagine simply that we choose (in

some way) a number from the �rst list and a number from the second list and require (using

some mechanism) that their sum be prime. This is expressed by following function:

Ifunction prime_sum_pair(list1, list2) {

const a = an_element_of(list1);

const b = an_element_of(list2);

require(is_prime(a + b));

return list(a, b);
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}

It might seem as if this function merely restates the problem, rather than specifying a way

to solve it. Nevertheless, this is a legitimate nondeterministic program.
35

The key idea here is that expressions in a nondeterministic language can have more than

one possible value. For instance, an_element_of might return any element of the given list.

Our nondeterministic program evaluator will work by automatically choosing a possible value

and keeping track of the choice. If a subsequent requirement is not met, the evaluator will

try a di�erent choice, and it will keep trying new choices until the evaluation succeeds, or

until we run out of choices. Just as the lazy evaluator freed the programmer from the details

of how values are delayed and forced, the nondeterministic program evaluator will free the

programmer from the details of how choices are made.

It is instructive to contrast the di�erent images of time evoked by nondeterministic evalua-

tion and stream processing. Stream processing uses lazy evaluation to decouple the time when

the stream of possible answers is assembled from the time when the actual stream elements

are produced. The evaluator supports the illusion that all the possible answers are laid out

before us in a timeless sequence. With nondeterministic evaluation, an expression represents

the exploration of a set of possible worlds, each determined by a set of choices. Some of the

possible worlds lead to dead ends, while others have useful values. The nondeterministic pro-

gram evaluator supports the illusion that time branches, and that our programs have di�erent

possible execution histories. When we reach a dead end, we can revisit a previous choice point

and proceed along a di�erent branch.

The nondeterministic program evaluator implemented below is called the amb evaluator

because it is based on a special “function” called amb. We can type the above de�nition of

prime_sum_pair at the amb evaluator driver loop (along with de�nitions of is_prime, is_prime,

an_element_of, and require) and run the function as follows:

amb−eva lua te input :

Iprime_sum_pair(list(1, 3, 5, 8), list(20, 35, 110));

s t a r t i n g a new problem
amb−eva lua te value :
[ 3 , [ 2 0 , nu l l ] ]

The value returned was obtained after the evaluator repeatedly chose elements from each

35
We assume that we have previously de�ned a function is_prime that tests whether numbers are prime. Even

with is_prime de�ned, the prime_sum_pair function may look suspiciously like the unhelpful “pseudo-JavaScript”

attempt to de�ne the square-root function, which we described at the beginning of section 1.1.7. In fact, a square-

root function along those lines can actually be formulated as a nondeterministic program. By incorporating a

search mechanism into the evaluator, we are eroding the distinction between purely declarative descriptions and

imperative speci�cations of how to compute answers. We’ll go even farther in this direction in section 4.4.
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of the lists, until a successful choice was made.

Section 4.3.1 introduces amb and explains how it supports nondeterminism through the

evaluator’s automatic search mechanism. Section 4.3.2 presents examples of nondeterminis-

tic programs, and section 4.3.3 gives the details of how to implement the amb evaluator by

modifying the ordinary JavaScript evaluator.

4.3.1 Search and amb

To extend JavaScript to support nondeterminism, we introduce a new syntactic form called amb.
36

The expression amb(e1, e2, . . . , en) returns the value of one of the n expressions ei “ambigu-

ously.” For example, the expression

Ilist(amb(1, 2, 3), amb("a", "b"));

can have six possible values:

list(1, "a") list(1, "b") list(2, "a")

list(2, "b") list(3, "a") list(3, "b")

An amb expression with a single choice produces an ordinary (single) value.

An amb expression with no choices—the expression amb()—is an expression with no accept-

able values. Operationally, we can think of amb() as an expression that when evaluated causes

the computation to “fail”: The computation aborts and no value is produced. Using this idea,

we can express the requirement that a particular predicate expression p must be true as follows:

Ifunction require(p) {

return ! p ? amb() : "Satisfied require";

}

With amb and require, we can implement the an_element_of function used above:

Ifunction an_element_of(items) {

require(! is_null(items));

return amb(head(items), an_element_of(tail(items)));

}

An application of an_element_of fails if the list is empty. Otherwise it ambiguously returns

either the �rst element of the list or an element chosen from the rest of the list.

We can also express in�nite ranges of choices. The following function potentially returns

any integer greater than or equal to some given n:

Ifunction an_integer_starting_from(n) {

36
The idea of amb for nondeterministic programming was �rst described in 1961 by John McCarthy (see Mc-

Carthy 1967).
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return amb(n, an_integer_starting_from(n + 1));

}

This is like the stream function integers_starting_from described in section 3.5.2, but with

an important di�erence: The stream function returns an object that represents the sequence

of all integers beginning with n, whereas the amb function returns a single integer.
37

Abstractly, we can imagine that evaluating an amb expression causes time to split into

branches, where the computation continues on each branch with one of the possible val-

ues of the expression. We say that amb represents a nondeterministic choice point. If we had a

machine with a su�cient number of processors that could be dynamically allocated, we could

implement the search in a straightforward way. Execution would proceed as in a sequential

machine, until an amb expression is encountered. At this point, more processors would be

allocated and initialized to continue all of the parallel executions implied by the choice. Each

processor would proceed sequentially as if it were the only choice, until it either terminates

by encountering a failure, or it further subdivides, or it �nishes.
38

On the other hand, if we have a machine that can execute only one process (or a few concur-

rent processes), we must consider the alternatives sequentially. One could imagine modifying

an evaluator to pick at random a branch to follow whenever it encounters a choice point.

Random choice, however, can easily lead to failing values. We might try running the evaluator

over and over, making random choices and hoping to �nd a non-failing value, but it is better

to systematically search all possible execution paths. The amb evaluator that we will develop

and work with in this section implements a systematic search as follows: When the evaluator

encounters an application of amb, it initially selects the �rst alternative. This selection may

itself lead to a further choice. The evaluator will always initially choose the �rst alternative at

each choice point. If a choice results in a failure, then the evaluator automagically
39 backtracks

to the most recent choice point and tries the next alternative. If it runs out of alternatives at

any choice point, the evaluator will back up to the previous choice point and resume from

there. This process leads to a search strategy known as depth-�rst search or chronological
backtracking.

40

37
In actuality, the distinction between nondeterministically returning a single choice and returning all choices

depends somewhat on our point of view. From the perspective of the code that uses the value, the nondeterministic

choice returns a single value. From the perspective of the programmer designing the code, the nondeterministic

choice potentially returns all possible values, and the computation branches so that each value is investigated

separately.

38
One might object that this is a hopelessly ine�cient mechanism. It might require millions of processors

to solve some easily stated problem this way, and most of the time most of those processors would be idle.

This objection should be taken in the context of history. Memory used to be considered just such an expensive

commodity. In 1964 a megabyte of RAM cost about $400,000. Now every personal computer has many megabytes

of RAM, and most of the time most of that RAM is unused. It is hard to underestimate the cost of mass-produced

electronics.

39
Automagically: “Automatically, but in a way which, for some reason (typically because it is too complicated,

or too ugly, or perhaps even too trivial), the speaker doesn’t feel like explaining.” (Steele 1983, Raymond 1993)

40
The integration of automatic search strategies into programming languages has had a long and checkered
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Driver loop

The driver loop for the amb evaluator has some unusual properties. It reads an expression and

prints the value of the �rst non-failing execution, as in the prime_sum_pair example shown

above. If we want to see the value of the next successful execution, we can ask the interpreter

to backtrack and attempt to generate a second non-failing execution. This is signaled by

typing try_again. If any other input except try_again is given, the interpreter will start a new

problem, discarding the unexplored alternatives in the previous problem. Here is a sample

interaction:

amb−eva lua te input :

Iprime_sum_pair(list(1, 3, 5, 8), list(20, 35, 110));

S t a r t i n g a new problem
amb−eva lua te value :
[ 3 , [ 2 0 , nu l l ] ]

amb−eva lua te input :

Itry_again

amb−eva lua te value :
[ 3 , [ 110 , nu l l ] ]

amb−eva lua te input :

Itry_again

amb−eva lua te value :
[ 8 , [ 3 5 , nu l l ] ]

amb−eva lua te input :

Itry_again

history. The �rst suggestions that nondeterministic algorithms might be elegantly encoded in a programming

language with search and automatic backtracking came from Robert Floyd (1967). Carl Hewitt (1969) invented a

programming language called Planner that explicitly supported automatic chronological backtracking, providing

for a built-in depth-�rst search strategy. Sussman, Winograd, and Charniak (1971) implemented a subset of this

language, called MicroPlanner, which was used to support work in problem solving and robot planning. Similar

ideas, arising from logic and theorem proving, led to the genesis in Edinburgh and Marseille of the elegant language

Prolog (which we will discuss in section 4.4). After su�cient frustration with automatic search, McDermott and

Sussman (1972) developed a language called Conniver, which included mechanisms for placing the search strategy

under programmer control. This proved unwieldy, however, and Sussman and Stallman (1975) found a more

tractable approach while investigating methods of symbolic analysis for electrical circuits. They developed a

non-chronological backtracking scheme that was based on tracing out the logical dependencies connecting facts,

a technique that has come to be known as dependency-directed backtracking. Although their method was complex,

it produced reasonably e�cient programs because it did little redundant search. Doyle 1979 and McAllester

(McAllester 1978, McAllester 1980) generalized and clari�ed the methods of Stallman and Sussman, developing

a new paradigm for formulating search that is now called truth maintenance. Modern problem-solving systems

all use some form of truth-maintenance system as a substrate. See Forbus and deKleer 1993 for a discussion of

elegant ways to build truth-maintenance systems and applications using truth maintenance. Zabih, McAllester,

and Chapman 1987 describes a nondeterministic extension to Scheme that is based on amb; it is similar to the

interpreter described in this section, but more sophisticated, because it uses dependency-directed backtracking

rather than chronological backtracking. Winston 1992 gives an introduction to both kinds of backtracking.
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There are no more va lues o f
prime_sum_pair ( [ 1 , [ 3 , [ 5 , [ 8 , nu l l ] ] ] ] , [ 2 0 , [ 3 5 , [ 110 , nu l l ] ] ] )

amb−eva lua te input :

Iprime_sum_pair(list(19, 27, 30), list(11, 36, 58));

S t a r t i n g a new problem
amb−eva lua te value :
[ 3 0 , [ 1 1 , nu l l ] ]

Exercise 4.35

Write a function an_integer_between that returns an integer between two given bounds.

This can be used to implement a function that �nds Pythagorean triples, i.e., triples of integers

(i, j,k) between the given bounds such that i ≤ j and i2 + j2 = k2
, as follows:

Ifunction a_pythogorean_triple_between(low, high) {

const i = an_integer_between(low, high);

const j = an_integer_between(i, high);

const k = an_integer_between(j, high);

require(i * i + j * j === k * k);

return list(i, j, k);

}

Exercise 4.36

Exercise 3.69 discussed how to generate the stream of all Pythagorean triples, with no upper

bound on the size of the integers to be searched. Explain why simply replacing an_integer_between

by an_integer_starting_from in the function in exercise 4.35 is not an adequate way to gen-

erate arbitrary Pythagorean triples. Write a function that actually will accomplish this. (That is,

write a function for which repeatedly typing try_again would in principle eventually generate

all Pythagorean triples.)

Exercise 4.37

Ben Bitdiddle claims that the following method for generating Pythagorean triples is more

e�cient than the one in exercise 4.35. Is he correct? (Hint: Consider the number of possibilities

that must be explored.)

Ifunction a_pythagorean_triple_between(low, high) {

const i = an_integer_between(low, high);

const hsq = high * high;
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const j = an_integer_between(i, high);

const ksq = i * i + j * j;

require(hsq >= ksq);

const k = math_sqrt(ksq);

require(is_integer(k));

list(i, j, k);

}

4.3.2 Examples of Nondeterministic Programs

Section 4.3.3 describes the implementation of the amb evaluator. First, however, we give some

examples of how it can be used. The advantage of nondeterministic programming is that we

can suppress the details of how search is carried out, thereby expressing our programs at a

higher level of abstraction.

Logic Puzzles

The following puzzle (taken from Dinesman 1968) is typical of a large class of simple logic

puzzles:

Baker, Cooper, Fletcher, Miller, and Smith live on di�erent �oors of an apartment

house that contains only �ve �oors. Baker does not live on the top �oor. Cooper

does not live on the bottom �oor. Fletcher does not live on either the top or the

bottom �oor. Miller lives on a higher �oor than does Cooper. Smith does not live on

a �oor adjacent to Fletcher’s. Fletcher does not live on a �oor adjacent to Cooper’s.

Where does everyone live?

We can determine who lives on each �oor in a straightforward way by enumerating all the

possibilities and imposing the given restrictions:
41

Ifunction multiple_dwelling() {

const baker = amb(1, 2, 3, 4, 5);

41
Our program uses the following function to determine if the elements of a list are distinct:

Idistinct(list(1, 2, 4, 4,5));

Ifunction distinct(items) {
return is_null(items)

? true
: is_null(tail(items))

? true
: is_null(member(head(items), tail(items)))

? distinct(tail(items))
: false;

}
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const cooper = amb(1, 2, 3, 4, 5);

const fletcher = amb(1, 2, 3, 4, 5);

const miller = amb(1, 2, 3, 4, 5);

const smith = amb(1, 2, 3, 4, 5);

require(distinct(list(baker, cooper, fletcher, miller, smith)));

require(! (baker === 5));

require(! (cooper === 1));

require(! (fletcher === 5));

require(! (fletcher === 1));

require(miller > cooper);

require(! (math_abs(smith - fletcher) === 1));

require(! (math_abs(fletcher - cooper) === 1));

return list(list("baker", baker),

list("cooper", cooper),

list("fletcher", fletcher),

list("miller", miller),

list("smith", smith));

}

Evaluating the expression multiple_dwelling() produces the result

list(list("baker", 3), list("cooper", 2), list("fletcher", 4),

list("miller", 5), list("smith", 1))

Although this simple function works, it is very slow. Exercises 4.39 and 4.40 discuss some

possible improvements.

Exercise 4.38

Modify the multiple-dwelling function to omit the requirement that Smith and Fletcher do

not live on adjacent �oors. How many solutions are there to this modi�ed puzzle?

Exercise 4.39

Does the order of the restrictions in the multiple-dwelling function a�ect the answer? Does

it a�ect the time to �nd an answer? If you think it matters, demonstrate a faster program

obtained from the given one by reordering the restrictions. If you think it does not matter,

argue your case.

Exercise 4.40

In the multiple dwelling problem, how many sets of assignments are there of people to �oors,

both before and after the requirement that �oor assignments be distinct? It is very ine�cient

to generate all possible assignments of people to �oors and then leave it to backtracking to
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eliminate them. For example, most of the restrictions depend on only one or two of the person-

�oor names, and can thus be imposed before �oors have been selected for all the people. Write

and demonstrate a much more e�cient nondeterministic function that solves this problem

based upon generating only those possibilities that are not already ruled out by previous

restrictions.

Exercise 4.41

Write an ordinary JavaScript program to solve the multiple dwelling puzzle.

Exercise 4.42

Solve the following “Liars” puzzle (from Phillips 1934):

Five schoolgirls sat for an examination. Their parents—so they thought—showed

an undue degree of interest in the result. They therefore agreed that, in writing

home about the examination, each girl should make one true statement and one

untrue one. The following are the relevant passages from their letters:

– Betty: “Kitty was second in the examination. I was only third.”

– Ethel: “You’ll be glad to hear that I was on top. Joan was second.”

– Joan: “I was third, and poor old Ethel was bottom.”

– Kitty: “I came out second. Mary was only fourth.”

– Mary: “I was fourth. Top place was taken by Betty.”

What in fact was the order in which the �ve girls were placed?

Exercise 4.43

Use the amb evaluator to solve the following puzzle:
42

Mary Ann Moore’s father has a yacht and so has each of his four friends: Colonel

Downing, Mr. Hall, Sir Barnacle Hood, and Dr. Parker. Each of the �ve also has one

daughter and each has named his yacht after a daughter of one of the others. Sir

Barnacle’s yacht is the Gabrielle, Mr. Moore owns the Lorna; Mr. Hall the Rosalind.

The Melissa, owned by Colonel Downing, is named after Sir Barnacle’s daughter.

Gabrielle’s father owns the yacht that is named after Dr. Parker’s daughter. Who

is Lorna’s father?

42
This is taken from a booklet called “Problematical Recreations,” published in the 1960s by Litton Industries,

where it is attributed to the Kansas State Engineer.
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Try to write the program so that it runs e�ciently (see exercise 4.40). Also determine how

many solutions there are if we are not told that Mary Ann’s last name is Moore.

Exercise 4.44

Exercise 2.42 described the “eight-queens puzzle” of placing queens on a chessboard so that

no two attack each other. Write a nondeterministic program to solve this puzzle.

Parsing natural language

Programs designed to accept natural language as input usually start by attempting to parse
the input, that is, to match the input against some grammatical structure. For example, we

might try to recognize simple sentences consisting of an article followed by a noun followed

by a verb, such as “The cat eats.” To accomplish such an analysis, we must be able to identify

the parts of speech of individual words. We could start with some lists that classify various

words:
43

Iconst nouns = list("noun", "student", "professor", "cat", "class");

const verbs = list("verb", "studies", "lectures", "eats", "sleeps");

const articles = list("article", "the", "a");

We also need a grammar, that is, a set of rules describing how grammatical elements are

composed from simpler elements. A very simple grammar might stipulate that a sentence

always consists of two pieces—a noun phrase followed by a verb—and that a noun phrase

consists of an article followed by a noun. With this grammar, the sentence “The cat eats” is

parsed as follows:

list("sentence",

list("noun-phrase",

list("article", "the"),

list("noun", "cat"),

list("verb", "eats"))

We can generate such a parse with a simple program that has separate functions for each of

the grammatical rules. To parse a sentence, we identify its two constituent pieces and return

a list of these two elements, tagged with the symbol sentence:

Ifunction parse_sentence() {

return list("sentence",

parse_noun_phrase(),

43
Here we use the convention that the �rst element of each list designates the part of speech for the rest of

the words in the list.
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parse_word(verbs));

}

A noun phrase, similarly, is parsed by �nding an article followed by a noun:

Ifunction parse_noun_phrase() {

return list("noun-phrase",

parse_word(articles),

parse_word(nouns));

}

At the lowest level, parsing boils down to repeatedly checking that the next unparsed word is

a member of the list of words for the required part of speech. To implement this, we maintain

a global variable unparsed, which is the input that has not yet been parsed. Each time we

check a word, we require that unparsed, must be non-empty and that it should begin with a

word from the designated list. If so, we remove that word from unparsed, and return the word

together with its part of speech (which is found at the head of the list):
44

Ifunction parse_word(word_list) {

require(! is_null(unparsed));

require(member(head(unparsed), tail(word_list)) !== null);

const found_word = head(unparsed);

unparsed = tail(unparsed);

return list(head(word_list), found_word);

}

To start the parsing, all we need to do is set unparsed, to be the entire input, try to parse a

sentence, and check that nothing is left over:

Ilet unparsed = null;

Ifunction parse_input(input) {

unparsed = input;

const sent = parse_sentence();

require(is_null(unparsed));

return sent;

}

We can now try the parser and verify that it works for our simple test sentence:

amb−eva lua te input :

Iparse_input(list("the", "cat", "eats"));

S t a r t i n g a new problem
amb−eva lua te value :
l i s t ( " s en t enc e " ,

44
Notice that parse_word, uses assignment to modify the unparsed input list. For this to work, our amb evaluator

must undo the e�ects of assignment operations when it backtracks.
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l i s t ( " noun−phrase " ,
l i s t ( " a r t i c l e " , " the " ) ,
l i s t ( " noun " , " ca t " ) ) ,

l i s t ( " verb " , " e a t s " ) )

The amb evaluator is useful here because it is convenient to express the parsing constraints

with the aid of require. Automatic search and backtracking really pay o�, however, when we

consider more complex grammars where there are choices for how the units can be decom-

posed.

Let’s add to our grammar a list of prepositions:

Iconst prepositions = list("prep", "for", "to", "in", "by", "with");

and de�ne a prepositional phrase (e.g., “for the cat”) to be a preposition followed by a noun

phrase:

Ifunction parse_prepositional_phrase() {

return list("prep-phrase",

parse_word(prepositions),

parse_noun_phrase());

}

Now we can de�ne a sentence to be a noun phrase followed by a verb phrase, where a verb

phrase can be either a verb or a verb phrase extended by a prepositional phrase:
45

Ifunction parse_sentence() {

return list("sentence",

parse_noun_phrase(),

parse_verb_phrase());

}

function parse_verb_phrase() {

function maybe_extend(verb_phrase) {

return amb(verb_phrase,

maybe_extend(list("verb-phrase",

verb_phrase,

parse_prepositional_phrase())));

}

return maybe_extend(parse_word(verbs));

}

While we’re at it, we can also elaborate the de�nition of noun phrases to permit such things

as “a cat in the class.” What we used to call a noun phrase, we’ll now call a simple noun phrase,

and a noun phrase will now be either a simple noun phrase or a noun phrase extended by a

prepositional phrase:

45
Observe that this de�nition is recursive—a verb may be followed by any number of prepositional phrases.
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Ifunction parse_simple_noun_phrase() {

return list("simple-noun-phrase",

parse_word(articles),

parse_word(nouns));

}

function parse_noun_phrase() {

function maybe_extend(noun_phrase) {

return amb(noun_phrase,

maybe_extend(list("noun-phrase",

noun_phrase,

parse_prepositional_phrase())));

}

return maybe_extend(parse_simple_noun_phrase());

}

Our new grammar lets us parse more complex sentences. For example

Iparse_input(list("the", "student", "with", "the", "cat",

"sleeps", "in", "the", "class"));

produces

list("sentence",

list("noun-phrase",

list("simple-noun-phrase",

list("article", "the"), list("noun", "student")),

list("prep-phrase", list("prep", "with"),

list("simple-noun-phrase",

list("article", "the"),

list("noun", "cat")))),

list("verb-phrase",

list("verb", "sleeps"),

list("prep-phrase", list("prep", "in"),

list("simple-noun-phrase",

list("article", "the"),

list("noun", "class")))))

Observe that a given input may have more than one legal parse. In the sentence “The pro-

fessor lectures to the student with the cat,” it may be that the professor is lecturing with the

cat, or that the student has the cat. Our nondeterministic program �nds both possibilities:

Iparse_input(list("the", "professor", "lectures",

"to", "the", "student", "with", "the", "cat"));

produces

list("sentence",

list("simple-noun-phrase",

list("article", "the"), list("noun", "professor")),
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list("verb-phrase",

list("verb-phrase",

list("verb", "lectures"),

list("prep-phrase", list("prep", "to"),

list("simple-noun-phrase",

list("article", "the"),

list("noun", "student")))),

list("prep-phrase", list("prep", "with"),

list("simple-noun-phrase",

list("article", "the"),

list("noun", "cat")))))

Asking the evaluator to try again yields

list("sentence",

list("simple-noun-phrase", list("article", "the"),

list("noun", "professor")),

list("verb-phrase",

list("verb", "lectures"),

list("prep-phrase", list("prep", "to"),

list("noun-phrase",

list("simple-noun-phrase",

list("article", "the"),

list("noun", "student")),

list("prep-phrase", list("prep", "with"),

list("simple-noun-phrase",

list("article", "the"),

list("noun", "cat")))))))

Exercise 4.45

With the grammar given above, the following sentence can be parsed in �ve di�erent ways:

“The professor lectures to the student in the class with the cat.” Give the �ve parses and explain

the di�erences in shades of meaning among them.

Exercise 4.46

The evaluators in sections 4.1 and 4.2 do not determine what order operands are evaluated in.

We will see that the amb evaluator evaluates them from left to right. Explain why our parsing

program wouldn’t work if the operands were evaluated in some other order.
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Exercise 4.47

Louis Reasoner suggests that, since a verb phrase is either a verb or a verb phrase followed

by a prepositional phrase, it would be much more straightforward to de�ne the function

parse_verb_phrase as follows (and similarly for noun phrases):

function parse_verb_phrase() {

return amb(parse_word(verbs),

list("verb-phrase",

parse_verb_phrase(),

parse_prepositional_phrase()));

}

Does this work? Does the program’s behavior change if we interchange the order of expressions

in the amb?

Exercise 4.48

Extend the grammar given above to handle more complex sentences. For example, you could

extend noun phrases and verb phrases to include adjectives and adverbs, or you could handle

compound sentences.
46

Exercise 4.49

Alyssa P. Hacker is more interested in generating interesting sentences than in parsing them.

She reasons that by simply changing the function parse_word so that it ignores the “input

sentence” and instead always succeeds and generates an appropriate word, we can use the

programs we had built for parsing to do generation instead. Implement Alyssa’s idea, and show

the �rst half-dozen or so sentences generated.
47

46
This kind of grammar can become arbitrarily complex, but it is only a toy as far as real language understand-

ing is concerned. Real natural-language understanding by computer requires an elaborate mixture of syntactic

analysis and interpretation of meaning. On the other hand, even toy parsers can be useful in supporting �exible

command languages for programs such as information-retrieval systems. Winston 1992 discusses computational

approaches to real language understanding and also the applications of simple grammars to command languages.

47
Although Alyssa’s idea works just �ne (and is surprisingly simple), the sentences that it generates are a bit

boring—they don’t sample the possible sentences of this language in a very interesting way. In fact, the grammar

is highly recursive in many places, and Alyssa’s technique “falls into” one of these recursions and gets stuck. See

exercise 4.50 for a way to deal with this.
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4.3.3 Implementing the amb Evaluator

The evaluation of an ordinary JavaScript expression may return a value, may never terminate,

or may signal an error. In nondeterministic JavaScript the evaluation of an expression may

in addition result in the discovery of a dead end, in which case evaluation must backtrack to

a previous choice point. The interpretation of nondeterministic JavaScript is complicated by

this extra case.

We will construct the amb evaluator for nondeterministic JavaScript by modifying the ana-

lyzing evaluator of section 4.1.7.
48

As in the analyzing evaluator, evaluation of an expression

is accomplished by calling an execution function produced by analysis of that expression.

The di�erence between the interpretation of ordinary JavaScript and the interpretation of

nondeterministic JavaScript will be entirely in the execution functions.

Execution functions and continuations

Recall that the execution functions for the ordinary evaluator take one argument: the envi-

ronment of execution. In contrast, the execution functions in the amb evaluator take three

arguments: the environment, and two functions called continuation functions. The evaluation

of an expression will �nish by calling one of these two continuations: If the evaluation results

in a value, the success continuation is called with that value; if the evaluation results in the

discovery of a dead end, the failure continuation is called. Constructing and calling appro-

priate continuations is the mechanism by which the nondeterministic evaluator implements

backtracking.

It is the job of the success continuation to receive a value and proceed with the computation.

Along with that value, the success continuation is passed another failure continuation, which

is to be called subsequently if the use of that value leads to a dead end.

It is the job of the failure continuation to try another branch of the nondeterministic process.

The essence of the nondeterministic language is in the fact that expressions may represent

choices among alternatives. The evaluation of such an expression must proceed with one of the

indicated alternative choices, even though it is not known in advance which choices will lead

to acceptable results. To deal with this, the evaluator picks one of the alternatives and passes

this value to the success continuation. Together with this value, the evaluator constructs and

passes along a failure continuation that can be called later to choose a di�erent alternative.

A failure is triggered during evaluation (that is, a failure continuation is called) when a

user program explicitly rejects the current line of attack (for example, a call to require may

48
We chose to implement the lazy evaluator in section 4.2 as a modi�cation of the ordinary metacircular

evaluator of section 4.1.1. In contrast, we will base the amb evaluator on the analyzing evaluator of section 4.1.7,

because the execution functions in that evaluator provide a convenient framework for implementing backtracking.
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result in execution of amb(), an expression that always fails—see section 4.3.1). The failure

continuation in hand at that point will cause the most recent choice point to choose another

alternative. If there are no more alternatives to be considered at that choice point, a failure at

an earlier choice point is triggered, and so on. Failure continuations are also invoked by the

driver loop in response to a try_again request, to �nd another value of the expression.

In addition, if a side-e�ect operation (such as assignment to a variable) occurs on a branch

of the process resulting from a choice, it may be necessary, when the process �nds a dead

end, to undo the side e�ect before making a new choice. This is accomplished by having the

side-e�ect operation produce a failure continuation that undoes the side e�ect and propagates

the failure.

In summary, failure continuations are constructed by

– amb expressions—to provide a mechanism to make alternative choices if the current

choice made by the amb expression leads to a dead end;

– the top-level driver—to provide a mechanism to report failure when the choices are

exhausted;

– assignments—to intercept failures and undo assignments during backtracking.

Failures are initiated only when a dead end is encountered. This occurs

– if the user program executes amb();

– if the user types try_again at the top-level driver.

Failure continuations are also called during processing of a failure:

– When the failure continuation created by an assignment �nishes undoing a side e�ect,

it calls the failure continuation it intercepted, in order to propagate the failure back to

the choice point that led to this assignment or to the top level.

– When the failure continuation for an amb runs out of choices, it calls the failure contin-

uation that was originally given to the amb, in order to propagate the failure back to the

previous choice point or to the top level.

Structure of the evaluator

The syntax- and data-representation functions for the amb evaluator, and also the basic analyze

function, are identical to those in the evaluator of section 4.1.7, except for the fact that we need

additional syntax functions to recognize the amb syntactic form:

Ifunction is_amb(stmt) {

return is_tagged_list(stmt, "application") &&

is_name(function_expression(stmt)) &&

symbol_of_name(function_expression(stmt)) === "amb";
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}

function amb_choices(stmt) {

return args(stmt);

}

The symbol amb here is no longer a name with proper scoping. Whenever the symbol amb

appears as the function expression of an application, the evaluator treats the application as a

nondeterministic choice point.
49

We must also add to the dispatch in analyze a clause that will recognize such expressions

and generate an appropriate execution function:

I: is_amb(stmt)

? analyze_amb(stmt)

The top-level function ambeval (similar to the version of evaluate given in section 4.1.7)

analyzes the given expression and applies the resulting execution function to the given envi-

ronment, together with two given continuations:

Ifunction ambeval(exp, env, succeed, fail) {

return analyze(exp)(env, succeed, fail);

}

A success continuation is a function of two arguments: the value just obtained and another

failure continuation to be used if that value leads to a subsequent failure. A failure continuation

is a function of no arguments. So the general form of an execution function is

(env, succeed, fail) => {

// succeed is (value, fail) => . . .
// fail is () => . . .

}

For example, executing

ambeval(exp,

the_global_environment,

(value, fail) => value,

() => "failed");

will attempt to evaluate the given expression and will return either the expression’s value (if

the evaluation succeeds) or the string "failed" (if the evaluation fails). The call to ambeval

in the driver loop shown below uses much more complicated continuation functions, which

continue the loop and support the try_again request.

Most of the complexity of the amb evaluator results from the mechanics of passing the

continuations around as the execution functions call each other. In going through the following

49
To avoid confusion, we shall refrain from declaring amb as a name in our nondeterministic programs.
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code, you should compare each of the execution functions with the corresponding function

for the ordinary evaluator given in section 4.1.7.

Simple expressions

The execution functions for the simplest kinds of expressions are essentially the same as those

for the ordinary evaluator, except for the need to manage the continuations. The execution

functions simply succeed with the value of the expression, passing along the failure continua-

tion that was passed to them.

Ifunction analyze_self_evaluating(stmt) {

return (env, succeed, fail) => succeed(stmt, fail);

}

Ifunction analyze_name(stmt) {

return (env, succeed, fail) =>

succeed(lookup_symbol_value(symbol_of_name(stmt), env),

fail);

}

Ifunction analyze_lambda_expression(stmt) {

const parameters = lambda_parameters(stmt);

const body = lambda_body(stmt);

const bfun = analyze(body);

return (env, succeed, fail) =>

succeed(make_function(parameters, bfun, env),

fail);

}

Notice that looking up a name always “succeeds.” If lookup_name_value fails to �nd the

name, it signals an error, as usual. Such a “failure” indicates a program bug—a reference to

an unbound name; it is not an indication that we should try another nondeterministic choice

instead of the one that is currently being tried.

Conditionals and sequences

Conditionals are also handled in a similar way as in the ordinary evaluator. The execution func-

tion generated by analyze_conditional_expression invokes the predicate execution function

pfun with a success continuation that checks whether the predicate value is true and goes on

to execute either the consequent or the alternative. If the execution of pfun fails, the original

failure continuation for the conditional expression is called.

Ifunction analyze_conditional_expression(stmt) {

const pfun = analyze(cond_expr_pred(stmt));
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const cfun = analyze(cond_expr_cons(stmt));

const afun = analyze(cond_expr_alt(stmt));

return (env, succeed, fail) =>

pfun(env,

// success continuation for evaluating

// the predicate to obtain pred_value

(pred_value, fail2) =>

is_true(pred_value)

? cfun(env, succeed, fail2)

: afun(env, succeed, fail2),

// failure continuation for evaluating

// the predicate

fail);

}

Sequences are also handled in the same way as in the previous evaluator, except for the

machinations in the subfunction sequentially that are required for passing the continuations.

Namely, to sequentially execute a and then b, we call a with a success continuation that calls

b.

Ifunction analyze_sequence(stmts) {

function sequentially(a, b) {

return (env, succeed, fail) =>

a(env,

(a_value, fail2) =>

is_return_value(a_value)

? succeed(a_value, fail2)

: b(env, succeed, fail2),

fail);

}

function loop(first_fun, rest_funs) {

return is_null(rest_funs)

? first_fun

: loop(sequentially(first_fun,

head(rest_funs)),

tail(rest_funs));

}

const funs = map(analyze, stmts);

return is_null(funs)

? env => undefined

: loop(head(funs), tail(funs));

}
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Declarations and assignments

Declarations are another case where we must go to some trouble to manage the continuations,

because it is necessary to evaluate the declaration-value expression before actually declaring

the new name. To accomplish this, the declaration-value execution function vfun is called with

the environment, a success continuation, and the failure continuation. If the execution of vfun

succeeds, obtaining a value val for the declared name, the name is declared and the success is

propagated:

Ifunction analyze_variable_declaration(stmt) {

const symbol = variable_declaration_symbol(stmt);

const vfun = analyze(variable_declaration_value(stmt));

return (env, succeed, fail) =>

vfun(env,

(val, fail2) => {

assign_symbol_value(symbol, val, env);

return succeed(undefined, fail2);

},

fail);

}

function analyze_constant_declaration(stmt) {

const symbol =

constant_declaration_symbol(stmt);

const vfun = analyze(constant_declaration_value(stmt));

return (env, succeed, fail) =>

vfun(env,

(val, fail2) => {

assign_symbol_value(symbol, val, env);

return succeed(undefined, fail2);

},

fail);

}

Assignments are more interesting. This is the �rst place where we really use the continu-

ations, rather than just passing them around. The execution function for assignments starts

out like the one for declarations. It �rst attempts to obtain the new value to be assigned to the

name. If this evaluation of vfun fails, the assignment fails.

If vfun succeeds, however, and we go on to make the assignment, we must consider the

possibility that this branch of the computation might later fail, which will require us to back-

track out of the assignment. Thus, we must arrange to undo the assignment as part of the

backtracking process.
50

This is accomplished by giving vfun a success continuation (marked with the comment “*1*”

50
We didn’t worry about undoing declarations, since we assume that names are not used prior to the evaluation

of their declaration, see exercise 4.16. declarations are scanned out (section 4.1.6).
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below) that saves the old value of the variable before assigning the new value to the variable

and proceeding from the assignment. The failure continuation that is passed along with the

value of the assignment (marked with the comment “*2*” below) restores the old value of

the variable before continuing the failure. That is, a successful assignment provides a failure

continuation that will intercept a subsequent failure; whatever failure would otherwise have

called fail2 calls this function instead, to undo the assignment before actually calling fail2.

Ifunction analyze_assignment(stmt) {

const symbol = assignment_symbol(stmt);

const vfun = analyze(assignment_value(stmt));

return (env, succeed, fail) =>

vfun(env,

(val, fail2) => { // *1*

const old_value = lookup_symbol_value(symbol, env);

assign_symbol_value(symbol, val, env);

return succeed(val,

() => { // *2*

assign_symbol_value(symbol,

old_value,

env);

return fail2();

});

},

fail);

}

Return statements and blocks

Analyzing return statements is straightforward. The execution function applies the execution

function that results from analyzing the return expression to a success continuation that calls

the original success continuation with the return value wrapped in a return value object.

Ifunction analyze_return_statement(stmt) {

const rfun = analyze(return_expression(stmt));

return (env, succeed, fail) =>

rfun(env,

(val, fail2) => succeed(make_return_value(val), fail2),

fail);

}

The execution function for blocks calls the body’s execution function on an extended environ-

ment, without changing success or failure continuations.

Ifunction analyze_block(stmt) {

const body = block_body(stmt);

const locals = scan_out_declarations(body);
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const unassigneds = list_of_unassigned(locals);

const bfun = analyze(body);

return (env, succeed, fail) =>

bfun(extend_environment(locals, unassigneds, env),

succeed, fail);

}

Function applications

The execution function function for applications contains no new ideas except for the technical

complexity of managing the continuations. This complexity arises in analyze_application,

due to the need to keep track of the success and failure continuations as we evaluate the

operands. We use a function get_args to evaluate the list of operands, rather than a simple

map as in the ordinary evaluator.

Ifunction analyze_application(stmt) {

const ffun = analyze(function_expression(stmt));

const afuns = map(analyze, args(stmt));

return (env, succeed, fail) =>

ffun(env,

(fun, fail2) =>

get_args(afuns,

env,

(args, fail3) =>

execute_application(fun,

args, succeed, fail3),

fail2),

fail);

}

In get_args, notice how tailing down the list of afun, execution functions and pairing

up the resulting list of args is accomplished by calling each afun in the list with a success

continuation that recursively calls get_args. Each of these recursive calls to get_args has a

success continuation whose value is the pair of the newly obtained argument onto the list of

accumulated arguments:

Ifunction get_args(afuns, env, succeed, fail) {

return is_null(afuns)

? succeed(null, fail)

: head(afuns)(env,

// success continuation for this afun

(arg, fail2) =>

get_args(tail(afuns),

env,

// success continuation for

// recursive call to get_args
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(args, fail3) =>

succeed(pair(arg, args),

fail3),

fail2),

fail);

}

The actual function application, which is performed by execute_application, is accom-

plished in the same way as for the ordinary evaluator, except for the need to manage the

continuations.

Ifunction execute_application(fun, args, succeed, fail) {

return is_primitive_function(fun)

? succeed(apply_primitive_function(fun, args),

fail)

: is_compound_function(fun)

? function_body(fun)(

extend_environment(

function_parameters(fun),

args,

function_environment(fun)),

(body_result, fail2) =>

succeed(is_return_value(body_result)

? return_value_content(body_result)

: undefined,

fail2),

fail)

: error(fun, "unknown function type -- " +

"execute_application");

}

Evaluating amb expressions

The amb syntactic form is the key element in the nondeterministic language. Here we see the

essence of the interpretation process and the reason for keeping track of the continuations.

The execution function for amb de�nes a loop try_next that cycles through the execution

functions for all the possible values of the amb expression. Each execution function is called

with a failure continuation that will try the next one. When there are no more alternatives to

try, the entire amb expression fails.

Ifunction analyze_amb(exp) {

const cfuns = map(analyze, amb_choices(exp));

return (env, succeed, fail) => {

function try_next(choices) {

return is_null(choices)

? fail()
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: head(choices)(env,

succeed,

() => try_next(tail(choices)));

}

return try_next(cfuns);

};

}

Driver loop

The driver loop for the amb evaluator is complex, due to the mechanism that permits the user to

try again in evaluating an expression. The driver uses a function called internal_loop, which

takes as argument a function try_again. The intent is that calling try_again should go on to

the next untried alternative in the nondeterministic evaluation. The function internal_loop

either calls try_again in response to the user typing try_again at the driver loop, or else starts

a new evaluation by calling ambeval.

The failure continuation for this call to ambeval informs the user that there are no more

values and re-invokes the driver loop.

The success continuation for the call to ambeval is more subtle. We print the obtained value

and then invoke the internal loop again with a try_again function that will be able to try the

next alternative. This next_alternative function is the second argument that was passed to

the success continuation. Ordinarily, we think of this second argument as a failure continuation

to be used if the current evaluation branch later fails. In this case, however, we have completed

a successful evaluation, so we can invoke the “failure” alternative branch in order to search

for additional successful evaluations.

Iconst input_prompt = "amb-evaluate input:";

const output_prompt = "amb-evaluate value:";

function driver_loop() {

function internal_loop(try_again) {

const input = user_read(input_prompt);

if (input === "try_again") {

try_again();

} else {

display("Starting a new problem");

ambeval(parse(input),

the_global_environment,

// ambeval success

(val, next_alternative) => {

user_print(output_prompt, val);

return internal_loop(next_alternative);

},
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// ambeval failure

() => {

display("There are no more values of");

display(input);

return driver_loop();

});

}

}

return internal_loop(

() => {

display("There is no current problem");

return driver_loop();

});

}

The initial call to internal_loop uses a try_again function that complains that there is no

current problem and restarts the driver loop. This is the behavior that will happen if the user

types try_again when there is no evaluation in progress.

Exercise 4.50

Implement a new syntactic form ramb that is like amb except that it searches alternatives in a

random order, rather than from left to right. Show how this can help with Alyssa’s problem

in exercise 4.49.

Exercise 4.51

Implement assignment such that is not undone upon failure. For example, we can choose two

distinct elements from a list and count the number of trials required to make a successful

choice as follows:

let count = 0;

let x = an_element_of("a", "b", "c");

let y = an_element_of("a", "b", "c");

count = count + 1;

require(! x === y);

list(x, y, count);

S t a r t i n g a new problem
amb−eva lua te value :
[ " a " , [ " b " , [ 2 , nu l l ] ] ]

amb−eva lua te input :

try_again
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amb−eva lua te value :
[ " a " , [ " c " , [ 3 , nu l l ] ] ]

What values would have been displayed if we had used the original meaning of assignment

rather than permanent assignment?

Exercise 4.52

We shall horribly abuse the syntax for conditional statements, by implementing a construct

of the following form:

if (evaluation_succeeds_take) { statement } else { alternative }

The construct permits the user to catch the failure of a statement. It evaluates the statement
as usual and returns as usual if the evaluation succeeds. If the evaluation fails, however, the

alternative is evaluated, as in the following example:

amb−eva lua te input :

if (evaluation_succeeds_take) {

const x = an_element_of(list(1, 3, 5));

require(is_even(x));

} else {

"all odd";

}

S t a r t i n g a new problem
amb−eva lua te value :
" a l l odd "

amb−eva lua te input :

if (evaluation_succeeds_take) {

const x = an_element_of(list(1, 3, 5, 8));

require(is_even(x));

x;

} else {

"all odd";

}

S t a r t i n g a new problem
amb−eva lua te value :
8
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Exercise 4.53

With the new kind of assignment as described in exercise 4.51 and the construct

if (evaluation_succeeds_take) { . . . } else { . . . }

as in exercise 4.52, what will be the result of evaluating

let pairs = null;

if (evaluation_succeeds_take) {

const p = prime_sum_pair(list(1, 3, 5, 8), list(20, 35, 110));

pairs = pair(p, pairs); // using permanent assignment

amb();

} else {

pairs;

}

Exercise 4.54

If we had not realized that require could be implemented as an ordinary function that uses

amb, to be de�ned by the user as part of a nondeterministic program, we would have had to

implement it as a syntactic form. This would require syntax functions

function is_require(stmt) {

return is_tagged_list(stmt, "require");

}

function require_predicate(stmt) {

return head(tail(stmt));

}

and a new clause in the dispatch in analyze

: is_require(stmt)

? analyze_require(stmt)

as well the function analyze_require that handles require expressions. Complete the follow-

ing de�nition of analyze_require.

function analyze_require(stmt) {

const pfun = analyze(require_predicate(stmt));

return (env, succeed, fail) =>

pfun(env,

(pred_value, fail2) =>

〈??〉

? 〈??〉

: succeed("ok", fail2),

fail);

}
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4.4 Logic Programming

In chapter 1 we stressed that computer science deals with imperative (how to) knowledge,

whereas mathematics deals with declarative (what is) knowledge. Indeed, programming lan-

guages require that the programmer express knowledge in a form that indicates the step-by-

step methods for solving particular problems. On the other hand, high-level languages provide,

as part of the language implementation, a substantial amount of methodological knowledge

that frees the user from concern with numerous details of how a speci�ed computation will

progress.

Most programming languages, including JavaScript, are organized around computing the

values of mathematical functions. Expression-oriented languages (such as Lisp, Fortran, Algol

and JavaScript) capitalize on the “pun” that an expression that describes the value of a function

may also be interpreted as a means of computing that value. Because of this, most programming

languages are strongly biased toward unidirectional computations (computations with well-

de�ned inputs and outputs). There are, however, radically di�erent programming languages

that relax this bias. We saw one such example in section 3.3.5, where the objects of computation

were arithmetic constraints. In a constraint system the direction and the order of computation

are not so well speci�ed; in carrying out a computation the system must therefore provide more

detailed “how to” knowledge than would be the case with an ordinary arithmetic computation.

This does not mean, however, that the user is released altogether from the responsibility of

providing imperative knowledge. There are many constraint networks that implement the

same set of constraints, and the user must choose from the set of mathematically equivalent

networks a suitable network to specify a particular computation.

The nondeterministic program evaluator of section 4.3 also moves away from the view that

programming is about constructing algorithms for computing unidirectional functions. In a

nondeterministic language, expressions can have more than one value, and, as a result, the

computation is dealing with relations rather than with single-valued functions. Logic program-

ming extends this idea by combining a relational vision of programming with a powerful kind

of symbolic pattern matching called uni�cation.
51

51
Logic programming has grown out of a long history of research in automatic theorem proving. Early theorem-

proving programs could accomplish very little, because they exhaustively searched the space of possible proofs.

The major breakthrough that made such a search plausible was the discovery in the early 1960s of the uni�cation
algorithm and the resolution principle (Robinson 1965). Resolution was used, for example, by Green and Raphael

(1968) (see also Green 1969) as the basis for a deductive question-answering system. During most of this period,

researchers concentrated on algorithms that are guaranteed to �nd a proof if one exists. Such algorithms were

di�cult to control and to direct toward a proof. Hewitt (1969) recognized the possibility of merging the control

structure of a programming language with the operations of a logic-manipulation system, leading to the work in

automatic search mentioned in section 4.3.1 (footnote 40). At the same time that this was being done, Colmerauer,

in Marseille, was developing rule-based systems for manipulating natural language (see Colmerauer et al. 1973). He

invented a programming language called Prolog for representing those rules. Kowalski (1973; 1979) in Edinburgh,

recognized that execution of a Prolog program could be interpreted as proving theorems (using a proof technique
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This approach, when it works, can be a very powerful way to write programs. Part of the

power comes from the fact that a single “what is” fact can be used to solve a number of di�erent

problems that would have di�erent “how to” components. As an example, consider the append

operation, which takes two lists as arguments and combines their elements to form a single

list. In a procedural language such as JavaScript, we could de�ne append in terms of the basic

list constructor pair, as we did in section 2.2.1:

Ifunction append(x, y) {

return is_null(x)

? y

: pair(head(x), append(tail(x), y));

}

This function can be regarded as a translation into JavaScript of the following two rules, the

�rst of which covers the case where the �rst list is empty and the second of which handles

the case of a nonempty list, which is a pair of two parts:

– For any list y, the empty list and y append to form y.

– For any u, v, y, and z, pair(u, v) and y append to form pair(u, z) if v and y append to

form z.
52

Using the append function, we can answer questions such as

Find the append of list("a", "b") and list("c", "d").

But the same two rules are also su�cient for answering the following sorts of questions,

which the function can’t answer:

Find a list y that appends with list("a", "b") to produce list("a", "b", "c", "d").

Find all x and y that append to form list("a", "b", "c", "d").

In a logic programming language, the programmer writes an append “function” by stating

the two rules about append given above. “How to” knowledge is provided automatically by the

interpreter to allow this single pair of rules to be used to answer all three types of questions

about append.
53

called linear Horn-clause resolution). The merging of the last two strands led to the logic-programming movement.

Thus, in assigning credit for the development of logic programming, the French can point to Prolog’s genesis at

the University of Marseille, while the British can highlight the work at the University of Edinburgh. According

to people at MIT, logic programming was developed by these groups in an attempt to �gure out what Hewitt

was talking about in his brilliant but impenetrable Ph.D. thesis. For a history of logic programming, see Robinson

1983.

52
To see the correspondence between the rules and the function, let x in the function (where x is nonempty)

correspond to pair(u, v) in the rule. Then z in the rule corresponds to the append of tail(x) and y.

53
This certainly does not relieve the user of the entire problem of how to compute the answer. There are many

di�erent mathematically equivalent sets of rules for formulating the append relation, only some of which can be

turned into e�ective devices for computing in any direction. In addition, sometimes “what is” information gives

no clue “how to” compute an answer. For example, consider the problem of computing the y such that y2 = x .
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Contemporary logic programming languages (including the one we implement here) have

substantial de�ciencies, in that their general “how to” methods can lead them into spurious

in�nite loops or other undesirable behavior. Logic programming is an active �eld of research

in computer science.
54

Earlier in this chapter we explored the technology of implementing interpreters and de-

scribed the elements that are essential to an interpreter for a JavaScript-like language (indeed,

to an interpreter for any conventional language). Now we will apply these ideas to discuss

an interpreter for a logic programming language. We call this language the query language,
because it is very useful for retrieving information from data bases by formulating queries, or

questions, expressed in the language. Even though the query language is very di�erent from

JavaScript, we will �nd it convenient to describe the language in terms of the same general

framework we have been using all along: as a collection of primitive elements, together with

means of combination that enable us to combine simple elements to create more complex ele-

ments and means of abstraction that enable us to regard complex elements as single conceptual

units. An interpreter for a logic programming language is considerably more complex than an

interpreter for a language like JavaScript Nevertheless, we will see that our query-language

interpreter contains many of the same elements found in the interpreter of section 4.1. In

particular, there will be an “eval” part that classi�es expressions according to type and an

“apply” part that implements the language’s abstraction mechanism (functions in the case of

JavaScript, and rules in the case of logic programming). Also, a central role is played in the

implementation by a frame data structure, which determines the correspondence between

symbols and their associated values. One additional interesting aspect of our query-language

implementation is that we make substantial use of streams, which were introduced in chapter 3.

4.4.1 Deductive Information Retrieval

Logic programming excels in providing interfaces to data bases for information retrieval. The

query language we shall implement in this chapter is designed to be used in this way.

In order to illustrate what the query system does, we will show how it can be used to manage

the data base of personnel records for Microshaft, a thriving high-technology company in the

54
Interest in logic programming peaked during the early 80s when the Japanese government began an ambitious

project aimed at building superfast computers optimized to run logic programming languages. The speed of such

computers was to be measured in LIPS (Logical Inferences Per Second) rather than the usual FLOPS (FLoating-

point Operations Per Second). Although the project succeeded in developing hardware and software as originally

planned, the international computer industry moved in a di�erent direction. See Feigenbaum and Shrobe 1993

for an overview evaluation of the Japanese project. The logic programming community has also moved on to

consider relational programming based on techniques other than simple pattern matching, such as the ability to

deal with numerical constraints such as the ones illustrated in the constraint-propagation system of section 3.3.5.
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Boston area. The language provides pattern-directed access to personnel information and can

also take advantage of general rules in order to make logical deductions.

A sample data base

The personnel data base for Microshaft contains assertions about company personnel. Here is

the information about Ben Bitdiddle, the resident computer wizard:

Iaddress(list("Bitdiddle", "Ben"), list("Slumerville", "Ridge Road", 10))

job(list("Bitdiddle", "Ben"), list("computer", "wizard"))

salary(list("Bitdiddle", "Ben"), 60000)

Assertions look like function applications in JavaScript, but they represent information in the

data base. The �rst symbols—here address, job and salary—describe the kind of information
contained in the respective assertion, and the arguments are lists or primitive values such as

strings and numbers. The �rst symbols do not need to be declared, as do constants or variables

in JavaScript; their scope is global.

As resident wizard, Ben is in charge of the company’s computer division, and he supervises

two programmers and one technician. Here is the information about them:

Iaddress(list("Hacker", "Alyssa", "P"),

list("Cambridge", "Mass Ave", 78))

job(list("Hacker", "Alyssa", "P"), list("computer", "programmer"))

salary(list("Hacker", "Alyssa", "P"), 40000)

supervisor(list("Hacker", "Alyssa", "P"), list("Bitdiddle", "Ben"))

address(list("Fect", "Cy", "D"), list("Cambridge", "Ames Street", 3))

job(list("Fect", "Cy", "D"), list("computer", "programmer"))

salary(list("Fect", "Cy", "D"), 35000)

supervisor(list("Fect", "Cy", "D"), list("Bitdiddle", "Ben"))

address(list("Tweakit", "Lem", "E"),

list("Boston", "Bay State Road", 22))

job(list("Tweakit", "Lem", "E"), list("computer", "technician"))

salary(list("Tweakit", "Lem", "E"), 25000)

supervisor(list("Tweakit", "Lem", "E"), list("Bitdiddle", "Ben"))

There is also a programmer trainee, who is supervised by Alyssa:

Iaddress(list("Reasoner", "Louis"),

list("Slumerville", "Pine Tree Road", 80))

job(list("Reasoner", "Louis"),

list("computer", "programmer", "trainee"))

salary(list("Reasoner", "Louis"), 30000)

supervisor(list("Reasoner", "Louis"),

list("Hacker", "Alyssa", "P"))
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All of these people are in the computer division, as indicated by the word computer as the �rst

item in their job descriptions.

Ben is a high-level employee. His supervisor is the company’s big wheel himself:

Isupervisor(list("Bitdiddle", "Ben"), list("Warbucks", "Oliver"))

address(list("Warbucks", "Oliver"), list("Swellesley", "Top Heap Road"))

job(list("Warbucks", "Oliver"), list("administration", "big", "wheel"))

salary(list("Warbucks", "Oliver"), 150000)

Besides the computer division supervised by Ben, the company has an accounting division,

consisting of a chief accountant and his assistant:

Iaddress(list("Scrooge", "Eben"),

list("Weston", "Shady Lane", 10))

job(list("Scrooge", "Eben"), list("accounting", "chief", "accountant"))

salary(list("Scrooge", "Eben"), 75000)

supervisor(list("Scrooge", "Eben"), list("Warbucks", "Oliver"))

address(list("Cratchet", "Robert"),

list("Allston", "N Harvard Street", 16))

job(list("Cratchet", "Robert"), list("accounting", "scrivener"))

salary(list("Cratchet", "Robert"), 18000)

supervisor(list("Cratchet", "Robert"), list("Scrooge", "Eben"))

There is also a secretary for the big wheel:

Iaddress(list("Aull", "DeWitt"), list("Slumerville", "Onion Square", 5))

job(list("Aull", "DeWitt"), list("administration", "secretary"))

salary(list("Aull", "DeWitt"), 25000)

supervisor(list("Aull", "DeWitt"), list("Warbucks", "Oliver"))

The data base also contains assertions about which kinds of jobs can be done by people

holding other kinds of jobs. For instance, a computer wizard can do the jobs of both a computer

programmer and a computer technician:

Ican_do_job(list("computer", "wizard"),

list("computer", "programmer"))

can_do_job(list("computer", "wizard"),

list("computer", "technician"))

A computer programmer could �ll in for a trainee:

Ican_do_job(list("computer", "programmer"),

list("computer", "programmer", "trainee"))

Also, as is well known,

Ican_do_job(list("administration", "secretary"),
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list("administration", "big", "wheel"))

Simple queries

The query language allows users to retrieve information from the data base by posing queries

in response to the system’s prompt. For example, to �nd all computer programmers one can

say

Query input :

Ijob(x, list("computer", "programmer"))

The system will respond with the following items:

Query r e s u l t s :
j ob ( l i s t ( " Hacker " , " Alyssa " , " P " ) , l i s t ( " computer " , " programmer " ) )
j ob ( l i s t ( " F e c t " , "Cy" , "D" ) , l i s t ( " computer " , " programmer " ) )

The input query speci�es that we are looking for entries in the data base that match a

certain pattern. In this example, the pattern speci�es job as the kind of information that

we are looking for. The �rst argument can be anything, and the second is the literal list

list("computer", "programmer"). The “anything” that can be the �rst item in the match-

ing assertion is speci�ed by a pattern variable, x. A pattern variable is a symbol that looks like

a JavaScript name. We will see below why it is useful to specify names for pattern variables

rather than just putting a single symbol such as ? into patterns to represent “anything.” The

system responds to a simple query by showing all entries in the data base that match the

speci�ed pattern.

A pattern can have more than one variable. For example, the query

Iaddress(x, y)

will list all the employees’ addresses.

A pattern can have no variables, in which case the query simply determines whether that

pattern is an entry in the data base. If so, there will be one match; if not, there will be no

matches.

The same pattern variable can appear more than once in a query, specifying that the same

“anything” must appear in each position. This is why variables have names. For example,

Isupervisor(x, x)

�nds all people who supervise themselves (though there are no such assertions in our sample

data base).

The query

472 Generated 2020-08-18 16:40:02Z

http://source-academy.github.io/playground#chap=4&prgrm=
http://source-academy.github.io/playground#chap=4&prgrm=
http://source-academy.github.io/playground#chap=4&prgrm=


Metalinguistic Abstraction 4.4.1

Ijob(x, list("computer", type))

matches all job entries whose second item is a two-element list whose �rst item is "computer":

job(list("Bitdiddle", "Ben"), list("computer", "wizard"))

job(list("Hacker", "Alyssa", "P"), list("computer", "programmer"))

job(list("Fect", "Cy", "D"), list("computer", "programmer"))

job(list("Tweakit", "Lem", "E"), list("computer", "technician"))

This same pattern does not match

job(list("Reasoner", "Louis"), list("computer", "programmer", "trainee"))

because the second argument in the assertion is a list of three elements, and the pattern’s

second argument speci�es that there should be two elements. If we wanted to change the

pattern so that the second item could be any list beginning with computer, we could specify

Ijob(x, pair("computer", type))

For example,

pair("computer", type)

matches the data

list("computer", "programmer", "trainee")

with type as the list list("programmer", "trainee"). It also matches the data

list("computer", "programmer")

with type as the list list("programmer"), and matches the data

list("computer")

with type as the empty list null.

We can describe the query language’s processing of simple queries as follows:

– The system �nds all assignments to variables in the query pattern that satisfy the pattern.

This means that the kind of information speci�ed in the pattern needs to match the kind

of information in an assertion in the database, and the assertion must result from the

pattern by instantiating the pattern variables with values.

– The system responds to the query by listing all instantiations of the query pattern with

the variable assignments that satisfy it.

Note that if the pattern has no variables, the query reduces to a determination of whether that

pattern is in the data base. If so, the empty assignment, which assigns no values to variables,

satis�es that pattern for that data base.
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Exercise 4.55

Give simple queries that retrieve the following information from the data base:

a. all people supervised by Ben Bitdiddle;

b. the names and jobs of all people in the accounting division;

c. the names and addresses of all people who live in Slumerville.

Compound queries

Simple queries form the primitive operations of the query language. In order to form compound

operations, the query language provides means of combination. One thing that makes the query

language a logic programming language is that the means of combination mirror the means

of combination used in forming logical expressions: and, or, and not.

We can use and as follows to �nd the addresses of all the computer programmers:

Iand(job(person, list("computer", "programmer")),

address(person, where))

The resulting output is

and(job(list("Hacker", "Alyssa", "P"), list("computer", "programmer")),

address(list("Hacker", "Alyssa", "P"),

list("Cambridge", "Mass Ave", 78)))

and(job(list("Fect", "Cy", "D"), list("computer", "programmer")),

address(list("Fect", "Cy", "D"),

list("Cambridge", "Ames Street", 3)))

In general,

Iand(query1, query2, . . ., queryn)

is satis�ed by all sets of values for the pattern variables that simultaneously satisfy query
1
, . . . , queryn.

As for simple queries, the system processes a compound query by �nding all assignments

to the pattern variables that satisfy the query, then displaying instantiations of the query with

those values.

Another means of constructing compound queries is through or. For example,

Ior(supervisor(x, list("Bitdiddle", "Ben")),

supervisor(x, list("Hacker", "Alyssa", "P")))

will �nd all employees supervised by Ben Bitdiddle or Alyssa P. Hacker:

or(supervisor(list("Hacker", "Alyssa", "P"),

list("Bitdiddle", "Ben")),
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supervisor(list("Hacker", "Alyssa", "P"),

list("Hacker", "Alyssa", "P")))

or(supervisor(list("Fect", "Cy", "D"),

list("Bitdiddle", "Ben")),

supervisor(list("Fect", "Cy", "D"),

list("Hacker", "Alyssa", "P")))

or(supervisor(list("Tweakit", "Lem", "E"),

list("Bitdiddle", "Ben")),

supervisor(list("Tweakit", "Lem", "E"),

list("Hacker", "Alyssa", "P")))

or(supervisor(list("Reasoner", "Louis"),

list("Bitdiddle", "Ben")),

supervisor(list("Reasoner", "Louis"),

list("Hacker", "Alyssa", "P")))

In general,

Ior(query1, query2, . . ., queryn)

is satis�ed by all sets of values for the pattern variables that satisfy at least one of query
1
. . . queryn.

Compound queries can also be formed with not. For example,

Iand(supervisor(x, list("Bitdiddle", "Ben")),

not(job(x, list("computer", "programmer"))))

�nds all people supervised by Ben Bitdiddle who are not computer programmers. In general,

not(query1)

is satis�ed by all assignments to the pattern variables that do not satisfy query
1
.
55

The �nal combining form starts with the symbol javascript_value, and the argument is a

JavaScript predicate. In general,

javascript_value(predicate)

will be satis�ed by assignments to the pattern variables in the predicate for which the instan-

tiated predicate is true. For example, to �nd all people whose salary is greater than $30,000 we

could write
56

Iand(salary(person, amount), javascript_value(amount > 30000))

55
Actually, this description of not is valid only for simple cases. The real behavior of not is more complex. We

will examine not’s peculiarities in sections 4.4.2 and 4.4.3.

56
Such javascript_value queries should be used only to perform an operation not provided in the query

language. In particular, it should not be used to test equality (since that is what the matching in the query

language is designed to do) or inequality (since that can be done with the same rule shown below).
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Exercise 4.56

Formulate compound queries that retrieve the following information:

a. the names of all people who are supervised by Ben Bitdiddle, together with their ad-

dresses;

b. all people whose salary is less than Ben Bitdiddle’s, together with their salary and Ben

Bitdiddle’s salary;

c. all people who are supervised by someone who is not in the computer division, together

with the supervisor’s name and job.

Rules

In addition to primitive queries and compound queries, the query language provides means

for abstracting queries. These are given by rules. The rule

Irule(lives_near(person_1, person_2),

and(address(person_1, pair(town, rest_1)),

address(person_2, pair(town, rest_2)),

not(same(person_1, person_2))))

speci�es that two people live near each other if they live in the same town. The �nal not clause

prevents the rule from saying that all people live near themselves. The same relation is de�ned

by a very simple rule:
57

Irule(same(x, x))

The following rule declares that a person is a “wheel” in an organization if he supervises

someone who is in turn a supervisor:

Irule(wheel(person),

and(supervisor(middle_manager, person),

supervisor(x, middle_manager)))

The general form of a rule is

Irule(conclusion, body)

where conclusion is a pattern and body is any query.
58

We can think of a rule as representing

57
Notice that we do not need same in order to make two things be the same: We just use the same pattern

variable for each—in e�ect, we have one thing instead of two things in the �rst place. For example, see town in the

lives_near rule and middle_manager in the wheel rule below. The same relation is useful when we want to force

two things to be di�erent, such as person_1 and person_2 in the "lives-near" rule. Although using the same

pattern variable in two parts of a query forces the same value to appear in both places, using di�erent pattern

variables does not force di�erent values to appear. (The values assigned to di�erent pattern variables may be the

same or di�erent.)

58
We will also allow rules without bodies, as in same, and we will interpret such a rule to mean that the rule

conclusion is satis�ed by any values of the variables.
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a large (even in�nite) set of assertions, namely all instantiations of the rule conclusion with

variable assignments that satisfy the rule body. When we described simple queries (patterns),

we said that an assignment to variables satis�es a pattern if the instantiated pattern is in the

data base. But the pattern needn’t be explicitly in the data base as an assertion. It can be an

implicit assertion implied by a rule. For example, the query

Ilives_near(x, list("Bitdiddle", "Ben"))

results in

lives_near(list("Reasoner", "Louis"),

list("Bitdiddle", "Ben"))

lives_near(list("Aull", "DeWitt"), list("Bitdiddle", "Ben"))

To �nd all computer programmers who live near Ben Bitdiddle, we can ask

Iand(job(x, pair("computer", something)),

lives_near(x, list("Bitdiddle", "Ben")))

As in the case of compound functions, rules can be used as parts of other rules (as we saw

with the lives_near rule above) or even be de�ned recursively. For instance, the rule

Irule(outranked_by(staff_person, boss),

or(supervisor(staff_person, boss),

and(supervisor(staff_person, middle_manager),

outranked_by(middle_manager, boss))))

says that a sta� person is outranked by a boss in the organization if the boss is the person’s

supervisor or (recursively) if the person’s supervisor is outranked by the boss.

Exercise 4.57

De�ne a rule that says that person 1 can replace person 2 if either person 1 does the same job

as person 2 or someone who does person 1’s job can also do person 2’s job, and if person 1

and person 2 are not the same person. Using your rule, give queries that �nd the following:

a. all people who can replace Cy D. Fect;

b. all people who can replace someone who is being paid more than they are, together with

the two salaries.

Exercise 4.58

De�ne a rule that says that a person is a “big shot” in a division if the person works in the

division but does not have a supervisor who works in the division.
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Exercise 4.59

Ben Bitdiddle has missed one meeting too many. Fearing that his habit of forgetting meetings

could cost him his job, Ben decides to do something about it. He adds all the weekly meetings

of the �rm to the Microshaft data base by asserting the following:

meeting("accounting", list("Monday", "9am"))

meeting("administration", list("Monday", "10am"))

meeting("computer", list("Wednesday", "3pm"))

meeting("administration", list("Friday", "1pm"))

Each of the above assertions is for a meeting of an entire division. Ben also adds an entry for

the company-wide meeting that spans all the divisions. All of the company’s employees attend

this meeting.

meeting("whole-company", list("Wednesday", "4pm"))

a. On Friday morning, Ben wants to query the data base for all the meetings that occur

that day. What query should he use?

b. Alyssa P. Hacker is unimpressed. She thinks it would be much more useful to be able

to ask for her meetings by specifying her name. So she designs a rule that says that

a person’s meetings include all "whole-company" meetings plus all meetings of that

person’s division. Fill in the body of Alyssa’s rule.

rule(meeting_time(person, day_and_time),

rule-body)

c. Alyssa arrives at work on Wednesday morning and wonders what meetings she has to

attend that day. Having de�ned the above rule, what query should she make to �nd this

out?

Exercise 4.60

By giving the query

lives_near(person, list("Hacker", "Alyssa", "P"))

Alyssa P. Hacker is able to �nd people who live near her, with whom she can ride to work. On

the other hand, when she tries to �nd all pairs of people who live near each other by querying

lives_near(person_1, person_2)

she notices that each pair of people who live near each other is listed twice; for example,

lives_near(list("Hacker", "Alyssa", "P"),

list("Fect", "Cy", "D"))

lives_near(list("Fect", "Cy", "D"),

list("Hacker", "Alyssa", "P"))
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Why does this happen? Is there a way to �nd a list of people who live near each other, in which

each pair appears only once? Explain.

Logic as programs

We can regard a rule as a kind of logical implication: If an assignment of values to pattern

variables satis�es the body, then it satis�es the conclusion. Consequently, we can regard the

query language as having the ability to perform logical deductions based upon the rules. As an

example, consider the append operation described at the beginning of section 4.4. As we said,

append can be characterized by the following two rules:

– For any list y, the empty list and y append to form y.

– For any u, v, y, and z, pair(u, v) and y append to form pair(u, z) if v and y append to

form z.

To express this in our query language, we de�ne two rules for a relation

append_to_form(x, y, z)

which we can interpret to mean “x and y append to form z”:

Irule(append_to_form(null, y, y))

rule(append_to_form(pair(u, v), y, pair(u, z)),

append_to_form(v, y, z))

The �rst rule has no body, which means that the conclusion holds for any value of y. Note

how the second rule makes use of pair, head and tail of a list.

Given these two rules, we can formulate queries that compute the append of two lists:

Query input :

Iappend_to_form(list("a", "b"), list("c", "d"), z)

Query r e s u l t s :
append_to_form ( l i s t ( " a " , " b " ) , l i s t ( " c " , " d " ) , l i s t ( " a " , " b " , " c " , " d " ) )

What is more striking, we can use the same rules to ask the question “Which list, when

appended to list("a", "b"), yields list("a", "b", "c", "d")? ” This is done as follows:

Query input :

Iappend_to_form(list("a", "b"), y, list("a", "b", "c", "d"))

Query r e s u l t s :
append_to_form ( l i s t ( " a " , " b " ) , l i s t ( " c " , " d " ) , l i s t ( " a " , " b " , " c " , " d " ) )

We can also ask for all pairs of lists that append to form list("a", "b", "c", "d"):
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Query input :

Iappend_to_form(x, y, list("a", "b", "c", "d"))

Query r e s u l t s :
append_to_form ( nul l , l i s t ( " a " , " b " , " c " , " d " ) , l i s t ( " a " , " b " , " c " , " d " ) )
append_to_form ( l i s t ( " a " ) , l i s t ( " b " , " c " , " d " ) , l i s t ( " a " , " b " , " c " , " d " ) )
append_to_form ( l i s t ( " a " , " b " ) , l i s t ( " c " , " d " ) , l i s t ( " a " , " b " , " c " , " d " ) )
append_to_form ( l i s t ( " a " , " b " , " c " ) , l i s t ( " d " ) , l i s t ( " a " , " b " , " c " , " d " ) )
append_to_form ( l i s t ( " a " , " b " , " c " , " d " ) , nul l , l i s t ( " a " , " b " , " c " , " d " ) )

The query system may seem to exhibit quite a bit of intelligence in using the rules to deduce

the answers to the queries above. Actually, as we will see in the next section, the system is

following a well-determined algorithm in unraveling the rules. Unfortunately, although the

system works impressively in the append case, the general methods may break down in more

complex cases, as we will see in section 4.4.3.

Exercise 4.61

The following rules implement a next_to_in relation that �nds adjacent elements of a list:

rule(next_to_in(x, y, pair(x, pair(y, u))),

and(next_to_in(x, y, pair(v, z)),

next_to_in(x, y, z))

What will the response be to the following queries?

next_to_in(x, y, list(1, list(2, 3), 4))

next_to_in(x, 1, list(2, 1, 3, 1))

Exercise 4.62

De�ne rules to implement the last_pair operation of exercise 2.17, which returns a list con-

taining the last element of a nonempty list. Check your rules on queries such as last_pair(list(3), x),

last_pair(list(1, 2, 3), x), and last_pair(list(2, x), list(3)). Do your rules work

correctly on queries such as last_pair(x, list(3))?

Exercise 4.63

The following data base (see Genesis 4) traces the genealogy of the descendants of Ada back

to Adam, by way of Cain:

son("Adam", "Cain")

son("Cain", "Enoch")
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son("Enoch", "Irad")

son("Irad", "Mehujael")

son("Mehujael", "Methushael")

son("Methushael", "Lamech")

wife("Lamech", "Ada")

son("Ada", "Jabal")

son("Ada", "Jubal")

Formulate rules such as “If S is the son of F, and F is the son of G, then S is the grandson of G”

and “If W is the wife of M, and S is the son of W, then S is the son of M” (which was supposedly

more true in biblical times than today) that will enable the query system to �nd the grandson

of Cain; the sons of Lamech; the grandsons of Methushael. (See exercise 4.69 for some rules

to deduce more complicated relationships.)

4.4.2 How the �ery System Works

In section 4.4.4 we will present an implementation of the query interpreter as a collection

of functions. In this section we give an overview that explains the general structure of the

system independent of low-level implementation details. After describing the implementation

of the interpreter, we will be in a position to understand some of its limitations and some of

the subtle ways in which the query language’s logical operations di�er from the operations

of mathematical logic.

It should be apparent that the query evaluator must perform some kind of search in order to

match queries against facts and rules in the data base. One way to do this would be to imple-

ment the query system as a nondeterministic program, using the amb evaluator of section 4.3

(see exercise 4.78). Another possibility is to manage the search with the aid of streams. Our

implementation follows this second approach.

The query system is organized around two central operations called pattern matching and

uni�cation. We �rst describe pattern matching and explain how this operation, together with

the organization of information in terms of streams of frames, enables us to implement both

simple and compound queries. We next discuss uni�cation, a generalization of pattern match-

ing needed to implement rules. Finally, we show how the entire query interpreter �ts together

through a function that classi�es expressions in a manner analogous to the way evaluate

classi�es expressions for the interpreter described in section 4.1.
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Pa�ern matching

A pattern matcher is a program that tests whether some datum �ts a speci�ed pattern. For

example, the data list list(list("a", "b"), "c", list("a", "b")) matches the pattern

list(x, "c", x) with the pattern variable x bound to list("a", "b"). The same data list

matches the pattern list(x, y, z) with x and z both bound to list("a", "b") and y bound

to "c". It also matches the pattern list(list(x, y), "c", list(x, y)) with x bound to

"a" and y bound to "b". However, it does not match the pattern list(x, "a", y), since that

pattern speci�es a list whose second element is the string "a".

The pattern matcher used by the query system takes as inputs a pattern, a datum, and a frame
that speci�es bindings for various pattern variables. It checks whether the datum matches the

pattern in a way that is consistent with the bindings already in the frame. If so, it returns

the given frame augmented by any bindings that may have been determined by the match.

Otherwise, it indicates that the match has failed.

For example, using the pattern list(x, y, z) to match list("a", "b", "c") given an

empty frame will return a frame specifying that x is bound to "a" and y is bound to "b".

Trying the match with the same pattern, the same datum, and a frame specifying that y is

bound to "a" will fail. Trying the match with the same pattern, the same datum, and a frame

in which y is bound to b and x is unbound will return the given frame augmented by a binding

of x to "a".

The pattern matcher is all the mechanism that is needed to process simple queries that don’t

involve rules. For instance, to process the query

job(x, list("computer", "programmer"))

we scan through all assertions in the data base and select those that match the pattern with

respect to an initially empty frame. For each match we �nd, we use the frame returned by the

match to instantiate the pattern with a value for x.

Streams of frames

The testing of patterns against frames is organized through the use of streams. Given a single

frame, the matching process runs through the data-base entries one by one. For each data-base

entry, the matcher generates either a special symbol indicating that the match has failed or

an extension to the frame. The results for all the data-base entries are collected into a stream,

which is passed through a �lter to weed out the failures. The result is a stream of all the frames

that extend the given frame via a match to some assertion in the data base.
59

59
Because matching is generally very expensive, we would like to avoid applying the full matcher to every

element of the data base. This is usually arranged by breaking up the process into a fast, coarse match and the
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In our system, a query takes an input stream of frames and performs the above matching

operation for every frame in the stream, as indicated in �gure 4.4. That is, for each frame in

the input stream, the query generates a new stream consisting of all extensions to that frame

by matches to assertions in the data base. All these streams are then combined to form one

huge stream, which contains all possible extensions of every frame in the input stream. This

stream is the output of the query.

input stream
of frames

output stream of frames,
filtered and extendedquery

job(x, y)

stream of assertions
from data base

Figure 4.4: A query processes a stream of frames.

To answer a simple query, we use the query with an input stream consisting of a single

empty frame. The resulting output stream contains all extensions to the empty frame (that is,

all answers to our query). This stream of frames is then used to generate a stream of copies

of the original query pattern with the variables instantiated by the values in each frame, and

this is the stream that is �nally printed.

Compound queries

The real elegance of the stream-of-frames implementation is evident when we deal with com-

pound queries. The processing of compound queries makes use of the ability of our matcher

to demand that a match be consistent with a speci�ed frame. For example, to handle the and

of two queries, such as

and(can_do_job(x, list("computer", "programmer", "trainee")),

job(person, x))

(informally, “Find all people who can do the job of a computer programmer trainee”), we �rst

�nd all entries that match the pattern

�nal match. The coarse match �lters the data base to produce a small set of candidates for the �nal match. With

care, we can arrange our data base so that some of the work of coarse matching can be done when the data base

is constructed rather then when we want to select the candidates. This is called indexing the data base. There

is a vast technology built around data-base-indexing schemes. Our implementation, described in section 4.4.4,

contains a simple-minded form of such an optimization.
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can_do_job(x, list("computer", "programmer", "trainee"))

This produces a stream of frames, each of which contains a binding for x. Then for each

frame in the stream we �nd all entries that match

job(person, x)

in a way that is consistent with the given binding for x. Each such match will produce a

frame containing bindings for x and person. The and of two queries can be viewed as a series

combination of the two component queries, as shown in �gure 4.5. The frames that pass

through the �rst query �lter are �ltered and further extended by the second query.

and(A, B)

data base

input stream
of frames

output stream
of frames

A B

Figure 4.5: The and combination of two queries is produced by operating on the stream of

frames in series.

Figure 4.6 shows the analogous method for computing the or of two queries as a parallel

combination of the two component queries. The input stream of frames is extended separately

by each query. The two resulting streams are then merged to produce the �nal output stream.
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merge

A

B

or(A, B)

data base

input 
stream

of frames

output 
stream
of frames

Figure 4.6: The or combination of two queries is produced by operating on the stream of frames

in parallel and merging the results.

Even from this high-level description, it is apparent that the processing of compound queries

can be slow. For example, since a query may produce more than one output frame for each

input frame, and each query in an and gets its input frames from the previous query, an and

query could, in the worst case, have to perform a number of matches that is exponential in

the number of queries (see exercise 4.76).
60

Though systems for handling only simple queries

are quite practical, dealing with complex queries is extremely di�cult.
61

From the stream-of-frames viewpoint, the not of some query acts as a �lter that removes all

frames for which the query can be satis�ed. For instance, given the pattern

not(job(x, list("computer", "programmer")))

we attempt, for each frame in the input stream, to produce extension frames that satisfy

job(x, list("computer", "programmer")). We remove from the input stream all frames for

which such extensions exist. The result is a stream consisting of only those frames in which

the binding for x does not satisfy job(x, list("computer", "programmer")). For example,

in processing the query

and(supervisor(x, y),

not(job(x, list("computer", "programmer"))))

60
But this kind of exponential explosion is not common in and queries because the added conditions tend to

reduce rather than expand the number of frames produced.

61
There is a large literature on data-base-management systems that is concerned with how to handle complex

queries e�ciently.
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the �rst clause will generate frames with bindings for x and y. The not clause will then �lter

these by removing all frames in which the binding for x satis�es the restriction that x is a

computer programmer.
62

The javascript_value expression is implemented as a similar �lter on frame streams. We

use each frame in the stream to instantiate any variables in the pattern, then apply the

JavaScript predicate. We remove from the input stream all frames for which the predicate

fails.

Unification

In order to handle rules in the query language, we must be able to �nd the rules whose conclu-

sions match a given query pattern. Rule conclusions are like assertions except that they can

contain variables, so we will need a generalization of pattern matching—called uni�cation—in

which both the “pattern” and the “datum” may contain variables.

A uni�er takes two patterns, each containing constants and variables, and determines whether

it is possible to assign values to the variables that will make the two patterns equal. If so,

it returns a frame containing these bindings. For example, unifying list(x, "a", y) and

list(y, z, "a") will specify a frame in which x, y, and z must all be bound to "a". On the

other hand, unifying list(x, y, "a") and list(x, "b", y) will fail, because there is no

value for y that can make the two patterns equal. (For the second elements of the patterns to

be equal, y would have to be "b"; however, for the third elements to be equal, y would have to

be "a".) The uni�er used in the query system, like the pattern matcher, takes a frame as input

and performs uni�cations that are consistent with this frame.

The uni�cation algorithm is the most technically di�cult part of the query system. With

complex patterns, performing uni�cation may seem to require deduction. To unify list(x, x)

and list(list("a", y, "c"), list("a", "b", z)), for example, the algorithm must infer

that x should be list("a", "b", "c"), y should be "b", and z should be "c". We may think of

this process as solving a set of equations among the pattern components. In general, these are

simultaneous equations, which may require substantial manipulation to solve.
63

For example,

unifying list(x, x) and list(list("a", y, "c"), list("a", "b", z)) may be thought of

62
There is a subtle di�erence between this �lter implementation of not and the usual meaning of not in

mathematical logic. See section 4.4.3.

63
In one-sided pattern matching, all the equations that contain pattern variables are explicit and already solved

for the unknown (the pattern variable).
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as specifying the simultaneous equations

x = list("a", y, "c")

x = list("a", "b", z)

These equations imply that

list("a", y, "c") = list("a", "b", z)

which in turn implies that

"a" = "a", y = "b", "c" = z

and hence that

x = list("a", "b", "c")

In a successful pattern match, all pattern variables become bound, and the values to which

they are bound contain only constants. This is also true of all the examples of uni�cation we

have seen so far. In general, however, a successful uni�cation may not completely determine

the variable values; some variables may remain unbound and others may be bound to values

that contain variables.

Consider the uni�cation of list(x, "a") and list(list("b", y), z). We can deduce that

x = list("b", y) and "a" = z, but we cannot further solve for x or y. The uni�cation doesn’t

fail, since it is certainly possible to make the two patterns equal by assigning values to x and y.

Since this match in no way restricts the values y can take on, no binding for y is put into the

result frame. The match does, however, restrict the value of x. Whatever value y has, x must

be list("b", y). A binding of x to the pattern list("b", y) is thus put into the frame. If a

value for y is later determined and added to the frame (by a pattern match or uni�cation that

is required to be consistent with this frame), the previously bound x will refer to this value.
64

64
Another way to think of uni�cation is that it generates the most general pattern that is a special-

ization of the two input patterns. That is, the uni�cation of list(x, "a") and list(list("b", y), z) is

list(list("b", y), "a") , and the uni�cation of list(x, "a", y) and list(y, z, "a"), discussed above, is

list("a", "a", "a"). For our implementation, it is more convenient to think of the result of uni�cation as a

frame rather than a pattern.
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Applying rules

Uni�cation is the key to the component of the query system that makes inferences from rules.

To see how this is accomplished, consider processing a query that involves applying a rule,

such as

lives_near(x, list("Hacker", "Alyssa", "P"))

To process this query, we �rst use the ordinary pattern-match function described above to

see if there are any assertions in the data base that match this pattern. (There will not be any

in this case, since our data base includes no direct assertions about who lives near whom.) The

next step is to attempt to unify the query pattern with the conclusion of each rule. We �nd

that the pattern uni�es with the conclusion of the rule

rule(lives_near(person_1, person_2),

and(address(person_1, pair(town, rest_1)),

address(person_2, list(town, rest_2)),

not(same(person_1, person_2))))

resulting in a frame specifying that person_2 is bound to list("Hacker", "Alyssa", "P")

and that x should be bound to (have the same value as) person_1. Now, relative to this frame,

we evaluate the compound query given by the body of the rule. Successful matches will extend

this frame by providing a binding for person_1, and consequently a value for x, which we can

use to instantiate the original query pattern.

In general, the query evaluator uses the following method to apply a rule when trying to

establish a query pattern in a frame that speci�es bindings for some of the pattern variables:

– Unify the query with the conclusion of the rule to form, if successful, an extension of

the original frame.

– Relative to the extended frame, evaluate the query formed by the body of the rule.

Notice how similar this is to the method for applying a function in the evaluate/apply

evaluator for JavaScript:

– Bind the function’s parameters to its arguments to form a frame that extends the original

function environment.

– Relative to the extended environment, evaluate the expression formed by the body of

the function.

The similarity between the two evaluators should come as no surprise. Just as function

de�nitions are the means of abstraction in JavaScript, rule de�nitions are the means of abstrac-

tion in the query language. In each case, we unwind the abstraction by creating appropriate

bindings and evaluating the rule or function body relative to these.
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Simple queries

We saw earlier in this section how to evaluate simple queries in the absence of rules. Now that

we have seen how to apply rules, we can describe how to evaluate simple queries by using

both rules and assertions.

Given the query pattern and a stream of frames, we produce, for each frame in the input

stream, two streams:

– a stream of extended frames obtained by matching the pattern against all assertions in

the data base (using the pattern matcher), and

– a stream of extended frames obtained by applying all possible rules (using the uni�er).
65

Appending these two streams produces a stream that consists of all the ways that the given

pattern can be satis�ed consistent with the original frame. These streams (one for each frame

in the input stream) are now all combined to form one large stream, which therefore consists

of all the ways that any of the frames in the original input stream can be extended to produce

a match with the given pattern.

The query evaluator and the driver loop

Despite the complexity of the underlying matching operations, the system is organized much

like an evaluator for any language. The function that coordinates the matching operations

is called evaluate_query, and it plays a role analogous to that of the evaluate function for

JavaScript. The function evaluate_query takes as inputs a query and a stream of frames. Its

output is a stream of frames, corresponding to successful matches to the query pattern, that ex-

tend some frame in the input stream, as indicated in �gure 4.4. Like evaluate, evaluate_query

classi�es the di�erent types of expressions (queries) and dispatches to an appropriate function

for each. There is a function for each special form (and, or, not, and javascript_value) and

one for simple queries.

The driver loop, which is analogous to the driver_loop function for the other evaluators in

this chapter, reads queries from the terminal. For each query, it calls evaluate_query with the

query and a stream that consists of a single empty frame. This will produce the stream of all

possible matches (all possible extensions to the empty frame). For each frame in the resulting

stream, it instantiates the original query using the values of the variables found in the frame.

This stream of instantiated queries is then printed.
66

65
Since uni�cation is a generalization of matching, we could simplify the system by using the uni�er to produce

both streams. Treating the easy case with the simple matcher, however, illustrates how matching (as opposed to

full-blown uni�cation) can be useful in its own right.

66
The reason we use streams (rather than lists) of frames is that the recursive application of rules can generate

in�nite numbers of values that satisfy a query. The delayed evaluation embodied in streams is crucial here: The

system will print responses one by one as they are generated, regardless of whether there are a �nite or in�nite
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The driver also checks for the special command assert, which signals that the input is not

a query but rather an assertion or rule to be added to the data base. For instance,

assert(job(list("Bitdiddle", "Ben"), list("computer", "wizard")))

assert(rule(wheel(person),

and(supervisor(middle_manager, person),

supervisor(x, middle_manager))))

4.4.3 Is Logic Programming Mathematical Logic?

The means of combination used in the query language may at �rst seem identical to the

operations and, or, and not of mathematical logic, and the application of query-language rules

is in fact accomplished through a legitimate method of inference.
67

This identi�cation of

the query language with mathematical logic is not really valid, though, because the query

language provides a control structure that interprets the logical statements procedurally. We

can often take advantage of this control structure. For example, to �nd all of the supervisors

of programmers we could formulate a query in either of two logically equivalent forms:

and(job(x, list("computer", "programmer")),

supervisor(x, y))

or

and(supervisor(x, y),

job(x, list("computer", "programmer")))

If a company has many more supervisors than programmers (the usual case), it is better

to use the �rst form rather than the second because the data base must be scanned for each

intermediate result (frame) produced by the �rst clause of the and.

The aim of logic programming is to provide the programmer with techniques for decom-

posing a computational problem into two separate problems: “what” is to be computed, and

“how” this should be computed. This is accomplished by selecting a subset of the statements

of mathematical logic that is powerful enough to be able to describe anything one might want

to compute, yet weak enough to have a controllable procedural interpretation. The intention

here is that, on the one hand, a program speci�ed in a logic programming language should

be an e�ective program that can be carried out by a computer. Control (“how” to compute) is

e�ected by using the order of evaluation of the language. We should be able to arrange the

number of responses.

67
That a particular method of inference is legitimate is not a trivial assertion. One must prove that if one

starts with true premises, only true conclusions can be derived. The method of inference represented by rule

applications is modus ponens, the familiar method of inference that says that if A is true and A implies B is true,

then we may conclude that B is true.
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order of clauses and the order of subgoals within each clause so that the computation is done

in an order deemed to be e�ective and e�cient. At the same time, we should be able to view

the result of the computation (“what” to compute) as a simple consequence of the laws of logic.

Our query language can be regarded as just such a procedurally interpretable subset of math-

ematical logic. An assertion represents a simple fact (an atomic proposition). A rule represents

the implication that the rule conclusion holds for those cases where the rule body holds. A

rule has a natural procedural interpretation: To establish the conclusion of the rule, establish

the body of the rule. Rules, therefore, specify computations. However, because rules can also

be regarded as statements of mathematical logic, we can justify any “inference” accomplished

by a logic program by asserting that the same result could be obtained by working entirely

within mathematical logic.
68

Infinite loops

A consequence of the procedural interpretation of logic programs is that it is possible to

construct hopelessly ine�cient programs for solving certain problems. An extreme case of

ine�ciency occurs when the system falls into in�nite loops in making deductions. As a simple

example, suppose we are setting up a data base of famous marriages, including

assert(married("Minnie", "Mickey"))

If we now ask

married("Mickey", who)

we will get no response, because the system doesn’t know that if A is married to B, then B is

married to A. So we assert the rule

assert(rule(married(x, y), married(y, x)))

and again query

married("Mickey", who)

Unfortunately, this will drive the system into an in�nite loop, as follows:

68
We must qualify this statement by agreeing that, in speaking of the “inference” accomplished by a logic

program, we assume that the computation terminates. Unfortunately, even this quali�ed statement is false for our

implementation of the query language (and also false for programs in Prolog and most other current logic pro-

gramming languages) because of our use of not and javascript_value. As we will describe below, the not imple-

mented in the query language is not always consistent with the not of mathematical logic, and javascript_value
introduces additional complications. We could implement a language consistent with mathematical logic by sim-

ply removing not and javascript_value from the language and agreeing to write programs using only simple

queries, and, and or. However, this would greatly restrict the expressive power of the language. One of the major

concerns of research in logic programming is to �nd ways to achieve more consistency with mathematical logic

without unduly sacri�cing expressive power.
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– The system �nds that the married rule is applicable; that is, the rule conclusion married(x, y)

successfully uni�es with the query pattern married("Mickey", who) to produce a frame

in which x is bound to "Mickey" and y is bound to who. So the interpreter proceeds to

evaluate the rule body married(x, y) in this frame—in e�ect, to process the query

married(who, "Mickey").

– One answer appears directly as an assertion in the data base: married("Minnie", "Mickey").

– The married rule is also applicable, so the interpreter again evaluates the rule body,

which this time is equivalent to married("Mickey", who).

The system is now in an in�nite loop. Indeed, whether the system will �nd the simple answer

married("Minnie", "Mickey") before it goes into the loop depends on implementation details

concerning the order in which the system checks the items in the data base. This is a very

simple example of the kinds of loops that can occur. Collections of interrelated rules can lead

to loops that are much harder to anticipate, and the appearance of a loop can depend on the

order of clauses in an and (see exercise 4.64) or on low-level details concerning the order in

which the system processes queries.
69

Problems with not

Another quirk in the query system concerns not. Given the data base of section 4.4.1, consider

the following two queries:

and(supervisor(x, y),

not(job(x, list("computer", "programmer"))))

and(not(job(x, list("computer", "programmer"))),

supervisor(x, y))

These two queries do not produce the same result. The �rst query begins by �nding all entries

in the data base that match supervisor(x, y), and then �lters the resulting frames by remov-

ing the ones in which the value of x satis�es job(x, list("computer", "programmer")).

The second query begins by �ltering the incoming frames to remove those that can sat-

isfy job(x, list("computer", "programmer")). Since the only incoming frame is empty, it

checks the data base to see if there are any patterns that satisfy job(x, list("computer", "programmer")).

Since there generally are entries of this form, the not clause �lters out the empty frame and re-

69
This is not a problem of the logic but one of the procedural interpretation of the logic provided by our

interpreter. We could write an interpreter that would not fall into a loop here. For example, we could enumerate

all the proofs derivable from our assertions and our rules in a breadth-�rst rather than a depth-�rst order. However,

such a system makes it more di�cult to take advantage of the order of deductions in our programs. One attempt

to build sophisticated control into such a program is described in deKleer et al. 1977. Another technique, which

does not lead to such serious control problems, is to put in special knowledge, such as detectors for particular

kinds of loops (exercise 4.67). However, there can be no general scheme for reliably preventing a system from

going down in�nite paths in performing deductions. Imagine a diabolical rule of the form “To show P(x) is true,

show that P(f (x)) is true,” for some suitably chosen function f .
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turns an empty stream of frames. Consequently, the entire compound query returns an empty

stream.

The trouble is that our implementation of not really is meant to serve as a �lter on values for

the variables. If a not clause is processed with a frame in which some of the variables remain

unbound (as does x in the example above), the system will produce unexpected results. Similar

problems occur with the use of javascript_value—the JavaScript predicate can’t work if some

of its arguments are unbound. See exercise 4.77.

There is also a much more serious way in which the not of the query language di�ers from

the not of mathematical logic. In logic, we interpret the statement “not P” to mean that P is not

true. In the query system, however, “not P” means that P is not deducible from the knowledge

in the data base. For example, given the personnel data base of section 4.4.1, the system would

happily deduce all sorts of not statements, such as that Ben Bitdiddle is not a baseball fan, that

it is not raining outside, and that 2+ 2 is not 4.
70

In other words, the not of logic programming

languages re�ects the so-called closed world assumption that all relevant information has been

included in the data base.
71

Exercise 4.64

Louis Reasoner mistakenly deletes the outranked_by rule (section 4.4.1) from the data base.

When he realizes this, he quickly reinstalls it. Unfortunately, he makes a slight change in the

rule, and types it in as

rule(outranked_by(staff_person, boss),

or(supervisor(staff_person, boss),

and(outranked_by(middle_manager, boss),

supervisor(staff_person, middle_manager))))

Just after Louis types this information into the system, DeWitt Aull comes by to �nd out who

outranks Ben Bitdiddle. He issues the query

outanked_by(list("Bitdiddle", "Ben"), who)

After answering, the system goes into an in�nite loop. Explain why.

70
Consider the query not(baseball_fan(list("Bitdiddle", "Ben"))). The system �nds that

baseball_fan(list("Bitdiddle", "Ben")) is not in the data base, so the empty frame does not satisfy

the pattern and is not �ltered out of the initial stream of frames. The result of the query is thus the empty frame,

which is used to instantiate the input query to produce not(baseball_fan(list("Bitdiddle", "Ben"))).

71
A discussion and justi�cation of this treatment of not can be found in the article by Clark (1978).
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Exercise 4.65

Cy D. Fect, looking forward to the day when he will rise in the organization, gives a query to

�nd all the wheels (using the wheel rule of section 4.4.1):

wheel(who)

To his surprise, the system responds

Query r e s u l t s :
wheel ( l i s t ( "Warbucks " , " O l i v e r " ) )
wheel ( l i s t ( " B i t d i d d l e " , " Ben " ) )
wheel ( l i s t ( "Warbucks " , " O l i v e r " ) )
wheel ( l i s t ( "Warbucks " , " O l i v e r " ) )
wheel ( l i s t ( "Warbucks " , " O l i v e r " ) )

Why is Oliver Warbucks listed four times?

Exercise 4.66

Ben has been generalizing the query system to provide statistics about the company. For

example, to �nd the total salaries of all the computer programmers one will be able to say

sum(amount,

and(job(x, list("computer", "programmer")),

salary(x, amount)))

In general, Ben’s new system allows expressions of the form

accumulation_function(variable,
query − pattern)

where accumulation_function can be things like sum, average, or maximum. Ben reasons that it

should be a cinch to implement this. He will simply feed the query pattern to evaluate_query.

This will produce a stream of frames. He will then pass this stream through a mapping func-

tion that extracts the value of the designated variable from each frame in the stream and feed

the resulting stream of values to the accumulation function. Just as Ben completes the imple-

mentation and is about to try it out, Cy walks by, still puzzling over the wheel query result

in exercise 4.65. When Cy shows Ben the system’s response, Ben groans, “Oh, no, my simple

accumulation scheme won’t work!”

What has Ben just realized? Outline a method he can use to salvage the situation.
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Exercise 4.67

Devise a way to install a loop detector in the query system so as to avoid the kinds of simple

loops illustrated in the text and in exercise 4.64. The general idea is that the system should

maintain some sort of history of its current chain of deductions and should not begin processing

a query that it is already working on. Describe what kind of information (patterns and frames)

is included in this history, and how the check should be made. (After you study the details

of the query-system implementation in section 4.4.4, you may want to modify the system to

include your loop detector.)

Exercise 4.68

De�ne rules to implement the reverse operation of exercise 2.18, which returns a list con-

taining the same elements as a given list in reverse order. (Hint: Use append_to_form.) Can

your rules answer both reverse(list(1, 2, 3), x) and reverse(x, list(1, 2, 3)?

Exercise 4.69

Let us modify the data base and the rules of exercise 4.63 to add “great” to a grandson

relationship. This should enable the system to deduce that Irad is the great-grandson of Adam,

or that Jabal and Jubal are the great-great-great-great-great-grandsons of Adam.

a. Change the assertions in the database such that there is only one kind of information,

namely related. The �rst argument then describes the relationship. Thus instead of

son("Adam", "Cain"), you would write related("son", "Adam", "Cain").

b. Represent the fact about Irad, for example, as

related(list("great", "grandson"), "Adam", "Irad")

c. Write rules that determine if a list ends in the word "grandson".

d. Use this to express a rule that allows one to derive the relationship

list(pair("great", rel), x, y)

where rel is a list ending in "grandson".

e. Check your rules on queries such as related(list("great", "grandson"), g, ggs)

and related(relationship, "Adam", "Irad").
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4.4.4 Implementing the �ery System

Section 4.4.2 described how the query system works. Now we �ll in the details by presenting

a complete implementation of the system.

4.4.4.1 The Driver Loop and Instantiation

The driver loop for the query system repeatedly reads input expressions. If the expression is a

rule or assertion to be added to the data base, then the information is added. Otherwise the ex-

pression is assumed to be a query. The driver passes this query to the evaluator evaluate_query

together with an initial frame stream consisting of a single empty frame. The result of the eval-

uation is a stream of frames generated by satisfying the query with variable values found in

the data base. These frames are used to form a new stream consisting of copies of the original

query in which the variables are instantiated with values supplied by the stream of frames,

and this �nal stream is printed at the terminal:

Iconst input_prompt = "query input:";

const output_prompt = "query results:";

function query_driver_loop() {

const input = prompt(input_prompt);

const q = query_syntax_process(parse(input + ";"));

if (assertion_to_be_added(q)) {

add_rule_or_assertion(add_assertion_body(q));

display("Assertion added to data base.");

} else {

display(output_prompt);

display_stream(

stream_map(

frame =>

unparse_query(

instantiate(q, frame, (v, _) => v)),

evaluate_query(q, singleton_stream(null))));

}

query_driver_loop();

}

Here, as in the other evaluators in this chapter, we use an abstract syntax for the expressions

of the query language. The implementation of the expression syntax, including the predicate

assertion_to_be_added and the selector add_assertion_body, is given in section 4.4.4.7. The

function add_rule_or_assertion is de�ned in section 4.4.4.5.

Before doing any processing on an input expression, the driver loop transforms it syntacti-

cally into a form that makes the processing more convenient. This involves changing the rep-
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resentation of pattern variables. When the query is instantiated, any variables that remain un-

bound are transformed back to the input representation before being printed. These transforma-

tions are performed by the two functions query_syntax_process and contract_question_mark

(section 4.4.4.7).

To instantiate an expression, we copy it, replacing any variables in the expression by their

values in a given frame. The values are themselves instantiated, since they could contain

variables (for example, if x in exp is bound to y as the result of uni�cation and y is in turn

bound to 5). The action to take if a variable cannot be instantiated is given by a functional

argument to instantiate.

Ifunction instantiate(exp, frame, unbound_var_handler) {

function copy(exp) {

if (is_var(exp)) {

const binding = binding_in_frame(exp, frame);

return binding === undefined

? unbound_var_handler(exp, frame)

: copy(binding_value(binding));

} else if (is_pair(exp)) {

return pair(copy(head(exp)), copy(tail(exp)));

} else {

return exp;

}

}

return copy(exp);

}

The functions that manipulate bindings are de�ned in section 4.4.4.8.

4.4.4.2 The Evaluator

The evaluate_query function, called by the query_driver_loop, is the basic evaluator of the

query system. It takes as inputs a query and a stream of frames, and it returns a stream of

extended frames. It identi�es special forms by a data-directed dispatch using get and put, just

as we did in implementing generic operations in chapter 2. Any query that is not identi�ed as

a special form is assumed to be a simple query, to be processed by simple_query.

Ifunction evaluate_query(query, frame_stream) {

const qfun = get(type(query), "evaluate_query");

return qfun === undefined

? simple_query(query, frame_stream)

: qfun(contents(query), frame_stream);

}

The functions type and contents, de�ned in section 4.4.4.7, implement the abstract syntax of
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the expressions.

Simple queries

The simple_query function handles simple queries. It takes as arguments a simple query (a

pattern) together with a stream of frames, and it returns the stream formed by extending each

frame by all data-base matches of the query.

Ifunction simple_query(query_pattern, frame_stream) {

return stream_flatmap(

frame =>

stream_append_delayed(

find_assertions(query_pattern, frame),

() => apply_rules(query_pattern, frame)),

frame_stream);

}

For each frame in the input stream, we use find_assertions (section 4.4.4.3) to match the

pattern against all assertions in the data base, producing a stream of extended frames, and

we use apply_rules (section 4.4.4.4) to apply all possible rules, producing another stream

of extended frames. These two streams are combined (using stream_append_delayed, sec-

tion 4.4.4.6) to make a stream of all the ways that the given pattern can be satis�ed consistent

with the original frame (see exercise 4.71). The streams for the individual input frames are

combined using stream_flatmap (section 4.4.4.6) to form one large stream of all the ways that

any of the frames in the original input stream can be extended to produce a match with the

given pattern.

Compound queries

And queries are handled as illustrated in �gure 4.5 by the conjoin function, which takes as

inputs the conjuncts and the frame stream and returns the stream of extended frames. First,

conjoin processes the stream of frames to �nd the stream of all possible frame extensions

that satisfy the �rst query in the conjunction. Then, using this as the new frame stream, it

recursively applies conjoin to the rest of the queries.

function conjoin(conjuncts, frame_stream) {

return is_empty_conjunction(conjuncts)

? frame_stream

: conjoin(rest_conjuncts(conjuncts),

evaluate_query(first_conjunct(conjuncts),

frame_stream));

}

The statement
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Iput("and", "evaluate_query", conjoin);

sets up evaluate_query to dispatch to conjoin when an and is encountered.

We handle or queries similarly, as shown in �gure 4.6. The output streams for the various dis-

juncts of the or are computed separately and merged using the interleave_delayed function

from section 4.4.4.6. (See exercises 4.71 and 4.72.)

Ifunction disjoin(disjuncts, frame_stream) {

return is_empty_disjunction(disjuncts)

? null

: interleave_delayed(

evaluate_query(first_disjunct(disjuncts), frame_stream),

() => disjoin(rest_disjuncts(disjuncts),

frame_stream));

}

put("or", "evaluate_query", disjoin);

The predicates and selectors for the syntax of conjuncts and disjuncts are given in sec-

tion 4.4.4.7.

Filters

Queries formed with not are handled by the method outlined in section 4.4.2. We attempt to

extend each frame in the input stream to satisfy the query being negated, and we include a

given frame in the output stream only if it cannot be extended.

Ifunction negate(args, frame_stream) {

return stream_flatmap(

frame =>

is_null(evaluate_query(negated_query(args),

singleton_stream(frame)))

? singleton_stream(frame)

: null,

frame_stream);

}

put("not", "evaluate_query", negate);

The function javascript_value is a �lter similar to not. Each frame in the stream is used

to instantiate the variables in the pattern, the indicated predicate is applied, and the frames

for which the predicate returns false are �ltered out of the input stream. An error results if

there are unbound pattern variables.

Ifunction javascript_value(args, frame_stream) {

return stream_flatmap(

frame =>

execute(instantiate(
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head(args), frame,

(v, f) =>

error(v,

"Unknown pat var -- " +

"javascript_value")))

? singleton_stream(frame)

: null,

frame_stream);

}

put("javascript_value", "evaluate_query", javascript_value);

The function execute uses evaluate from section 4.1 and thus can apply primitive functions

to constants and instantiated variables.

Ifunction execute(exp) {

return evaluate(exp, the_global_environment);

}

The "always_true" expression provides for a query that is always satis�ed. It ignores its

contents (normally empty) and simply passes through all the frames in the input stream. The

"always_true" expression is used by the rule_body selector (section 4.4.4.7) to provide bodies

for rules that were de�ned without bodies (that is, rules whose bodies are always satis�ed).

Ifunction always_true(ignore, frame_stream) {

return frame_stream;

}

put("always_true", "evaluate_query", always_true);

The selectors that de�ne the syntax of not and javascript_value are given in section 4.4.4.7.

4.4.4.3 Finding Assertions by Pa�ern Matching

The function find_assertions, called by simple_query (section 4.4.4.2), takes as input a pat-

tern and a frame. It returns a stream of frames, each extending the given one by a data-base

match of the given pattern. It uses fetch_assertions (section 4.4.4.5) to get a stream of all

the assertions in the data base that should be checked for a match against the pattern and the

frame. The reason for fetch_assertions here is that we can often apply simple tests that will

eliminate many of the entries in the data base from the pool of candidates for a successful

match. The system would still work if we eliminated fetch_assertions and simply checked

a stream of all assertions in the data base, but the computation would be less e�cient because

we would need to make many more calls to the matcher.

Ifunction find_assertions(pattern, frame) {

return stream_flatmap(
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datum =>

check_an_assertion(datum, pattern, frame),

fetch_assertions(pattern, frame));

}

The function check_an_assertion takes as arguments a pattern, a data object (assertion),

and a frame and returns either a one-element stream containing the extended frame or null

if the match fails.

Ifunction check_an_assertion(assertion, query_pat, query_frame) {

const match_result = pattern_match(query_pat, assertion,

query_frame);

return match_result === "failed"

? null

: singleton_stream(match_result);

}

The basic pattern matcher returns either the string "failed" or an extension of the given

frame. The basic idea of the matcher is to check the pattern against the data, element by

element, accumulating bindings for the pattern variables. If the pattern and the data object

are the same, the match succeeds and we return the frame of bindings accumulated so far.

Otherwise, if the pattern is a variable we extend the current frame by binding the variable to

the data, so long as this is consistent with the bindings already in the frame. If the pattern

and the data are both pairs, we (recursively) match the head of the pattern against the head of

the data to produce a frame; in this frame we then match the tail of the pattern against the

tail of the data. If none of these cases are applicable, the match fails and we return the string

"failed".

Ifunction pattern_match(pat, dat, frame) {

return frame === "failed"

? "failed"

: equal(pat, dat)

? frame

: is_var(pat)

? extend_if_consistent(pat, dat, frame)

: is_pair(pat) && is_pair(dat)

? pattern_match(tail(pat),

tail(dat),

pattern_match(head(pat),

head(dat),

frame))

: "failed";

}

Here is the function that extends a frame by adding a new binding, if this is consistent with

the bindings already in the frame:
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Ifunction extend_if_consistent(variable, dat, frame) {

const binding = binding_in_frame(variable, frame);

return binding === undefined

? extend(variable, dat, frame)

: pattern_match(binding_value(binding), dat, frame);

}

If there is no binding for the variable in the frame, we simply add the binding of the variable

to the data. Otherwise we match, in the frame, the data against the value of the variable in the

frame. If the stored value contains only constants, as it must if it was stored during pattern

matching by extend_if_consistent, then the match simply tests whether the stored and new

values are the same. If so, it returns the unmodi�ed frame; if not, it returns a failure indication.

The stored value may, however, contain pattern variables if it was stored during uni�cation

(see section 4.4.4.4). The recursive match of the stored pattern against the new data will add

or check bindings for the variables in this pattern. For example, suppose we have a frame in

which x is bound to list("f", y) and y is unbound, and we wish to augment this frame by a

binding of x to list("f", "b"). We look up x and �nd that it is bound to list("f", y). This

leads us to match list("f", y) against the proposed new value list("f", "b") in the same

frame. Eventually this match extends the frame by adding a binding of y to "b". The variable x

remains bound to list("f", y). We never modify a stored binding and we never store more

than one binding for a given variable.

The functions used by extend_if_consistent to manipulate bindings are de�ned in sec-

tion 4.4.4.8.

4.4.4.4 Rules and Unification

The function apply_rules is the rule analog of find_assertions (section 4.4.4.3). It takes as

input a pattern and a frame, and it forms a stream of extension frames by applying rules from

the data base. The function stream_flatmap maps apply_a_rule down the stream of possibly

applicable rules (selected by fetch_rules, section 4.4.4.5) and combines the resulting streams

of frames.

Ifunction apply_rules(pattern, frame) {

return stream_flatmap(

rule =>

apply_a_rule(rule, pattern, frame),

fetch_rules(pattern, frame));

}

The function apply_a_rule applies rules using the method outlined in section 4.4.2. It �rst

augments its argument frame by unifying the rule conclusion with the pattern in the given

frame. If this succeeds, it evaluates the rule body in this new frame.
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Before any of this happens, however, the program renames all the variables in the rule with

unique new names. The reason for this is to prevent the variables for di�erent rule applications

from becoming confused with each other. For instance, if two rules both use a variable named

x, then each one may add a binding for x to the frame when it is applied. These two x’s have

nothing to do with each other, and we should not be fooled into thinking that the two bindings

must be consistent. Rather than rename variables, we could devise a more clever environment

structure; however, the renaming approach we have chosen here is the most straightforward,

even if not the most e�cient. (See exercise 4.79.) Here is the apply_a_rule function:

Ifunction apply_a_rule(rule, query_pattern, query_frame) {

const clean_rule = rename_variables_in(rule);

const unify_result =

unify_match(query_pattern,

conclusion(clean_rule),

query_frame);

return unify_result === "failed"

? null

: evaluate_query(rule_body(clean_rule),

singleton_stream(unify_result));

}

The selectors rule_body and conclusion that extract parts of a rule are de�ned in sec-

tion 4.4.4.7.

We generate unique variable names by associating a unique identi�er (such as a number)

with each rule application and combining this identi�er with the original variable names. For

example, if the rule-application identi�er is 7, we might change each x in the rule to x_7 and

each y in the rule to y_7. (The functions make_new_variable and new_rule_application_id

are included with the syntax functions in section 4.4.4.7.)

Ifunction rename_variables_in(rule) {

const rule_application_id = new_rule_application_id();

function tree_walk(exp) {

return is_var(exp)

? make_new_variable(exp, rule_application_id)

: is_pair(exp)

? pair(tree_walk(head(exp)),

tree_walk(tail(exp)))

: exp;

}

return tree_walk(rule);

}

The uni�cation algorithm is implemented as a function that takes as inputs two patterns

and a frame and returns either the extended frame or the string "failed". The uni�er is like

the pattern matcher except that it is symmetrical—variables are allowed on both sides of the
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match. The function unify_match is basically the same as pattern_match, except that there is

extra code (marked “***” below) to handle the case where the object on the right side of the

match is a variable.

Ifunction unify_match(p1, p2, frame) {

return frame === "failed"

? "failed"

: equal(p1, p2)

? frame

: is_var(p1)

? extend_if_possible(p1, p2, frame)

: is_var(p2)

? extend_if_possible(p2, p1, frame) // ***

: is_pair(p1) && is_pair(p2)

? unify_match(tail(p1),

tail(p2),

unify_match(head(p1),

head(p2),

frame))

: "failed";

}

In uni�cation, as in one-sided pattern matching, we want to accept a proposed extension

of the frame only if it is consistent with existing bindings. The function extend_if_possible

used in uni�cation is the same as the extend_if_consistent used in pattern matching except

for two special checks, marked “***” in the program below. In the �rst case, if the variable

we are trying to match is not bound, but the value we are trying to match it with is itself a

(di�erent) variable, it is necessary to check to see if the value is bound, and if so, to match its

value. If both parties to the match are unbound, we may bind either to the other.

The second check deals with attempts to bind a variable to a pattern that includes that

variable. Such a situation can occur whenever a variable is repeated in both patterns. Consider,

for example, unifying the two patterns list(x, x) and list(y, expression involving y) in a

frame where both x and y are unbound. First x is matched against y, making a binding of x to y.

Next, the same x is matched against the given expression involving y. Since x is already bound

to y, this results in matching y against the expression. If we think of the uni�er as �nding a set

of values for the pattern variables that make the patterns the same, then these patterns imply

instructions to �nd a y such that y is equal to the expression involving y. There is no general

method for solving such equations, so we reject such bindings; these cases are recognized

by the predicate depends_on.
72

On the other hand, we do not want to reject attempts to bind

72
In general, unifying y with an expression involving y would require our being able to �nd a �xed point of the

equation y = expression involving y. It is sometimes possible to syntactically form an expression that appears to

be the solution. For example, y = list("f", y) seems to have the �xed point list("f", list("f", list("f",
. . . ))), which we can produce by beginning with the expression list("f", y) and repeatedly substituting

list("f", y) for y. Unfortunately, not every such equation has a meaningful �xed point. The issues that arise
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a variable to itself. For example, consider unifying list(x, x) and list(y, y). The second

attempt to bind x to y matches y (the stored value of x ) against y (the new value of x). This is

taken care of by the equal clause of unify_match.

Ifunction extend_if_possible(variable, val, frame) {

const binding = binding_in_frame(variable, frame);

if (binding !== undefined) {

return unify_match(binding_value(binding),

val, frame);

} else if (is_var(val)) { // ***

const binding = binding_in_frame(val, frame);

return binding !== undefined

? unify_match(variable,

binding_value(binding),

frame)

: extend(variable, val, frame);

} else if (depends_on(val, variable, frame)) { // ***

return "failed";

} else {

return extend(variable, val, frame);

}

}

The function depends_on is a predicate that tests whether an expression proposed to be the

value of a pattern variable depends on the variable. This must be done relative to the current

frame because the expression may contain occurrences of a variable that already has a value

that depends on our test variable. The structure of depends_on is a simple recursive tree walk

in which we substitute for the values of variables whenever necessary.

Ifunction depends_on(exp, variable, frame) {

function tree_walk(e) {

if (is_var(e)) {

if (equal(variable, e)) {

return true;

here are similar to the issues of manipulating in�nite series in mathematics. For example, we know that 2 is the

solution to the equation y = 1 + y/2. Beginning with the expression 1 + y/2 and repeatedly substituting 1 + y/2
for y gives

2 = y = 1 + y/2 = 1 + (1 + y/2)/2 = 1 + 1/2 + y/4 = · · · ,

which leads to

2 = 1 + 1/2 + 1/4 + 1/8 + · · · .

However, if we try the same manipulation beginning with the observation that −1 is the solution to the equation

y = 1 + 2y, we obtain

−1 = y = 1 + 2y = 1 + 2(1 + 2y) = 1 + 2 + 4y = · · · ,

which leads to

−1 = 1 + 2 + 4 + 8 + · · · .

Although the formal manipulations used in deriving these two equations are identical, the �rst result is a valid

assertion about in�nite series but the second is not. Similarly, for our uni�cation results, reasoning with an

arbitrary syntactically constructed expression may lead to errors.
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} else {

const b = binding_in_frame(e, frame);

return b === undefined

? false

: tree_walk(binding_value(b));

}

} else {

return is_pair(e)

? tree_walk(head(e)) || tree_walk(tail(e))

: false;

}

}

return tree_walk(exp);

}

4.4.4.5 Maintaining the Data Base

One important problem in designing logic programming languages is that of arranging things

so that as few irrelevant data-base entries as possible will be examined in checking a given

pattern. In our system, in addition to storing all assertions in one big stream, we store all

assertions whose heads are strings in separate streams, in a table indexed by the string. To

fetch an assertion that may match a pattern, we �rst check to see if the head of the pattern is

a string. If so, we return (to be tested using the matcher) all the stored assertions that have the

same head. If the pattern’s head is not a string, we return all the stored assertions. Cleverer

methods could also take advantage of information in the frame, or try also to optimize the case

where the head of the pattern is not a string. We avoid building our criteria for indexing (using

the head, handling only the case of strings) into the program; instead we call on predicates

and selectors that embody our criteria.

Ilet THE_ASSERTIONS = null;

function fetch_assertions(pattern, frame) {

return use_index(pattern)

? get_indexed_assertions(pattern)

: get_all_assertions;

}

function get_all_assertions() {

return THE_ASSERTIONS;

}

function get_indexed_assertions(pattern) {

return get_stream(index_key_of(pattern), "assertion-stream");

}

The function get_stream looks up a stream in the table and returns an empty stream if

nothing is stored there.
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Ifunction get_stream(key1, key2) {

const s = get(key1, key2);

return s === undefined ? null : s;

}

Rules are stored similarly, using the head of the rule conclusion. Rule conclusions are arbi-

trary patterns, however, so they di�er from assertions in that they can contain variables. A

pattern whose head is a string can match rules whose conclusions start with a variable as well

as rules whose conclusions have the same head. Thus, when fetching rules that might match

a pattern whose head is a string we fetch all rules whose conclusions start with a variable as

well as those whose conclusions have the same head as the pattern. For this purpose we store

all rules whose conclusions start with a variable in a separate stream in our table, indexed by

the string "?".

Ilet THE_RULES = null;

function fetch_rules(pattern, frame) {

return use_index(pattern)

? get_indexed_rules(pattern)

: get_all_rules();

}

function get_all_rules() {

return THE_RULES;

}

function get_indexed_rules(pattern) {

return stream_append(

get_stream(index_key_of(pattern),

"rule-stream"),

get_stream("?", "rule-stream"));

}

The function add_rule_or_assertion is used by query_driver_loop to add assertions and

rules to the data base. Each item is stored in the index, if appropriate, and in a stream of all

assertions or rules in the data base.

Ifunction add_rule_or_assertion(assertion) {

return is_rule(assertion)

? add_rule(assertion)

: add_assertion(assertion);

}

function add_assertion(assertion) {

store_assertion_in_index(assertion);

const old_assertions = THE_ASSERTIONS;

THE_ASSERTIONS = pair(assertion, () => old_assertions);

return "ok";

}

function add_rule(rule) {
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store_rule_in_index(rule);

const old_rules = THE_RULES;

THE_RULES = pair(rule, () => old_rules);

return "ok";

}

To actually store an assertion or a rule, we check to see if it can be indexed. If so, we store it

in the appropriate stream.

Ifunction store_assertion_in_index(assertion) {

if (is_indexable(assertion)) {

const key = index_key_of(assertion);

const current_assertion_stream =

get_stream(key, "assertion-stream");

put(key, "assertion-stream",

pair(assertion, () => current_assertion_stream));

} else {

}

}

function store_rule_in_index(rule) {

const pattern = conclusion(rule);

if (is_indexable(pattern)) {

const key = index_key_of(pattern);

const current_rule_stream =

get_stream(key, "rule-stream");

put(key, "rule-stream",

pair(rule, () => current_rule_stream));

} else {

}

}

The following functions de�ne how the data-base index is used. A pattern (an assertion or

a rule conclusion) will be stored in the table if it starts with a variable or a string.

Ifunction is_indexable(pat) {

return is_string(head(pat)) || is_var(head(pat));

}

The key under which a pattern is stored in the table is either "?" (if it starts with a variable)

or the string with which it starts.

Ifunction index_key_of(pat) {

const key = head(pat);

return is_var(key) ? "?" : key;

}

The index will be used to retrieve items that might match a pattern if the pattern starts with

a string.
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Ifunction use_index(pat) {

return is_string(head(pat));

}

Exercise 4.70

What is the purpose of the constant declarations in the functions add_assertion and add_rule?

What would be wrong with the following implementation of add_assertion? Hint: Recall the

de�nition of the in�nite stream of ones in section 3.5.2: const ones = pair(1, () => ones);.

Ifunction add_assertion(assertion) {

store_assertion_in_index(assertion);

THE_ASSERTIONS = pair(assertion, () => THE_ASSERTIONS);

return "ok";

}

4.4.4.6 Stream Operations

The query system uses a few stream operations that were not presented in chapter 3.

The functions stream_append_delayed and interleave_delayed are just like stream_append

and interleave (section 3.5.3), except that they take a delayed argument (like the integral

function in section 3.5.4). This postpones looping in some cases (see exercise 4.71).

Ifunction stream_append_delayed(s1, delayed_s2) {

return is_null(s1)

? delayed_s2()

: pair(head(s1),

() => stream_append_delayed(stream_tail(s1),

delayed_s2));

}

function interleave_delayed(s1, delayed_s2) {

return is_null(s1)

? delayed_s2()

: pair(head(s1),

() => interleave_delayed(delayed_s2(),

() => stream_tail(s1)));

}

The function stream_flatmap, which is used throughout the query evaluator to map a func-

tion over a stream of frames and combine the resulting streams of frames, is the stream analog

of the flatmap function introduced for ordinary lists in section 2.2.3. Unlike ordinary flatmap,

however, we accumulate the streams with an interleaving process, rather than simply append-

ing them (see exercises 4.72 and 4.73).
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Ifunction stream_flatmap(fun, s) {

return flatten_stream(stream_map(fun, s));

}

function flatten_stream(stream) {

return is_null(stream)

? null

: interleave_delayed(

head(stream),

() => flatten_stream(stream_tail(stream)));

}

The evaluator also uses the following simple function to generate a stream consisting of a

single element:

Ifunction singleton_stream(x) {

return pair(x, () => null);

}

4.4.4.7 �ery Syntax Functions

The functions type and contents, used by evaluate_query (section 4.4.4.2), specify that a

query expression is identi�ed by string in its head. They are the same as the type_tag and

contents functions in section 2.4.2, except for the error message.

Ifunction type(exp) {

return is_pair(exp)

? head(exp)

: error(exp, "Unknown expression type");

}

function contents(exp) {

return is_pair(exp)

? tail(exp)

: error(exp, "Unknown expression contents");

}

The following functions, used by query_driver_loop (in section 4.4.4.1), specify that rules

and assertions are added to the data base by expressions of the form assert( rule-or-assertion
):

Ifunction assertion_to_be_added(exp) {

return type(exp) === "assert";

}

function add_assertion_body(exp) {

return head(contents(exp));

}

Here are the syntax de�nitions for the and, or, not, and javascript_value query expressions
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(section 4.4.4.2):

Ifunction is_empty_conjunction(exps) {

return is_null(exps);

}

function first_conjunct(exps) {

return head(exps);

}

function rest_conjuncts(exps) {

return tail(exps);

}

function is_empty_disjunction(exps) {

return is_null(exps);

}

function first_disjunct(exps) {

return head(exps);

}

function rest_disjuncts(exps) {

return tail(exps);

}

function negated_query(exps) {

return head(exps);

}

The following three functions de�ne the syntax of rules:

Ifunction is_rule(statement) {

return is_tagged_list(statement, "rule");

}

function conclusion(rule) {

return head(tail(rule));

}

function rule_body(rule) {

return is_null(tail(tail(rule)))

? list("always_true")

: head(tail(tail(rule)));

}

The function query_driver_loop (section 4.4.4.1) calls query_syntax_process to transform

the syntax of the query to a tagged list representation, where the tags represent the kinds of

queries described in section 4.4.1. Along the way, pattern variables in the expression, which

are identi�ed using is_name, are converted into the internal format list("?", symbol). That

is to say, a pattern such as job(x, y) is actually represented internally by the system as

list("job", list("?", x), list("?", y))). This means that the system can check to see

if an expression is a pattern variable by checking whether the head of the expression is the

string "?". The syntax transformation is accomplished by the following function:

Ifunction query_syntax_process(exp) {
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if (is_application(exp)) {

const function_symbol =

symbol_of_name(function_expression(exp));

const processed_args = map(query_syntax_process, args(exp));

return function_symbol === "pair"

? pair(head(processed_args), head(tail(processed_args)))

: function_symbol === "list"

? processed_args

: function_symbol === "javascript_value"

? pair(function_symbol,

map(javascript_value_process, args(exp)))

: pair(function_symbol, processed_args);

} else if (is_name(exp)) {

return list("?", symbol_of_name(exp));

} else {

return exp;

}

}

Exceptions to this processing are javascript_value queries. Since the instantiated syntax of

the argument of such a query is passed to the evaluate function of section 4.1.1, its applications

and self-evaluating expressions remain intact, and only its names are converted to pattern

variables.

Ifunction javascript_value_process(exp) {

return is_application(exp)

? list("application", function_expression(exp),

map(javascript_value_process, args(exp)))

: is_name(exp)

? list("?", symbol_of_name(exp))

: exp;

}

Once the variables are transformed in this way, the variables in a pattern are lists starting

with "?" and the strings (which need to be recognized for data-base indexing, section 4.4.4.5)

are just the strings.

Ifunction is_var(exp) {

return is_tagged_list(exp, "?");

}

Unique variables are constructed during rule application (in section 4.4.4.4) by means of

the following functions. The unique identi�er for a rule application is a number, which is

incremented each time a rule is applied.

Ilet rule_counter = 0;

function new_rule_application_id() {
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rule_counter = rule_counter + 1;

return rule_counter;

}

function make_new_variable(variable, rule_application_id) {

return pair("?", pair(rule_application_id, tail(variable)));

}

Afterquery_driver_loop instantiates the query, it converts it to a string using unparse_query,

following the syntax described in section 4.4.1. The function unparse_term formats unbound

pattern variables using contract_question_mark. Note that it needs to distinguish genuine

lists from pairs whose tail is a pattern variable (and therefore technically a list).

Ifunction unparse_query(query) {

return unparse(head(query),

tail(query),

is_null(member(head(query),

list("and", "or", "not", "assert", "rule")))

? unparse_term

: unparse_query);

}

function unparse_term(arg) {

return is_null(arg)

? "null"

: is_list(arg) && head(arg) === "?"

? contract_question_mark(arg)

: is_list(arg) &&

(is_null(tail(arg)) || head(tail(arg)) !== "?")

? unparse("list", arg, unparse_term))

: is_pair(arg)

? unparse("pair", list(head(arg), tail(arg)), unparse_term)

: is_string(arg)

? "'" + arg + "'"

: stringify(arg);

}

function unparse(string, args, unparse_arg) {

return string + "(" + comma_separated(map(unparse_arg, args)) + ")";

}

function comma_separated(strings) {

return accumulate((s, acc) => s + (acc === "" ? "" : ", " + acc),

"", strings);

}

function contract_question_mark(variable) {

return is_number(head(tail(variable)))

? head(tail(tail(variable))) +

"_" + stringify(head(tail(variable)))

: head(tail(variable));

}
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4.4.4.8 Frames and Bindings

Frames are represented as lists of bindings, which are variable-value pairs:

Ifunction make_binding(variable, value) {

return pair(variable, value);

}

function binding_variable(binding) {

return head(binding);

}

function binding_value(binding) {

return tail(binding);

}

function binding_in_frame(variable, frame) {

return assoc(variable, frame);

}

function extend(variable, value, frame) {

return pair(make_binding(variable, value), frame);

}

Exercise 4.71

Louis Reasoner wonders why the simple_query and disjoin functions (section 4.4.4.2) are

implemented using explicit delay operations, rather than being de�ned as follows:

function simple_query(query_pattern, frame_stream) {

return stream_flatmap(

frame =>

stream_append(find_assertions(query_pattern, frame),

apply_rules(query_pattern, frame)),

frame_stream);

}

function disjoin(disjuncts, frame_stream) {

return is_empty_disjunction(disjuncts)

? null

: interleave(evaluate_query(first_disjunct(disjuncts),

frame_stream),

disjoin(rest_disjuncts(disjuncts), frame_stream));

}

Can you give examples of queries where these simpler de�nitions would lead to undesirable

behavior?
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Exercise 4.72

Why do disjoin and stream_flatmap interleave the streams rather than simply append them?

Give examples that illustrate why interleaving works better. (Hint: Why did we use interleave

in section 3.5.3?)

Exercise 4.73

Why does flatten_stream use a lambda expression in its body? What would be wrong with

de�ning it as follows:

function flatten_stream(stream) {

return is_null(stream)

? null

: interleave(head(stream),

flatten_stream(stream_tail(stream)));

}

Exercise 4.74

Alyssa P. Hacker proposes to use a simpler version of stream_flatmap in negate,javascript_value,

and find_assertions. She observes that the function that is mapped over the frame stream in

these cases always produces either the empty stream or a singleton stream, so no interleaving

is needed when combining these streams.

a. Fill in the missing expressions in Alyssa’s program.

function simple_stream_flatmap(fun, s) {

return simple_flatten(stream_map(fun, s));

}

function simple_flatten(stream) {

return stream_map(〈??〉,

stream_filter(〈??〉, stream));

}

b. Does the query system’s behavior change if we change it in this way?

Exercise 4.75

Implement for the query language a query expression called unique. Applictions of unique

should succeed if there is precisely one item in the data base satisfying a speci�ed query. For

example,

unique(job(x, list("computer", "wizard")))
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should print the one-item stream

unique(job(list("Bitdiddle", "Ben"), list("computer", "wizard")))

since Ben is the only computer wizard, and

unique(job(x, list("computer", "programmer")))

should print the empty stream, since there is more than one computer programmer. Moreover,

and(job(x, j), unique(job(anyone, j)))

should list all the jobs that are �lled by only one person, and the people who �ll them.

There are two parts to implementing unique. The �rst is to write a function that handles

this special form, and the second is to make evaluate_query dispatch to that function. The

second part is trivial, since evaluate_query does its dispatching in a data-directed way. If your

function is called uniquely_asserted, all you need to do is

put("unique", "evaluate_query", uniquely_asserted);

and evaluate_query will dispatch to this function for every query whose type (head) is the

string "unique"

The real problem is to write the function uniquely_asserted. This should take as input

the contents (tail) of the unique query, together with a stream of frames. For each frame

in the stream, it should use evaluate_query to �nd the stream of all extensions to the frame

that satisfy the given query. Any stream that does not have exactly one item in it should be

eliminated. The remaining streams should be passed back to be accumulated into one big

stream that is the result of the unique query. This is similar to the implementation of the not

special form.

Test your implementation by forming a query that lists all people who supervise precisely

one person.

Exercise 4.76

Our implementation of and as a series combination of queries (�gure 4.5) is elegant, but it is

ine�cient because in processing the second query of the and we must scan the data base for

each frame produced by the �rst query. If the data base has N elements, and a typical query

produces a number of output frames proportional to N (say N /k), then scanning the data

base for each frame produced by the �rst query will require N 2/k calls to the pattern matcher.

Another approach would be to process the two clauses of the and separately, then look for all

pairs of output frames that are compatible. If each query produces N /k output frames, then

this means that we must perform N 2/k2
compatibility checks—a factor of k fewer than the
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number of matches required in our current method.

Devise an implementation of and that uses this strategy. You must implement a function

that takes two frames as inputs, checks whether the bindings in the frames are compatible,

and, if so, produces a frame that merges the two sets of bindings. This operation is similar to

uni�cation.

Exercise 4.77

In section 4.4.3 we saw that not and javascript_value can cause the query language to

give “wrong” answers if these �ltering operations are applied to frames in which variables are

unbound. Devise a way to �x this shortcoming. One idea is to perform the �ltering in a “delayed”

manner by appending to the frame a “promise” to �lter that is ful�lled only when enough

variables have been bound to make the operation possible. We could wait to perform �ltering

until all other operations have been performed. However, for e�ciency’s sake, we would like

to perform �ltering as soon as possible so as to cut down on the number of intermediate frames

generated.

Exercise 4.78

Redesign the query language as a nondeterministic program to be implemented using the

evaluator of section 4.3, rather than as a stream process. In this approach, each query will

produce a single answer (rather than the stream of all answers) and the user can type try again

to see more answers. You should �nd that much of the mechanism we built in this section is

subsumed by nondeterministic search and backtracking. You will probably also �nd, however,

that your new query language has subtle di�erences in behavior from the one implemented

here. Can you �nd examples that illustrate this di�erence?

Exercise 4.79

When we implemented the JavaScript evaluator in section 4.1, we saw how to use local en-

vironments to avoid name con�icts between the parameters of functions. For example, in

evaluating

Ifunction square(x) {

return x * x;

}

function sum_of_squares(x, y) {

return square(x) + square(y);

}

sum_of_squares(3, 4);
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there is no confusion between the x in square and the x in sum_of_squares, because we

evaluate the body of each function in an environment that is specially constructed to contain

bindings for the local names. In the query system, we used a di�erent strategy to avoid name

con�icts in applying rules. Each time we apply a rule we rename the variables with new names

that are guaranteed to be unique. The analogous strategy for the JavaScript evaluator would be

to do away with local environments and simply rename the variables in the body of a function

each time we apply the function.

Implement for the query language a rule-application method that uses environments rather

than renaming. See if you can build on your environment structure to create constructs in the

query language for dealing with large systems, such as the rule analog of block-structured

functions. Can you relate any of this to the problem of making deductions in a context (e.g., “If

I supposed that P were true, then I would be able to deduce A and B.”) as a method of problem

solving? (This problem is open-ended. A good answer is probably worth a Ph.D.)
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Chapter 5

Computing with Register Machines

My aim is to show that the heavenly machine is not a kind of divine,

live being, but a kind of clockwork (and he who believes that a clock

has soul attributes the maker’s glory to the work), insofar as nearly all

the manifold motions are caused by a most simple and material force,

just as all motions of the clock are caused by a single weight.

— Johannes Kepler (letter to Herwart von Hohenburg, 1605)

We began this book by studying processes and by describing processes in terms of functions

written in JavaScript. To explain the meanings of these functions, we used a succession of

models of evaluation: the substitution model of chapter 1, the environment model of chapter 3,

and the metacircular evaluator of chapter 4. Our examination of the metacircular evaluator,

in particular, dispelled much of the mystery of how JavaScript-like languages are interpreted.

But even the metacircular evaluator leaves important questions unanswered, because it fails

to elucidate the mechanisms of control in a JavaScript system. For instance, the evaluator does

not explain how the evaluation of a subexpression manages to return a value to the expression

that uses this value, nor does the evaluator explain how some recursive functions generate iter-

ative processes (that is, are evaluated using constant space) whereas other recursive functions

generate recursive processes. These questions remain unanswered because the metacircular

evaluator is itself a JavaScript program and hence inherits the control structure of the underly-

ing JavaScript system. In order to provide a more complete description of the control structure

of the JavaScript evaluator, we must work at a more primitive level than JavaScript itself.

In this chapter we will describe processes in terms of the step-by-step operation of a tradi-

tional computer. Such a computer, or register machine, sequentially executes instructions that

manipulate the contents of a �xed set of storage elements called registers. A typical register-

machine instruction applies a primitive operation to the contents of some registers and assigns
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the result to another register. Our descriptions of processes executed by register machines will

look very much like “machine-language” programs for traditional computers. However, in-

stead of focusing on the machine language of any particular computer, we will examine several

JavaScript functions and design a speci�c register machine to execute each function. Thus,

we will approach our task from the perspective of a hardware architect rather than that of

a machine-language computer programmer. In designing register machines, we will develop

mechanisms for implementing important programming constructs such as recursion. We will

also present a language for describing designs for register machines. In section 5.2 we will

implement a JavaScript program that uses these descriptions to simulate the machines we

design.

Most of the primitive operations of our register machines are very simple. For example, an

operation might add the numbers fetched from two registers, producing a result to be stored

into a third register. Such an operation can be performed by easily described hardware. In

order to deal with list structure, however, we will also use the memory operations head, tail,

and pair, which require an elaborate storage-allocation mechanism. In section 5.3 we study

their implementation in terms of more elementary operations.

In section 5.4, after we have accumulated experience formulating simple functions as register

machines, we will design a machine that carries out the algorithm described by the metacir-

cular evaluator of section 4.1. This will �ll in the gap in our understanding of how JavaScript

programs are interpreted, by providing an explicit model for the mechanisms of control in the

evaluator. In section 5.5 we will study a simple compiler that translates JavaScript programs

into sequences of instructions that can be executed directly with the registers and operations

of the evaluator register machine.

5.1 Designing Register Machines

To design a register machine, we must design its data paths (registers and operations) and

the controller that sequences these operations. To illustrate the design of a simple register

machine, let us examine Euclid’s Algorithm, which is used to compute the greatest common

divisor (GCD) of two integers. As we saw in section 1.2.5, Euclid’s Algorithm can be carried

out by an iterative process, as speci�ed by the following function:

Ifunction gcd(a, b) {

return b === 0 ? a : gcd(b, a % b);

}

A machine to carry out this algorithm must keep track of two numbers, a and b, so let us

assume that these numbers are stored in two registers with those names. The basic operations
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required are testing whether the contents of register b1
is zero and computing the remainder

of the contents of register a divided by the contents of register b. The remainder operation is

a complex process, but assume for the moment that we have a primitive device that computes

remainders. On each cycle of the GCD algorithm, the contents of register a must be replaced

by the contents of register b, and the contents of b must be replaced by the remainder of the

old contents of a divided by the old contents of b. It would be convenient if these replacements

could be done simultaneously, but in our model of register machines we will assume that only

one register can be assigned a new value at each step. To accomplish the replacements, our

machine will use a third “temporary” register, which we call t. (First the remainder will be

placed in t, then the contents of b will be placed in a, and �nally the remainder stored in t

will be placed in b.)

We can illustrate the registers and operations required for this machine by using the data-

path diagram shown in �gure 5.1. In this diagram, the registers (a, b, and t) are represented by

rectangles. Each way to assign a value to a register is indicated by an arrow with an X behind

the head, pointing from the source of data to the register. We can think of the X as a button that,

when pushed, allows the value at the source to “�ow” into the designated register. The label

next to each button is the name we will use to refer to the button. The names are arbitrary,

and can be chosen to have mnemonic value (for example, a<-b denotes pushing the button

that assigns the contents of register b to register a). The source of data for a register can be

another register (as in the a<-b assignment), an operation result (as in the t<-r assignment),

or a constant (a built-in value that cannot be changed, represented in a data-path diagram by

a triangle containing the constant).

An operation that computes a value from constants and the contents of registers is repre-

sented in a data-path diagram by a trapezoid containing a name for the operation. For example,

the box marked rem in �gure 5.1 represents an operation that computes the remainder of the

contents of the registers a and b to which it is attached. Arrows (without buttons) point from

the input registers and constants to the box, and arrows connect the operation’s output value

to registers. A test is represented by a circle containing a name for the test. For example, our

GCD machine has an operation that tests whether the contents of register b is zero. A test

also has arrows from its input registers and constants, but it has no output arrows; its value is

used by the controller rather than by the data paths. Overall, the data-path diagram shows the

registers and operations that are required for the machine and how they must be connected.

1
In our controllers, we shall use strings to represent machine components such as registers, labels and opera-

tions. In the text, we shall omit the quotation marks around the names and write

register b

instead of

register "b"
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If we view the arrows as wires and the X buttons as switches, the data-path diagram is very

like the wiring diagram for a machine that could be constructed from electrical components.

a b

t

rem

a ← b

t ← r

b ← t

0

=

Figure 5.1: Data paths for a GCD machine.

In order for the data paths to actually compute GCDs, the buttons must be pushed in the

correct sequence. We will describe this sequence in terms of a controller diagram, as illustrated

in �gure 5.2. The elements of the controller diagram indicate how the data-path components

should be operated. The rectangular boxes in the controller diagram identify data-path buttons

to be pushed, and the arrows describe the sequencing from one step to the next. The diamond

in the diagram represents a decision. One of the two sequencing arrows will be followed,

depending on the value of the data-path test identi�ed in the diamond. We can interpret the

controller in terms of a physical analogy: Think of the diagram as a maze in which a marble is

rolling. When the marble rolls into a box, it pushes the data-path button that is named by the

box. When the marble rolls into a decision node (such as the test for b= 0), it leaves the node

on the path determined by the result of the indicated test. Taken together, the data paths and

the controller completely describe a machine for computing GCDs. We start the controller (the

rolling marble) at the place marked start, after placing numbers in registers a and b. When

the controller reaches done, we will �nd the value of the GCD in register a.
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start

yes
done

no

=

t ← r

a ← b

b ← t

Figure 5.2: Controller for a GCD machine.

Exercise 5.1

Design a register machine to compute factorials using the iterative algorithm speci�ed by the

following function. Draw data-path and controller diagrams for this machine.

Ifunction factorial(n) {

function iter(product, counter) {

return counter > n

? product

: iter(counter * product,

counter + 1);

}

return iter(1, 1);

}
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5.1.1 A Language for Describing Register Machines

Data-path and controller diagrams are adequate for representing simple machines such as

GCD, but they are unwieldy for describing large machines such as a JavaScript interpreter. To

make it possible to deal with complex machines, we will create a language that presents, in

textual form, all the information given by the data-path and controller diagrams. We will start

with a notation that directly mirrors the diagrams.

We de�ne the data paths of a machine by describing the registers and the operations. To

describe a register, we give it a name and specify the buttons that control assignment to it. We

give each of these buttons a name and specify the source of the data that enters the register

under the button’s control. (The source is a register, a constant, or an operation.) To describe

an operation, we give it a name and specify its inputs (registers or constants).

We de�ne the controller of a machine as a sequence of instructions together with labels that

identify entry points in the sequence. An instruction is one of the following:

– The name of a data-path button to push to assign a value to a register. (This corresponds

to a box in the controller diagram.)

– A test instruction, that performs a speci�ed test.

– A conditional branch (branch instruction) to a location indicated by a controller label,

based on the result of the previous test. (The test and branch together correspond to a

diamond in the controller diagram.) If the test is false, the controller should continue

with the next instruction in the sequence. Otherwise, the controller should continue

with the instruction after the label.

– An unconditional branch (go_to instruction) naming a controller label at which to con-

tinue execution.

The machine starts at the beginning of the controller instruction sequence and stops when

execution reaches the end of the sequence. Except when a branch changes the �ow of control,

instructions are executed in the order in which they are listed.
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data_paths(

registers(

list(

pair(name("a"),

buttons(name("a<-b"), source(register("b")))),

pair(name("b"),

buttons(name("b<-t"), source(register("t")))),

pair(name("t"),

buttons(name("t<-r"), source(operation("rem"))))),

operations(

list(

pair(name("rem"),

inputs(register("a"), register("b"))),

pair(name("="),

inputs(register("b"), constant(0)))))));

controller(

list(

"test_b", // label

test("="), // test

branch(label("gcd_done")), // conditional branch

"t<-r", // button push

"a<-b", // button push

"b<-t", // button push

go_to(label("test_b"))), // unconditional branch

"gcd_done"); // label

Figure 5.3: A speci�cation of the GCD machine.

Figure 5.3 shows the GCD machine described in this way. This example only hints at the

generality of these descriptions, since the GCD machine is a very simple case: Each register

has only one button, and each button and test is used only once in the controller.

Unfortunately, it is di�cult to read such a description. In order to understand the controller

instructions we must constantly refer back to the de�nitions of the button names and the

operation names, and to understand what the buttons do we may have to refer to the de�nitions

of the operation names. We will thus transform our notation to combine the information from

the data-path and controller descriptions so that we see it all together.

To obtain this form of description, we will replace the arbitrary button and operation names

by the de�nitions of their behavior. That is, instead of saying (in the controller) “Push button

t<-r” and separately saying (in the data paths) “Button t<-r assigns the value of the rem

operation to register t” and “The rem operation’s inputs are the contents of registers a and b,”

we will say (in the controller) “Push the button that assigns to register t the value of the rem

operation on the contents of registers a and b.” Similarly, instead of saying (in the controller)
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“Perform the = test” and separately saying (in the data paths) “The = test operates on the

contents of register b and the constant 0,” we will say “Perform the = test on the contents

of register b and the constant 0.” We will omit the data-path description, leaving only the

controller sequence. Thus, the GCD machine is described as follows:

Icontroller(

list(

"test_b",

test(list(op("="), reg("b"), constant(0))),

branch(label("gcd_done")),

assign("t", list(op("rem"), reg("a"), reg("b"))),

assign("a", reg("b")),

assign("b", reg("t")),

go_to(label("test_b")),

"gcd_done"))

This form of description is easier to read than the kind illustrated in Figure 5.3, but it also

has disadvantages:

– It is more verbose for large machines, because complete descriptions of the data-path

elements are repeated whenever the elements are mentioned in the controller instruction

sequence. (This is not a problem in the GCD example, because each operation and button

is used only once.) Moreover, repeating the data-path descriptions obscures the actual

data-path structure of the machine; it is not obvious for a large machine how many

registers, operations, and buttons there are and how they are interconnected.

– Because the controller instructions in a machine de�nition look like JavaScript expres-

sions, it is easy to forget that they are not arbitrary JavaScript. expressions. They can

notate only legal machine operations. For example, operations can operate directly only

on constants and the contents of registers, not on the results of other operations.

In spite of these disadvantages, we will use this register-machine language throughout this

chapter, because we will be more concerned with understanding controllers than with under-

standing the elements and connections in data paths. We should keep in mind, however, that

data-path design is crucial in designing real machines.
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Exercise 5.2

Use the register-machine language to describe the iterative factorial machine of exercise 5.1.

Actions

Let us modify the GCD machine so that we can type in the numbers whose GCD we want and

get the answer printed at our terminal. We will not discuss how to make a machine that can

read and print, but will assume (as we do when we use prompt and display in JavaScript) that

they are available as primitive operations.

The operation prompt is like the operations we have been using in that it produces a value

that can be stored in a register. But prompt does not take inputs from any registers; its value

depends on something that happens outside the parts of the machine we are designing. We

will allow our machine’s operations to have such behavior, and thus will draw and notate the

use of prompt just as we do any other operation that computes a value.

The operation display, on the other hand, di�ers from the operations we have been using

in a fundamental way: It does not produce an output value to be stored in a register. Though

it has an e�ect, this e�ect is not on a part of the machine we are designing. We will refer to

this kind of operation as an action. We will represent an action in a data-path diagram just as

we represent an operation that computes a value—as a trapezoid that contains the name of

the action. Arrows point to the action box from any inputs (registers or constants). We also

associate a button with the action. Pushing the button makes the action happen. To make a

controller push an action button we use a new kind of instruction called perform. Thus, the

action of printing the contents of register a is represented in a controller sequence by the

instruction

perform(list(op("display"), reg("a")))

Figure 5.4 shows the data paths and controller for the new GCD machine. Instead of having

the machine stop after printing the answer, we have made it start over, so that it repeatedly

reads a pair of numbers, computes their GCD, and prints the result. This structure is like the

driver loops we used in the interpreters of chapter 4.
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prompt

a b

t

rem

a ← b

t ← r

b ← t

0

=

display

a ← rd b ← rd

P

Icontroller(

list(

"gcd_loop",

assign("a", list(op("prompt"))),

assign("b", list(op("prompt"))),

"test_b",

test(list(op("="), reg("b"), constant(0))),

branch(label("gcd_done")),

assign("t", list(op("rem"), reg("a"), reg("b"))),

assign("a", reg("b")),

assign("b", reg("t")),

go_to(label("test_b")),

"gcd_done",

perform(list(op("display"), reg("a"))),

go_to(label("gcd_loop"))))

Figure 5.4: A GCD machine that reads inputs and prints results.
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5.1.2 Abstraction in Machine Design

We will often de�ne a machine to include “primitive” operations that are actually very complex.

For example, in sections 5.4 and 5.5 we will treat JavaScript’s environment manipulations as

primitive. Such abstraction is valuable because it allows us to ignore the details of parts of

a machine so that we can concentrate on other aspects of the design. The fact that we have

swept a lot of complexity under the rug, however, does not mean that a machine design is

unrealistic. We can always replace the complex “primitives” by simpler primitive operations.

Consider the GCD machine. The machine has an instruction that computes the remainder

of the contents of registers a and b and assigns the result to register t. If we want to construct

the GCD machine without using a primitive remainder operation, we must specify how to

compute remainders in terms of simpler operations, such as subtraction. Indeed, we can write

a JavaScript function that �nds remainders in this way:

Ifunction remainder(n, d) {

return n < d

? n

: remainder(n - d, d);

}

We can thus replace the remainder operation in the GCD machine’s data paths with a

subtraction operation and a comparison test. Figure 5.5 shows the data paths and controller

for the elaborated machine. The instruction
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Figure 5.5: Data paths and controller for the elaborated GCD machine.

assign("t", list(op("rem"), reg("a"), reg("b")))

in the GCD controller de�nition is replaced by a sequence of instructions that contains a loop,

as shown in �gure 5.6.
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Icontroller(

list(

"test_b",

test(list(op("="), reg("b"), constant(0))),

branch(label("gcd_done")),

assign("t", reg("a")),

"rem_loop",

test(list(op("<"), reg("t"), reg("b"))),

branch(label("rem_done")),

assign("t", list(op("-"), reg("t"), reg("b"))),

go_to(label("rem_loop")),

"rem_done",

assign("a", reg("b")),

assign("b", reg("t")),

go_to(label("test_b")),

"gcd_done"))

Figure 5.6: Controller instruction sequence for the GCD machine in �gure 5.5.

Exercise 5.3

Design a machine to compute square roots using Newton’s method, as described in sec-

tion 1.1.7:

Ifunction sqrt(x) {

function good_enough(guess) {

return math_abs(square(guess) - x) < 0.001;

}

function improve(guess) {

return average(guess, x / guess);

}

function sqrt_iter(guess) {

return good_enough(guess)

? guess

: sqrt_iter(improve(guess));

}

return sqrt_iter(1.0);

}

Begin by assuming that good_enough and improve operations are available as primitives. Then

show how to expand these in terms of arithmetic operations. Describe each version of the

sqrt machine design by drawing a data-path diagram and writing a controller de�nition in

the register-machine language.
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5.1.3 Subroutines

When designing a machine to perform a computation, we would often prefer to arrange for

components to be shared by di�erent parts of the computation rather than duplicate the

components. Consider a machine that includes two GCD computations—one that �nds the

GCD of the contents of registers a and b and one that �nds the GCD of the contents of registers

c and d. We might start by assuming we have a primitive gcd operation, then expand the

two instances of gcd in terms of more primitive operations. Figure 5.7 shows just the GCD

portions of the resulting machine’s data paths, without showing how they connect to the rest

of the machine. The �gure also shows the corresponding portions of the machine’s controller

sequence.
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"gcd_1",

  test(list(op("="),

       reg("b"),

       constant(0))),

  branch(label("after_gcd_1")),

  assign("t", list(op("rem"),

                   reg("a"),

                   reg("b"))),

  assign("a", reg("b")),

  assign("b", reg("t")),

  go_to(label("gcd_1")),

"after_gcd_1",

  ...

a b

t

rem

a ← b

t ← r

b ← t

0

=

"gcd_2",

  test(list(op("="),

            reg("d"),

            constant(0))),

  branch(label("after_gcd_2")),

  assign("s", list(op("rem"),

                   reg("c"),

                   reg("d"))),

  assign("c", reg("d")),

  assign("d", reg("s")),

  go_to(label("gcd_2")),

"after_gcd_2"

  ...

c d

s

rem

c ← d

s ← r

d ← s

0

=

Figure 5.7: Portions of the data paths and controller sequence for a machine with two GCD

computations.

This machine has two remainder operation boxes and two boxes for testing equality. If the

duplicated components are complicated, as is the remainder box, this will not be an economical

way to build the machine. We can avoid duplicating the data-path components by using the

same components for both GCD computations, provided that doing so will not a�ect the rest of

the larger machine’s computation. If the values in registers a and b are not needed by the time

the controller gets to gcd_2 (or if these values can be moved to other registers for safekeeping),

we can change the machine so that it uses registers a and b, rather than registers c and d, in

computing the second GCD as well as the �rst. If we do this, we obtain the controller sequence

shown in �gure 5.8.
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We have removed the duplicate data-path components (so that the data paths are again

as in �gure 5.1), but the controller now has two GCD sequences that di�er only in their

entry-point labels. It would be better to replace these two sequences by branches to a single

sequence—a gcd subroutine—at the end of which we branch back to the correct place in the

main instruction sequence. We can accomplish this as follows: Before branching to gcd, we

place a distinguishing value (such as 0 or 1) into a special register, continue. At the end of

the gcd subroutine we return either to after_gcd_1 or to after_gcd_2, depending on the

value of the continue register. Figure 5.9 shows the relevant portion of the resulting controller

sequence, which includes only a single copy of the gcd instructions.

"gcd_1",

test(list(op("="), reg("b"), constant(0))),

branch(label("after_gcd_1")),

assign("t", list(op("rem"), reg("a"), reg("b"))),

assign("a", reg("b")),

assign("b", reg("t")),

go_to(label("gcd_1")),

"after_gcd_1",

...

"gcd_2",

test(list(op("="), reg("b"), constant(0))),

branch(label("after_gcd_2")),

assign("t", list(op("rem"), reg("a"), reg("b"))),

assign("a", reg("b")),

assign("b", reg("t")),

go_to(label("gcd_2")),

"after_gcd_2"

Figure 5.8: Portions of the controller sequence for a machine that uses the same data-path

components for two di�erent GCD computations.

534 Generated 2020-08-18 16:40:02Z



Computing with Register Machines 5.1.3

"gcd",

test(list(op("="), reg("b"), constant(0))),

branch(label("gcd_done")),

assign("t", list(op("rem"), reg("a"), reg("b"))),

assign("a", reg("b")),

assign("b", reg("t")),

go_to(label("gcd")),

"gcd_done",

test(list(op("="), reg("continue"), constant(0))),

branch(label("after_gcd_1")),

go_to(label("after_gcd_2")),

...

// Before branching to "gcd" from the first place where

// it is needed, we place 0 in the "continue" register

assign("continue", constant(0)),

go_to(label("gcd")),

"after_gcd_1",

...

// Before the second use of "gcd", we place 1 in the

// "continue" register

assign("continue", constant(1)),

go_to(label("gcd")),

"after_gcd_2"

Figure 5.9: Using a continue register to avoid the duplicate controller sequence in �gure 5.8.
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"gcd",

test(list(op("="), reg("b"), constant(0))),

branch(label("gcd_done")),

assign("t", list(op("rem"), reg("a"), reg("b"))),

assign("a", reg("b")),

assign("b", reg("t")),

go_to(label("gcd")),

"gcd_done",

go_to(reg("continue")),

...

// Before calling "gcd", we assign to "continue"

// the label to which "gcd" should return.

assign("continue", label("after_gcd_1"))),

go_to(label("gcd")),

"after_gcd_1",

...

// Here is the second call to "gcd", with a different continuation.

assign("continue", label("after_gcd_2")),

go_to(label("gcd")),

"after_gcd_2"

Figure 5.10: Assigning labels to the continue register simpli�es and generalizes the strategy

shown in �gure 5.9.

This is a reasonable approach for handling small problems, but it would be awkward if there

were many instances of GCD computations in the controller sequence. To decide where to

continue executing after the gcd subroutine, we would need tests in the data paths and branch

instructions in the controller for all the places that use gcd. A more powerful method for

implementing subroutines is to have the continue register hold the label of the entry point in

the controller sequence at which execution should continue when the subroutine is �nished.

Implementing this strategy requires a new kind of connection between the data paths and

the controller of a register machine: There must be a way to assign to a register a label in the

controller sequence in such a way that this value can be fetched from the register and used to

continue execution at the designated entry point.

To re�ect this ability, we will extend the assign instruction of the register-machine language

to allow a register to be assigned as value a label from the controller sequence (as a special kind

of constant). We will also extend the go_to instruction to allow execution to continue at the

entry point described by the contents of a register rather than only at an entry point described

by a constant label. Using these new constructs we can terminate the gcd subroutine with a

branch to the location stored in the continue register. This leads to the controller sequence

shown in �gure 5.10.

A machine with more than one subroutine could use multiple continuation registers (e.g.,
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gcd_continue, factorial_continue) or we could have all subroutines share a single continue

register. Sharing is more economical, but we must be careful if we have a subroutine (sub1)

that calls another subroutine (sub2). Unless sub1 saves the contents of continue in some other

register before setting up continue for the call to sub2, sub1 will not know where to go when

it is �nished. The mechanism developed in the next section to handle recursion also provides

a better solution to this problem of nested subroutine calls.

5.1.4 Using a Stack to Implement Recursion

With the ideas illustrated so far, we can implement any iterative process by specifying a

register machine that has a register corresponding to each state variable of the process. The

machine repeatedly executes a controller loop, changing the contents of the registers, until

some termination condition is satis�ed. At each point in the controller sequence, the state of

the machine (representing the state of the iterative process) is completely determined by the

contents of the registers (the values of the state variables).

Implementing recursive processes, however, requires an additional mechanism. Consider the

following recursive method for computing factorials, which we �rst examined in section 1.2.1:

Ifunction factorial(n) {

return n === 1

? 1

: n * factorial(n - 1);

}

As we see from the function, computing n! requires computing (n − 1)!. Our GCD machine,

modeled on the function

Ifunction gcd(a, b) {

return b === 0 ? a : gcd(b, a % b);

}

similarly had to compute another GCD. But there is an important di�erence between the gcd

function, which reduces the original computation to a new GCD computation, and factorial,

which requires computing another factorial as a subproblem. In GCD, the answer to the new

GCD computation is the answer to the original problem. To compute the next GCD, we simply

place the new arguments in the input registers of the GCD machine and reuse the machine’s

data paths by executing the same controller sequence. When the machine is �nished solving

the �nal GCD problem, it has completed the entire computation.

In the case of factorial (or any recursive process) the answer to the new factorial subproblem

is not the answer to the original problem. The value obtained for (n−1)! must be multiplied by

n to get the �nal answer. If we try to imitate the GCD design, and solve the factorial subproblem
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by decrementing the n register and rerunning the factorial machine, we will no longer have

available the old value of n by which to multiply the result. We thus need a second factorial

machine to work on the subproblem. This second factorial computation itself has a factorial

subproblem, which requires a third factorial machine, and so on. Since each factorial machine

contains another factorial machine within it, the total machine contains an in�nite nest of

similar machines and hence cannot be constructed from a �xed, �nite number of parts.

Nevertheless, we can implement the factorial process as a register machine if we can arrange

to use the same components for each nested instance of the machine. Speci�cally, the machine

that computes n! should use the same components to work on the subproblem of computing

(n−1)!, on the subproblem for (n−2)!, and so on. This is plausible because, although the factorial

process dictates that an unbounded number of copies of the same machine are needed to

perform a computation, only one of these copies needs to be active at any given time. When the

machine encounters a recursive subproblem, it can suspend work on the main problem, reuse

the same physical parts to work on the subproblem, then continue the suspended computation.

In the subproblem, the contents of the registers will be di�erent than they were in the

main problem. (In this case the n register is decremented.) In order to be able to continue

the suspended computation, the machine must save the contents of any registers that will be

needed after the subproblem is solved so that these can be restored to continue the suspended

computation. In the case of factorial, we will save the old value of n, to be restored when we

are �nished computing the factorial of the decremented n register.
2

Since there is no a priori limit on the depth of nested recursive calls, we may need to save an

arbitrary number of register values. These values must be restored in the reverse of the order

in which they were saved, since in a nest of recursions the last subproblem to be entered is the

�rst to be �nished. This dictates the use of a stack, or “last in, �rst out” data structure, to save

register values. We can extend the register-machine language to include a stack by adding

two kinds of instructions: Values are placed on the stack using a save instruction and restored

from the stack using a restore instruction. After a sequence of values has been saved on the

stack, a sequence of restores will retrieve these values in reverse order.
3

With the aid of the stack, we can reuse a single copy of the factorial machine’s data paths for

each factorial subproblem. There is a similar design issue in reusing the controller sequence that

operates the data paths. To reexecute the factorial computation, the controller cannot simply

loop back to the beginning, as with an iterative process, because after solving the (n − 1)!

subproblem the machine must still multiply the result by n. The controller must suspend its

computation of n!, solve the (n − 1)! subproblem, then continue its computation of n!. This

2
One might argue that we don’t need to save the old n; after we decrement it and solve the subproblem, we

could simply increment it to recover the old value. Although this strategy works for factorial, it cannot work in

general, since the old value of a register cannot always be computed from the new one.

3
In section 5.3 we will see how to implement a stack in terms of more primitive operations.
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view of the factorial computation suggests the use of the subroutine mechanism described in

section 5.1.3, which has the controller use a continue register to transfer to the part of the

sequence that solves a subproblem and then continue where it left o� on the main problem.

We can thus make a factorial subroutine that returns to the entry point stored in the continue

register. Around each subroutine call, register, since each “level” of the factorial computation

will use the same continue register. That is, the factorial subroutine must put a new value in

continue when it calls itself for a subproblem, but it will need the old value in order to return

to the place that called it to solve a subproblem.

Figure 5.11 shows the data paths and controller for a machine that implements the recursive

factorial function. The machine has a stack and three registers, called n, val, and continue.

To simplify the data-path diagram, we have not named the register-assignment buttons, only

the stack-operation buttons (sc and sn to save registers, rc and rn to restore registers). To

operate the machine, we put in register n the number whose factorial we wish to compute

and start the machine. When the machine reaches fact_done, the computation is �nished

and the answer will be found in the val register. In the controller sequence, n and continue

are saved before each recursive call and restored upon return from the call. Returning from a

call is accomplished by branching to the location stored in continue. The register continue

is initialized when the machine starts so that the last return will go to fact_done. The val

register, which holds the result of the factorial computation, is not saved before the recursive

call, because the old contents of val is not useful after the subroutine returns. Only the new

value, which is the value produced by the subcomputation, is needed.

Although in principle the factorial computation requires an in�nite machine, the machine

in �gure 5.11 is actually �nite except for the stack, which is potentially unbounded. Any

particular physical implementation of a stack, however, will be of �nite size, and this will

limit the depth of recursive calls that can be handled by the machine. This implementation of

factorial illustrates the general strategy for realizing recursive algorithms as ordinary register

machines augmented by stacks. When a recursive subproblem is encountered, we save on

the stack the registers whose current values will be required after the subproblem is solved,

solve the recursive subproblem, then restore the saved registers and continue execution on the

main problem. The continue register must always be saved. Whether there are other registers

that need to be saved depends on the particular machine, since not all recursive computations

need the original values of registers that are modi�ed during solution of the subproblem (see

exercise 5.4).
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A double recursion

Let us examine a more complex recursive process, the tree-recursive computation of the Fi-

bonacci numbers, which we introduced in section 1.2.2:

Ifunction fib(n) {

return n === 0

? 0

: n === 1

? 1

: fib(n - 1) + fib(n - 2);

}

Just as with factorial, we can implement the recursive Fibonacci computation as a register

machine with registers n, val, and continue. The machine is more complex than the one for

factorial, because there are two places in the controller sequence where we need to perform

recursive calls—once to compute Fib(n − 1) and once to compute Fib(n − 2). To set up for each

of these calls, we save the registers whose values will be needed later, set the n register to the

number whose Fib we need to compute recursively (n − 1 or n − 2), and assign to continue

the entry point in the main sequence to which to return (afterfib_n_1 or afterfib_n_2,

respectively). We then go to fib_loop. When we return from the recursive call, the answer is

in val. Figure 5.12 shows the controller sequence for this machine.
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after_fact fact_done
1

=

val n stack

continue* --

sn

rn

scrc

controller

after_fact fact_done
1

=

val n stack

continue*

sn

rn
rc sc

controller

after_fact

-

1

=

val n stack

Icontroller(

list(

assign("continue", label("fact_done")), // set up final

"fact_loop", // rtrn address

test(list(op("="), reg("n"), constant(1))),

branch(label("base_case")),

// Set up for recursive call by saving "n" and "continue".

// Set up "continue" so that the computation will continue

// at "after_fact" when the subroutine returns.

save("continue"),

save("n"),

assign("n", list(op("-"), reg("n"), constant(1))),

assign("continue", label("after_fact")),

go_to(label("fact_loop")),

"after_fact",

restore("n"),

restore("continue"),

assign("val", list(op("*"), reg("n"), reg("val"))),

// "val" now contains n(n-1)!

go_to(reg("continue")), // return to caller

"base_case",

assign("val", constant(1)), // base case: val = 1

go_to(reg("continue")), // return to caller

"fact_done"))

Figure 5.11: A recursive factorial machine.
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Computing with Register Machines 5.1.4

Icontroller(

list(

assign("continue", label("fib_done")),

"fib_loop",

test(list(op("<"), reg("n"), constant(2))),

branch(label("immediate_answer")),

// set up to compute Fib(n-1)

save("continue"),

assign("continue", label("afterfib_n_1")),

save("n"), // save old value of n

// clobber n to n - 1

assign("n", list(op("-"), reg("n"), constant(1))),

go_to(label("fib_loop")), // perform recursive call

"afterfib_n_1",

// upon return, "val" contains Fib(n-1)

restore("n"),

restore("continue"), // set up to compute Fib(n-2)

assign("n", list(op("-"), reg("n"), constant(2))),

save("continue"),

assign("continue", label("afterfib_n_2")),

save("val"), // save Fib(n-1)

go_to(label("fib_loop")),

"afterfib_n_2", // upon rtrn, val is Fib(n-2)

assign("n", reg("val")), // n now contains Fib(n-2)

restore("val"), // val now contains Fib(n-1)

restore("continue"),

assign("val", // Fib(n-1) + Fib(n-2)

list(op("+"), reg("val"), reg("n"))),

go_to(reg("continue")), // back to caller, ans in val

"immediate_answer",

assign("val", reg("n")), // base case: Fib(n) = n

go_to(reg("continue")),

"fib_done"))

Figure 5.12: Controller for a machine to compute Fibonacci numbers.

Exercise 5.4

Specify register machines that implement each of the following functions. For each machine,

write a controller instruction sequence and draw a diagram showing the data paths.

a. Recursive exponentiation:

Ifunction expt(b, n) {

return n === 0

? 1
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: b * expt(b, n - 1);

}

b. Iterative exponentiation:

Ifunction expt(b, n) {

function expt_iter(counter, product) {

return counter === 0

? product

: expt_iter(counter - 1, b * product);

}

return expt_iter(n, 1);

}

Exercise 5.5

Hand-simulate the factorial and Fibonacci machines, using some nontrivial input (requiring

execution of at least one recursive call). Show the contents of the stack at each signi�cant

point in the execution.

Exercise 5.6

Ben Bitdiddle observes that the Fibonacci machine’s controller sequence has an extra save

and an extra restore, which can be removed to make a faster machine. Where are these

instructions?

5.1.5 Instruction Summary

A controller instruction in our register-machine language has one of the following forms,

where each inputi is either reg(register-name) or constant(constant-value).

These instructions were introduced in section 5.1.1:

assign(register_name, reg(register_name))

assign(register_name, constant(constant_value))

assign(register_name, list(op(operation_name), input
1
, . . ., inputn))

perform(list(op(operation_name), input
1
, . . ., inputn))

test(list(op(operation_name), input
1
, . . ., inputn))

branch(label(label_name))
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go_to(label(label_name))

The use of registers to hold labels was introduced in section 5.1.3:

assign(register_name, label(label_name))

go_to(reg(register_name))

Instructions to use the stack were introduced in section 5.1.4:

save(register_name)

restore(register_name)

The only kind of constant_value we have seen so far is a number, but later we will use strings

and lists. For example, constant("abc") is the string "abc", constant(list(a, b, c)) is the

list list(a, b, c), and constant(null) is the empty list.

5.2 A Register-Machine Simulator

In order to gain a good understanding of the design of register machines, we must test the

machines we design to see if they perform as expected. One way to test a design is to hand-

simulate the operation of the controller, as in exercise 5.5. But this is extremely tedious for

all but the simplest machines. In this section we construct a simulator for machines described

in the register-machine language. The simulator is a JavaScript program with four interface

functions. The �rst uses a description of a register machine to construct a model of the machine

(a data structure whose parts correspond to the parts of the machine to be simulated), and the

other three allow us to simulate the machine by manipulating the model:

– make_machine( register_names, operations, controller )
constructs and returns a model of the machine with the given registers, operations, and

controller.

– set_register_contents( machine_model, register_name, value )
stores a value in a simulated register in the given machine.

– get_register_contents( machine_model, register_name )
returns the contents of a simulated register in the given machine.

– start( machine_model )
simulates the execution of the given machine, starting from the beginning of the con-

troller sequence and stopping when it reaches the end of the sequence.

As an example of how these functions are used, we can de�ne gcd_machine to be a model

of the GCD machine of section 5.1.1 as follows:
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Iconst gcd_machine =

make_machine(

list("a", "b", "t"),

list(list("rem", (a, b) => a % b),

list("=", (a, b) => a === b)),

list(

"test_b",

test(list(op("="), reg("b"), constant(0))),

branch(label("gcd_done")),

assign("t", list(op("rem"), reg("a"), reg("b"))),

assign("a", reg("b")),

assign("b", reg("t")),

go_to(label("test_b")),

"gcd_done"));

The �rst argument to make_machine is a list of register names. The next argument is a table

(a list of two-element lists) that pairs each operation name with a JavaScript function that

implements the operation (that is, produces the same output value given the same input values).

The last argument speci�es the controller as a list of labels and machine instructions, as in

section 5.1.

To compute GCDs with this machine, we set the input registers, start the machine, and

examine the result when the simulation terminates:

Iset_register_contents(gcd_machine, "a", 206);

" done "

Iset_register_contents(gcd_machine, "b", 40);

" done "

Istart(gcd_machine);

" done "

Iget_register_contents(gcd_machine, "a");

2

This computation will run much more slowly than a gcd function written in JavaScript, be-

cause we will simulate low-level machine instructions, such as assign, by much more complex

operations.
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Computing with Register Machines 5.2.1

Exercise 5.7

Use the simulator to test the machines you designed in exercise 5.4.

5.2.1 The Machine Model

The machine model generated by make_machine is represented as a function with local state us-

ing the message-passing techniques developed in chapter 3. To build this model, make_machine

begins by calling the function make_new_machine to construct the parts of the machine model

that are common to all register machines. This basic machine model constructed by make_new_machine

is essentially a container for some registers and a stack, together with an execution mechanism

that processes the controller instructions one by one.

The function make_machine then extends this basic model (by sending it messages) to include

the registers, operations, and controller of the particular machine being de�ned. First it allocates

a register in the new machine for each of the supplied register names and installs the designated

operations in the machine. Then it uses an assembler (described below in section 5.2.2) to

transform the controller list into instructions for the new machine and installs these as the

machine’s instruction sequence. The function make_machine returns as its value the modi�ed

machine model.

Ifunction make_machine(register_names, ops, controller_text) {

const machine = make_new_machine();

for_each(register_name =>

machine("allocate_register")(register_name),

register_names);

machine("install_operations")(ops);

machine("install_instruction_sequence")

(assemble(controller_text, machine));

return machine;

}

Registers

We will represent a register as a function with local state, as in chapter 3. The function

make_register creates a register that holds a value that can be accessed or changed:

Ifunction make_register(name) {

let contents = "*unassigned*";

function dispatch(message) {

return message === "get"

? contents

: message === "set"
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? value => { contents = value; }

: error(message,

"Unknown request in make_register:");

}

return dispatch;

}

The following functions are used to access registers:

Ifunction get_contents(register) {

return register("get");

}

function set_contents(register, value) {

return register("set")(value);

}

The stack

We can also represent a stack as a function with local state. The function make_stack creates

a stack whose local state consists of a list of the items on the stack. A stack accepts requests to

push an item onto the stack, to pop the top item o� the stack and return it, and to initialize

the stack to empty.

Ifunction make_stack() {

let stack = null;

function push(x) {

stack = pair(x, stack);

return "done";

}

function pop() {

if (is_null(stack)) {

error("Empty stack: POP");

} else {

const top = head(stack);

stack = tail(stack);

return top;

}

}

function initialize() {

stack = null;

return "done";

}

function dispatch(message) {

return message === "push"

? push

: message === "pop"

? pop()

547 Generated 2020-08-18 16:40:02Z

http://source-academy.github.io/playground#chap=4&prgrm=GYVwdgxgLglg9mABAcwKZQPoCdXJgZylSwAoBbAQwgAsYxUAaRHZDMCs1ASkQG8AoREOboQWJJRp1UJAERpMLAkSyyuJFmw7cA3PwC+-UJFgJEFfPhjIw2XFs4kLVmxjqEsIaPDA8BwkSgxJGpUCgATEigKGAAbJ0trW3coT28ELi49Q2N0pGckjAA3CliQVAxUAA8ABwSXZLAPL1NfPkRBYRwg8URQiKiY+Oi4+sKUtNbMrIMjcDzEWLg4AGsQGowarBgyEnwATzIAIzhYpjga4gpW-D9OoQgEQkQS2MQAXnNLOAg9w5OzogLlcbjMAt1gi9Sh93p9wOFUMBpOF7gFEAB+RDELBwUgHY6nJiyACqYBWYDgAHckMCsNcfIg6F98KhjrFUAAuNSogIcvphSIjeKvTLZOYmBlLVbrDCxChHVDxOUK2L4JjKxUObh8VGPJpQKFvT7OH4kDWxLXq+WK256cGiXqvGFwsAIpH0FFo4SY7G4s3Wi3sThE0lu5GLAOM-KWVlHdlcrg84R8oUkEVi3KtRCUFYVLY7GCwIoVap1UtMSS0ehWlW3HUBGDARAkAgYPWEChgTClkilzL1r2IdsGiAfIdPaJdyq1Yqlcq92pgwcQ3okHjvAB8Q7twn0WNVqEZTZb+FlAenZcXd0H4-1UcI+DHUrWG3N-trNc1pbPKoXNVFSZCCuSBrh8W4pPgO5CHuNqHo2zatkohDEBef79v4g7DswY4KHYeDIaQlbSEwSEqBeeFoUuXrAc265brhepEF2+AaFkHQBDBB4Dl6vqkOWiAkmSFLUlitQ4IkZhQPslxRsysbxmoUGIIYOTzFmOYVLS9IIKh-FEdWEYfkClx0qC3G3s8FxPssL6bNsuxaa05EXGh5wmdpTRURZBoUFsPyPp8lBlmB2YULmdkFkWJa1L2FZUFWjCGTaXAMIBN43o5PjOe5rosX2Xk0aBm7mDUNSxPsbi2PCxDlXQrAAFYUCU+AQNsNRQCQaXpQEFxxXUNQhXUKUlTiEC3DMqkSmYBQ2BouDKChQaJfgcBiBA2oYUBDpILEyhyDNYCyCR80EZaiArWtuizJmDIaRgB0tvqcVSAZ5pqsZII+O9NQQNewhYdEWAKDh6B4QthHxcRzKFJoS2PYQAEBFhrzlBeY4HbOZTRXUKRecjc4VMYHxpa2mU6T2KPY4mN6YndZO2BTBMXs9CWfqqbmfU81ODnyd35mQhYwMWqGU8zoUvYlb0FdttEhZtaIspgjGoMxgxA+gTCi8Ya5eQEEQlJAea-D9bGovoGZqQy+udutmzG795mK22CBMVALE-UwqYMS7KtuyQJuih0k0LHdRCEPDUAs1Db0c6ZX1MMAcrIEwJvmVherhILZifGHSsIJnrQR158Enhg9OoRnWe+H9Xrp-nVcYETgVhZp7lOT2letKl3U9734us0l7MfXHXNKfaPQgXR5l916TvK6ricUMnt4F1l2uIzPN7W4bdv+79OjsZvaLm2b+4stPwi8RHRIAEIRIguf3qkLQMkyzjyZyilm9dluSag4csgAI7lENjXQIkJdrh1kLnI651UDAJVutCa4oFi52dq6KuUR-6YAmC-DI5kaL9EFEMLBhBKrNDyABYO6kW4YCOHSSA1Br792jgGd6i9l6p3llhBEzxPj0JttQDAvCOq4yUiXVs5pUIiPQmlLCEFrLSlfAGd8No2bkTfDI3WXQZZFS3PLI+wgS7ey7L7FiHDZGGO6nPH2qsPZP1tF1GenFz4GKsXrcIBtbY-T3towxhh3HQSUi4w8bihBXxSLfe+AjGFP0mK-aMLI2Sfy8ipFBWYYk0FUbEMBNFIEdVkJk6gsDzTIJumYIpwjsEkEqbgyhBCZZEMGKMWp+p4kZDKb-JArZojIDQOEWUe1CBkEjg-UIGBem5Jlq2GoMQ8RQBGTwAAZEs-kAxhlQHXLCMZFRekWymkgFgJAlpTInosPasgWCwJOfshYiETpkR7H2BpZyelL36YM8O-FLm4C-tQhkpEULfiOc8+WhCBTNPiPlW5WZhydg6pTU5ECLlwq7LAxFMLX6nlRd2GKoLUQ0TeX01AAz8l-iJDiv56SGQ4vIpTNCLzIRNNTNCn+BzB7HO0Ei3oZLZDmmuVyzFZhJHnieYuRlvQiUfLJd8-lnT2VSO-G+fF48mUQpZVeIVEhaHIDgBMuAzD9KSzYSnB23CJyIBEThPVUA9UiKLuI48IqVTSOwZYzCFqFGfGfDKN8MdB4aJUVoseOizl6LgXnUxdiIBMAgqks+cEnWnkBVgV1CMwFIwtSwEGigHnEHIJDAyKbyJHODWlQqU8bFRr9vYkxrsWIsA3tBBNF9wlYBxKQSJAk77hBQDauAcS8HdMSR-BMwTZjUrMLq-V2TuU7QudO21JSAzyoWIuu11T13kOfvUsFjT1UkK3XUqYq6sw1Bch2CAKw53nWiFeuQ56ahUvKUgGoIB8BMMvSsTWBMb1fofe+4p6gMVspDrQ-ATUZBdqNUwL9pqwFYWzZ8XCKaC0S1g3elY268JaiLtLMNU8wm9zfR+vYmGmB1rMXNZATaj7b28fbPx3UT7-LMHdcStqcCGsLctcjiAuG6izbgHNYMCJoYHl+7DsNtB4aUhWuWTj0pVvrdRlOF7MO0c3vRo2viD6Ka9Cx-gk6kAQeLNRm9vLTOoFgY2rVIhCC4hkI2iV86oEccczZ3Ap6GSSZSDhuGvm2lDpvcykhgWKEnrsy5E5LnzlQIuAKzg3nhWnnLmK-8sWZlzIZSsxkp5enSr2k0vsRIEvJZpG3LK34XJpfFXus5oXRhNNq-+Khxnh4eWylcXKJAWs3tTH1uzfNiDAFxLsaDPG2bvXpt9M1gm7xUCzJ8Eyo2sBkHunkB1qIJGpcq+TGKi2fDutrhaw7Okm6hXCi1pweQo7Vn04E3u-qZtMfk8VXgh9HtndsOvA+2nd4mz049k+HEW1EYiU9bt98VtjcHXckdySv4cVA2ekbY2btTFi7ymHa3YHffK-xtHa2NuF1xrFxr8Rcam1Y9q8K1RUAQBAE5F9zD-Uwc+499K9iOEYaoN+4ydZ6tqoGGT2EnxZAHVkGlWmtCHoTfQ4PabNRZvcy9HyJpovtnQOwVLmml3dnVPlwPZ7yuE5J3g2ldXELNfi6KbrwcMvwpFO4wr-1PP+O-Ut2syINuBLrvt16R3FR10u+Nyaj3qu0RW5F-qLZ4urMB7REHjAVnQ9QzgxHr3GvY-OgEu5nAieAjJ-z1ByH7OM8myz9bnPYuBI47IIX70+vNhE-G2Xybiu3Iq69xDwgIYhJUmHRFhkUkZJvxjMksdKPbq0OPT4LBVRNmxdmTAUgRBF9MDACAWIOS7Nz50uv0ROehe9GzwjPfQW8jTgZ0zte4Ai6xdTGI6fZgnb74ZlUG-zP79dr8nNgITsT+kOf+1O7W6w4Q1wFQEEEc70bOPGCGFqP0ImqG7OsgP0SO-0FqHCyBeaEMCusgHCGBDwFqX6Y4RqcgX6RB3kAuZBPGcgM2VBNEq2lQ8UnUN4KQIUb+l+7cn+jO3+YAbBPckS+md09OfBd+ByghM87+Ey1QR+CM3cm8McD2wgMGKhQgHs6hiAPOWhcGWhFw40ihXocaQ2tCiqXYWA+w2SZ0cay+2WUiS0sa+ojiNOokqQi2P4NoC+oyOA60QsG022SabA2+wwchx2aINEvhqA-hxyIRm+IR8asEra4CvQchdI0AnhqokK3hw0+mMBU2hGWhWE9Ai+26Y4zKYRIa3UhKp4HgdUxych26keR8mIURMREETAWh3UK+EM4U5hqQVhJROCkOXRnO6UcanRYxN4UszRm8fIbRZmPRBa4U7+DRpRuMkxUxWxQgExHO2xaIUsQOPc+gqSL+COcYMgjEOIO+KEh+d2ARNEaRHhb0JAVxpw7IqadxoxAQ+RiuhRWx4BkB26LEHRneLC9ATGhihKzhVRm8Jxph4U-6YC7IBopBnwW+O+SkL6-GgGJAVQfgexwgaJ-G2WVQvOV6psN4NEsg4QCA1m46AQ2Jj6oERGO2wRO+ZGfO4RN4V8sgAAomQO1PsLenznyAAAoADyYpVBoOSRRGmad4tqA0nwTSX6kJRJmGY4qYapsJqqvQSpsJASu4qI2JdAgspQMAAAXjIBmhqXzmOBibELCdSbSfQLIAycINiZnPgLMlAFkpwJYEvAEVSTLAGRBmgLnmgYBo3oHjiR+vprzP-OGYeLXmgQlvppiMybMWrtmEmUGZGWabABadaTGUnlGOabtNaWuAmViO2n6IJOSIPiIAgs8EyF+lyBWHmWgKcXqUgN6b6TQAiRUKhjFvLCibePWmOLIAAFTgAHQkrTnukmldKWoEADlMJhlBm2lbRnKbkRmpkKCllF4TlmI1l7kpla6KxHllmUxywnnMRjiUwHxGm9x8hXznmbGBINnCSHLwLlCtm07Dm4FT7I69mrk+nXCDlnHMimi5j7DHSPBYDhCC4ErTKniOlzSIXIXZnHnVTugkqKZvnAKlAkBwVMBNJNK+G4jYWZAPaYiUUM7UW3APZ8gmi-BkUPwkJUVIXjRDlsCoCUgYDkEIF3hIHNzhSoZoEQBUFYTYHiVAX4QqByCEF4wkGanyUp6YZrhKTjlQDjIyFAIgLrQOkhE6XoA7JlzK5Ph7S8qFkwDFkVCUGflbHhr--ejZIkOALZBoTIRqIF41oakI-ZJNfF5BxaS0Su70bxNxnxYRacFqRqtB4U9AglwlWJuILBWS1d2gIU6h5BEuO+c1RtKaag1G4MWouRfc-dAZXkw9YtO+llnMTQk9Bhi9dB7lHtK9BlatMtOFwg9QH8rxLs1xHxshG+4J3A+GkIRqdmNNHURqN6w9T9k9BOdt016CKm7O895NKRSAlGqsX94M4mUM-9bW2JTsxaANLEf9xV1ViKjsoMcDJAoDYmCD39JyP6WMd9vQkNbpdmwDfsKaN6klh5BOLNqsKauD5Q5DuBFB6Ak9IGhg-AWEyAEAAyrd7wqId05BaUvKFAsChSIjdN9V0xNlFyOADeTATgTARwU8FAiAAApIgIo0Yd1Lyu8LAvI+o0o7nooxI4OGSk4trmQkcEdPprnJVeHC5LIDo8NEcqI8NDiiQAAAzTCaM3jO5vjyBcPCJQ2ZDeODgPTQIlJ7T2MyNqDHTID7QxMZVyCWNeP6ZhPCOxNJNeUhNehhOWMZPhPBP6Yh5+NoLJPGM3j+MDKunWYAQwPFVoOcPcMd4S6wIABM7jAAbDMHU9-Q0wE6gXk4gAACyeN6BP3oP9PwF6AYNkR9NNP4HCNZBAA
http://source-academy.github.io/playground#chap=4&prgrm=GYVwdgxgLglg9mABAcwKZQPoCdXJgZylSwAoBbAQwgAsYxUAaRHZDMCs1ASkQG8AoREOboQWJJRp1UJAERpMLAkSyyuJFmw7cA3PwC+-UJFgJEFfPhjIw2XFs4kLVmxjqEsIaPDA8BwkSgxJGpUCgATEigKGAAbJ0trW3coT28ELi49Q2N0pGckjAA3CliQVAxUAA8ABwSXZLAPL1NfPkRBYRwg8URQiKiY+Oi4+sKUtNbMrIMjcDzEWLg4AGsQGowarBgyEnwATzIAIzhYpjga4gpW-D9OoQgEQkQS2MQAXnNLOAg9w5OzogLlcbjMAt1gi9Sh93p9wOFUMBpOF7gFEAB+RDELBwUgHY6nJiyACqYBWYDgAHckMCsNcfIg6F98KhjrFUAAuNSogIcvphSIjeKvTLZOYmBlLVbrDCxChHVDxOUK2L4JjKxUObh8VGPJpQKFvT7OH4kDWxLXq+WK256cGiXqvGFwsAIpH0FFo4SY7G4s3Wi3sThE0lu5GLAOM-KWVlHdlcrg84R8oUkEVi3KtRCUFYVLY7GCwIoVap1UtMSS0ehWlW3HUBGDARAkAgYPWEChgTClkilzL1r2IdsGiAfIdPaJdyq1Yqlcq92pgwcQ3okHjvAB8Q7twn0WNVqEZTZb+FlAenZcXd0H4-1UcI+DHUrWG3N-trNc1pbPKoXNVFSZCCuSBrh8W4pPgO5CHuNqHo2zatkohDEBef79v4g7DswY4KHYeDIaQlbSEwSEqBeeFoUuXrAc265brhepEF2+AaFkHQBDBB4Dl6vqkOWiAkmSFLUlitQ4IkZhQPslxRsysbxmoUGIIYOTzFmOYVLS9IIKh-FEdWEYfkClx0qC3G3s8FxPssL6bNsuxaa05EXGh5wmdpTRURZBoUFsPyPp8lBlmB2YULmdkFkWJa1L2FZUFWjCGTaXAMIBN43o5PjOe5rosX2Xk0aBm7mDUNSxPsbi2PCxDlXQrAAFYUCU+AQNsNRQCQaXpQEFxxXUNQhXUKUlTiEC3DMqkSmYBQ2BouDKChQaJfgcBiBA2oYUBDpILEyhyDNYCyCR80EZaiArWtuizJmDIaRgB0tvqcVSAZ5pqsZII+O9NQQNewhYdEWAKDh6B4QthHxcRzKFJoS2PYQAEBFhrzlBeY4HbOZTRXUKRecjc4VMYHxpa2mU6T2KPY4mN6YndZO2BTBMXs9CWfqqbmfU81ODnyd35mQhYwMWqGU8zoUvYlb0FdttEhZtaIspgjGoMxgxA+gTCi8Ya5eQEEQlJAea-D9bGovoGZqQy+udutmzG795mK22CBMVALE-UwqYMS7KtuyQJuih0k0LHdRCEPDUAs1Db0c6ZX1MMAcrIEwJvmVherhILZifGHSsIJnrQR158Enhg9OoRnWe+H9Xrp-nVcYETgVhZp7lOT2letKl3U9734us0l7MfXHXNKfaPQgXR5l916TvK6ricUMnt4F1l2uIzPN7W4bdv+79OjsZvaLm2b+4stPwi8RHRIAEIRIguf3qkLQMkyzjyZyilm9dluSag4csgAI7lENjXQIkJdrh1kLnI651UDAJVutCa4oFi52dq6KuUR-6YAmC-DI5kaL9EFEMLBhBKrNDyABYO6kW4YCOHSSA1Br792jgGd6i9l6p3llhBEzxPj0JttQDAvCOq4yUiXVs5pUIiPQmlLCEFrLSlfAGd8No2bkTfDI3WXQZZFS3PLI+wgS7ey7L7FiHDZGGO6nPH2qsPZP1tF1GenFz4GKsXrcIBtbY-T3towxhh3HQSUi4w8bihBXxSLfe+AjGFP0mK-aMLI2Sfy8ipFBWYYk0FUbEMBNFIEdVkJk6gsDzTIJumYIpwjsEkEqbgyhBCZZEMGKMWp+p4kZDKb-JArZojIDQOEWUe1CBkEjg-UIGBem5Jlq2GoMQ8RQBGTwAAZEs-kAxhlQHXLCMZFRekWymkgFgJAlpTInosPasgWCwJOfshYiETpkR7H2BpZyelL36YM8O-FLm4C-tQhkpEULfiOc8+WhCBTNPiPlW5WZhydg6pTU5ECLlwq7LAxFMLX6nlRd2GKoLUQ0TeX01AAz8l-iJDiv56SGQ4vIpTNCLzIRNNTNCn+BzB7HO0Ei3oZLZDmmuVyzFZhJHnieYuRlvQiUfLJd8-lnT2VSO-G+fF48mUQpZVeIVEhaHIDgBMuAzD9KSzYSnB23CJyIBEThPVUA9UiKLuI48IqVTSOwZYzCFqFGfGfDKN8MdB4aJUVoseOizl6LgXnUxdiIBMAgqks+cEnWnkBVgV1CMwFIwtSwEGigHnEHIJDAyKbyJHODWlQqU8bFRr9vYkxrsWIsA3tBBNF9wlYBxKQSJAk77hBQDauAcS8HdMSR-BMwTZjUrMLq-V2TuU7QudO21JSAzyoWIuu11T13kOfvUsFjT1UkK3XUqYq6sw1Bch2CAKw53nWiFeuQ56ahUvKUgGoIB8BMMvSsTWBMb1fofe+4p6gMVspDrQ-ATUZBdqNUwL9pqwFYWzZ8XCKaC0S1g3elY268JaiLtLMNU8wm9zfR+vYmGmB1rMXNZATaj7b28fbPx3UT7-LMHdcStqcCGsLctcjiAuG6izbgHNYMCJoYHl+7DsNtB4aUhWuWTj0pVvrdRlOF7MO0c3vRo2viD6Ka9Cx-gk6kAQeLNRm9vLTOoFgY2rVIhCC4hkI2iV86oEccczZ3Ap6GSSZSDhuGvm2lDpvcykhgWKEnrsy5E5LnzlQIuAKzg3nhWnnLmK-8sWZlzIZSsxkp5enSr2k0vsRIEvJZpG3LK34XJpfFXus5oXRhNNq-+Khxnh4eWylcXKJAWs3tTH1uzfNiDAFxLsaDPG2bvXpt9M1gm7xUCzJ8Eyo2sBkHunkB1qIJGpcq+TGKi2fDutrhaw7Okm6hXCi1pweQo7Vn04E3u-qZtMfk8VXgh9HtndsOvA+2nd4mz049k+HEW1EYiU9bt98VtjcHXckdySv4cVA2ekbY2btTFi7ymHa3YHffK-xtHa2NuF1xrFxr8Rcam1Y9q8K1RUAQBAE5F9zD-Uwc+499K9iOEYaoN+4ydZ6tqoGGT2EnxZAHVkGlWmtCHoTfQ4PabNRZvcy9HyJpovtnQOwVLmml3dnVPlwPZ7yuE5J3g2ldXELNfi6KbrwcMvwpFO4wr-1PP+O-Ut2syINuBLrvt16R3FR10u+Nyaj3qu0RW5F-qLZ4urMB7REHjAVnQ9QzgxHr3GvY-OgEu5nAieAjJ-z1ByH7OM8myz9bnPYuBI47IIX70+vNhE-G2Xybiu3Iq69xDwgIYhJUmHRFhkUkZJvxjMksdKPbq0OPT4LBVRNmxdmTAUgRBF9MDACAWIOS7Nz50uv0ROehe9GzwjPfQW8jTgZ0zte4Ai6xdTGI6fZgnb74ZlUG-zP79dr8nNgITsT+kOf+1O7W6w4Q1wFQEEEc70bOPGCGFqP0ImqG7OsgP0SO-0FqHCyBeaEMCusgHCGBDwFqX6Y4RqcgX6RB3kAuZBPGcgM2VBNEq2lQ8UnUN4KQIUb+l+7cn+jO3+YAbBPckS+md09OfBd+ByghM87+Ey1QR+CM3cm8McD2wgMGKhQgHs6hiAPOWhcGWhFw40ihXocaQ2tCiqXYWA+w2SZ0cay+2WUiS0sa+ojiNOokqQi2P4NoC+oyOA60QsG022SabA2+wwchx2aINEvhqA-hxyIRm+IR8asEra4CvQchdI0AnhqokK3hw0+mMBU2hGWhWE9Ai+26Y4zKYRIa3UhKp4HgdUxych26keR8mIURMREETAWh3UK+EM4U5hqQVhJROCkOXRnO6UcanRYxN4UszRm8fIbRZmPRBa4U7+DRpRuMkxUxWxQgExHO2xaIUsQOPc+gqSL+COcYMgjEOIO+KEh+d2ARNEaRHhb0JAVxpw7IqadxoxAQ+RiuhRWx4BkB26LEHRneLC9ATGhihKzhVRm8Jxph4UqGMW8s7II4tibsY4sgAAVOAAdCSlibIEpC+pagQLMlAFkpwJYEvAETeDRJSRBmgLnvIOgI3oHrePWvprzP-AyYeLXrIIrKyQ7oaOUHLOyWYmOJTAfAEn3HyFfPSdSZsYEoJOSIPiIAgs8EyOxrgVPsjqqr0JnPgGSTQHZiaL8LmPsMdI8FgOEILgStMqeFvjvnNFaTabMUnogNVO6CSoprKcAqUCQOaUwE0k0r4biK6ZkA9piCGQzmGbcA9nyKaQGagBaQ-CQqGdaeNHZpRqrCmjeqhsyVAM+l0hGugipimj+ljHmbgRQSycBr+giRUPQJSBgOQQgXeEgc3IidWWgRAFQVhNgZ2RUPmYQXjCQZhrQeFP+l5KiTstuu0rYEAiAutGOI6bEEpDOVAOMgYU+HtLynQILKUDAAAF4VCUGKlbHhr--8XkktH1FoDB6gBhatdB15+oY1bVxNhs3IPc9QH8rxLs1xHxshG+4J3A+GkIRqdm1VHURqN6ktrtagWVrht1wlpZVG7OKtN62Zfsft4M4mUMwdBOTsxaTVkdRamFMFiKjsHl6JLE4dYmQdSdXKFZ5QjtvQwVoVklrhd0U55kM5pBnwq5RJxZJGTCVQfgexwgVd-G2WVQvOV6psgVglIV9Akl-FQgxJj6oERGO2wRTpX6AVg4V8sgAAomQO1OxV+nyAAAoADyq9fFu4YO+mAMVknwTSU9qVLd45OcYWGmJ9W0ZytqNQ4VUlwgxJN5MAd5TlyRrdNd5aQVfdYVD9Q9+VpJNNRVeNpVdJeNTJ9diNmI9dqN114uj6UD-GLkbpUe2Y4DI1YAB5u095dVz9r9a4ONhlpABNqpOA6pBoTIK9sCW1tloakI1N5J1AYo-AWEyAEAAy3N7wqId05BaUvKFAsChSgjhZpF0xu5FyOADeTATgTARwU8FAiAAApIgHI0Yd1Lyu8LAjIyo-I7nnI6I4OGSk4trmQkcEdPprnGaHtC5LIJo8NEckI8NDiiQAAAzTBqM3jO5vjyDsPCLF2ZAeODgPTQIlLWN1A-IN72O4D7RqDHTIByBmPuP6bBMCNxMJMPmBNejBNmNpMhMBP6Yh7eNoKJMGM3g+MDI-0Pl6Cx2YXx1sMcMd4S6wIABMLjAAbDMDU-7XU746gTk4gAACxuPVOAwdT1MtnwF6CZ1kQ9MNP4ECNZBAA


Computing with Register Machines 5.2.1

: message === "initialize"

? initialize()

: error("Unknown request in stack:", message);

}

return dispatch;

}

The following functions are used to access stacks:

Ifunction pop(stack) {

return stack("pop");

}

function push(stack, value) {

return stack("push")(value);

}

The basic machine

The make_new_machine function, shown in �gure 5.13, constructs an object whose local state

consists of a stack, an initially empty instruction sequence, a list of operations that initially

contains an operation to initialize the stack, and a register table that initially contains two reg-

isters, named flag and pc (for “program counter”). The internal function allocate_register

adds new entries to the register table, and the internal function lookup_register looks up

registers in the table.

The flag register is used to control branching in the simulated machine. Our test instruc-

tions set the contents of flag to the result of the test (true or false). Our branch instructions

decide whether or not to branch by examining the contents of flag.

The pc register determines the sequencing of instructions as the machine runs. This sequenc-

ing is implemented by the internal function execute. In the simulation model, each machine

instruction is a data structure that includes a function of no arguments, called the instruction
execution function, such that calling this function simulates executing the instruction. As the

simulation runs, pc points to the place in the instruction sequence beginning with the next

instruction to be executed. The function execute gets that instruction, executes it by calling

the instruction execution function, and repeats this cycle until there are no more instructions

to execute (i.e., until pc points to the end of the instruction sequence).
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Ifunction make_new_machine() {

const pc = make_register("pc");

const flag = make_register("flag");

const stack = make_stack();

let the_instruction_sequence = null;

let the_ops = list(list("initialize_stack",

() => stack("initialize")));

let register_table = list(list("pc", pc), list("flag", flag));

function allocate_register(name) {

if (assoc(name, register_table) === undefined) {

register_table = pair(list(name, make_register(name)),

register_table);

} else {

error(name, "Multiply defined register: ");

}

return "register_allocated";

}

function lookup_register(name) {

const val = assoc(name, register_table);

return val === undefined

? error(name, "Unknown register:")

: head(tail(val));

}

function execute() {

const insts = get_contents(pc);

if (is_null(insts)) {

return "done";

} else {

instruction_execution_fun(head(insts))();

return execute();

}

}

function dispatch(message) {

return message === "start"

? () => { set_contents(pc, the_instruction_sequence);

return execute(); }

: message === "install_instruction_sequence"

? seq => { the_instruction_sequence = seq; }

: message === "allocate_register"

? allocate_register

: message === "get_register"

? lookup_register

: message === "install_operations"

? ops => { the_ops = append(the_ops, ops); }

: message === "stack"

? stack

: message === "operations"

? the_ops

: error(message, "Unknown request in machine:");

}

return dispatch;

}

Figure 5.13: The make_new_machine function, which implements the basic machine model.

549 Generated 2020-08-18 16:40:02Z

http://source-academy.github.io/playground#chap=4&prgrm=-oBpHkQsyGYBBaGNF6BY+k22DzgmrGYIG+CZDBb73nJuRNg036-kgg4SQgHa4NJsnBroRjLsaCkbPqMkPrkg4NMQJl2lQImiD6N44Cc+C6CAwJgMQwbyFAZlwQEOj6H5UBGM8wk-qJ4juVAnnedgYXRGA+CBeiLFxVFGlXql8VeUc2CYPIAkgIVIgpWlXR0G+fGVQF6kxZpTDYHFCWFcVpXleA9VGBI2QQDBWl1XFfUDWYKhOd5iDiUphlloQMh4WBMlxOGyLVY65m+lCeGqrNlnKbZAZrRGjXOX+GZZneq1hjCxD-pmYCtXl7X+OlmwsXVj3XW1BXvdlTWID9z32UV8jBCDL0ef9CBKBYNXbV9OhLN9V3PX93kpIDF1IPQcBwOgIASNg-UwMgiTFMgABGcD0EYQSZBC-jQZtc59Mwy5aFxQG4FTtP04gjO6MzfTPltQWIFz9ZYTheEETMZJbiqfM03TRhHlqupIMLovHEg-6YDTjBPq8lTI4sdkXCk53TfjhPE9g9CoNTbTEM7rvtEYHttKdG33HQsb9NLwNwtxPv0H73su200F-G+0v9rLuHZq8SvKvoEdRw2GrYSn+EMDH9C5aHHTG5gpszJUdXLjj02uaTujk8Ko44MVwTt9ai3LYXnuswHtARFECFBwQcbgx3EMpGzaij3OWij6g4-t9g9nEO34uWG+IQcDOED2q07SdEP0SxFn7fr1PMGzxzuX4ImXD20TJMR+7Re4NHnsT07ReXxINuvG3uQXed9OwH1jsfSIp8boGUyBPP+08B6WDnroLQB1YE7m7j8FaGDv4BgQZvdYksd4znEpJTsrEJreBaBAmedBlb6E7jnY82tWgQ2sBmcQJQJDHwNnCI21MTZqWoY5aKuNfS3l1h1CGf8u67Wwb3WODMeEiyOP3bwc8hiPwJs-Ru5NiBSP8N-IICDlFMzUZvOeqB+qAQfr6Du04JE4DJsgFubcZF7h2ktBREdoIGAPGsQxCBjEqKXlBAh8dtokOBhICQ9BigvWwLLXQ8STgImwAAK1QOOXAEAm5FGIAE9IQQu7BAkI44IpAjDWIGgxW2hYQb6SstnACtgID+28G+S4+BVQgytGeXBd1PGtN0O0uuhYG6NNGl4nuvizGqJZn1QabM54EF0E2NBLU5ohjQPIzxUMTpDPqgAm+eUpYTnceUrgUMwYXyyn8OeYMRCcFeAhIJz0L63KnmnJx2B3nwK+RIOR3jPFzKFqEixZtfkuLcQCi5E9gWzPfpvIBjikGzBauQvSaymzGXhRVE53QxjjkgM4oCEhBrmGofUn0xKl7tNJuS5ZSCtJYuIBSowdUyE6QXBQil2MqVTQmX6JKJpeozJ8e-eZesP4+GdgiJZME56xlBIWLgwZ8DaTAKq-wxy-gnzeRCoxF8VXCjhtfQOt9TXdSQFwBu-yTUIB1QgfxCo3UKl2SCz+SjwXmJZoQxGxDgEznRe6ywrKeVSWAPKow1qjEEoDWGugdLSWMvZZShGSbPDgKPnQjIGdxX2AAEJjAGJeTGhYzSG3Lk+e0oicoaqgIkc8xpSUfTxkGVUjb+kdAvG2mlXCTRaudT5Rt0N8pYzZm+C2qMh0VoBgOmsIrqYi0gHIaZnqkV9yMNGxEiqVm32wv0LgK76UyGwEept9zvAGrPkXeBl7EGvDnnFOxT9HavzBefCGP9PbEEfYm2C6JomhqzVeKB3K4y8r0ruhET6wNsgjVBqSHLQFxyKd0GhubQMIdoCmhlFL02AaTeuMDHgc0dDzUqbchaS2OEQKetdoC3qxT4WXQRFdhH7CFT6RjpYI7toYJ2+wfGZD9IE4uhjq6oQXrFaJ8dLGwCCZncQeT87zWSYQgQBESJHBO07fgZA4UBgjCSoiQTCFwR6AmEZ8gAAyOzFFRjjEMwFAUJmcDack-goZgnulNvsAGfpvnNOxG2boeBG8p3bS04iXT+melMMCzJYRPHxDhbwTJBB0XJYqY3uMn0i84xWxXB0oh6J-OqiK82PFpWCuxViNVyLU8cvolizp-CCWm1Jeq6lsR00msrzXlFpB07nO+RRhE+tQNX6+da5sSr9gI7BfWvV44d6v4XxG50mLsRtPxcq0l5ba3FGRxXq-bb5XPrjbqvlyTDcERwCSnAcVm7JXbskMyjRh7LxcEe892TPTr3hCgQhb9wQANUZfXlN9OiP2-y-fe87v8AN-Cu0gaJSHdLpqMK+zeWHKO3pgc0i+kOcMoJkpsqAxPlILT2TgknP78Go8AVE4NLBMWRr5RAIwkHscBkJc0Q+lGcMMNo6W-7gxmOw31qXARQj8eiP64WSXL2BPzY7T0xsT3BjiaLid1XgOm2G-U0pjXTmqJcp10903AC0sBBMUkQTSRVTMj6zlAkcgki1dMubl3+IKS2Xsidhu8JW6vawcMyY+6kEU4RFTmn803tR7YOOmBftjkorZ2ijDtBPfLCILzznyGKEC+I2yfDZKiNo7deR6b4iG4cMGNYCP9PzToBj99s5AYE-hbp169vafDnrUz5EoNOfcNY+g-pPqjvJiC6zZXtN-KqVke-Mrn0YfbgC-N4trf-SBfeZNDkbfMk-PCabyfg-Z-JNJCH7dEfd-bfm5U0-16Mu7cb-ECYubo3tqLaCBWzOnr2mkNT9WCS2xaz-0lksxCmywcyvD2zi060qxYg3g1kAJOwdR-RMWwP--iGVxxh0Eys0znvXDLQxO2KnikEN-Vjl8kTJWnaRgFbhgiJ2eDTP8ng26EUgEkwCzNuGeAiiQnxxcKozfETJFmgBTPaAm0tjCiqQcJmBpM4NZlMKKTnh+H8nHWGBu0TPLyrF2zwHijSVDETPHVmNwzJHAlLPD1fWKJKLUGjIWgDKRyDJDIHOp2mXMPXN9MjLXOPPSF8UYj0MqCXLLPZTgIblNxnMHNtI7PPOPLxzPPfP0ORVXwVA8CCK-38PLmIHbGyD4DgTCkRR+FSDrP8gbOp18VAp0nAsYAiygqPOHhh27PZxwzA3JMpPHT0lXOROgocnfLfFfRryzQAv9JwHlIyyGRRM6NjRQrpjQtFQLIPTOWTzlJFR+B1GwHlM3hVNGFLEYvWkcQCXlMaL4EAkIvC2OhZLgV8y-LWAktpE3hkriguEjkVNIAMU6K0sj1VB0r4AUxlzwBbQXHaQaG5Aen4RArAvYsgvTO0IXzfGT1vzWSbWT0ExktYF0GbAMoNy2WUoizZSKIGWaV--aLa5b1x1wcpixPxoQ+QkR4bPLE6GQBjAqhw1aohcKOdqdbaedpqdS5qbLyKSi4KupI7-huwMRew07BQ8pdKZrCpi7SVYTugyRe00VC7fbm7rLSUtBe01xq7dwGjOaFLwq27jjgY5Kua-rwth7U6GjirDJJ6-iGA4chbwqF7a6GizK9KjU+hV64T1qQ1pr1qYkeFtVfI1qWKqiJpSNwSa7bQGjJSJQO7Jht7n7FjFS36z7Ojq6xddwNYtbWFDRjR+hrxI8SS+aJZ0Q473R1854EQIA9NeKOBvAG55TXhFtUB+kRM8HgqfTLAHqL8jZ+kHojBqZ2dUBEAABSBjbG91RbDgch1ASh6h9zKhxh-QztKkQYodamK0CUUYyrExewFh9s-BfB9s6rYgAABmxiIZmHWNfkbBQYvRqu9IlEaUGPE07TEesGQAaBwV6WMYGVVEEcUe0daMaOvwRAscuqUaJRscEZMd0a0bdVV1DLdn4c1Use4ZmDUb02+ECMaEysRrZWQdQbZNsaMAACY5GAA2MJsK3BSJ9RqK-BowAAFgUcEAzuICiaEvpMEGXrgXSeibb1sbMCAA


Computing with Register Machines 5.2.2

As part of its operation, each instruction execution function modi�es pc to indicate the next

instruction to be executed. The instructions branch and go_to change pc to point to the new

destination. All other instructions simply advance pc, making it point to the next instruction in

the sequence. Observe that each call to execute calls execute again, but this does not produce

an in�nite loop because running the instruction execution function changes the contents of

pc.

The function make_new_machine returns a dispatch function that implements message-passing

access to the internal state. Notice that starting the machine is accomplished by setting pc to

the beginning of the instruction sequence and calling execute.

For convenience, we provide an alternate procedural interface to a machine’s start opera-

tion, as well as functions to set and examine register contents, as speci�ed at the beginning of

section 5.2:

Ifunction start(machine) {

return machine("start")();

}

function get_register_contents(machine, register_name) {

return get_contents(get_register(machine, register_name));

}

function set_register_contents(machine, register_name, value) {

set_contents(get_register(machine, register_name), value);

return "done";

}

These functions (and many functions in sections 5.2.2 and 5.2.3) use the following to look

up the register with a given name in a given machine:

Ifunction get_register(machine, reg_name) {

return machine("get_register")(reg_name);

}

5.2.2 The Assembler

The assembler transforms the sequence of controller expressions for a machine into a corre-

sponding list of machine instructions, each with its execution function. Overall, the assembler

is much like the evaluators we studied in chapter 4—there is an input language (in this case,

the register-machine language) and we must perform an appropriate action for each type of

expression in the language.

The technique of producing an execution function for each instruction is just what we used

in section 4.1.7 to speed up the evaluator by separating analysis from runtime execution. As

we saw in chapter 4, much useful analysis of JavaScript expressions could be performed with-
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out knowing the actual values of names. Here, analogously, much useful analysis of register-

machine-language expressions can be performed without knowing the actual contents of

machine registers. For example, we can replace references to registers by pointers to the regis-

ter objects, and we can replace references to labels by pointers to the place in the instruction

sequence that the label designates.

Before it can generate the instruction execution functions, the assembler must know what

all the labels refer to, so it begins by scanning the controller text to separate the labels from

the instructions. As it scans the text, it constructs both a list of instructions and a table that

associates each label with a pointer into that list. Then the assembler augments the instruction

list by inserting the execution function for each instruction.

The assemble function is the main entry to the assembler. It takes the controller text and the

machine model as arguments and returns the instruction sequence to be stored in the model.

The function Assemble calls extract_labels to build the initial instruction list and label table

from the supplied controller text. The second argument to extract_labels is a function to be

called to process these results: This function uses update_insts to generate the instruction

execution functions and insert them into the instruction list, and returns the modi�ed list.

Ifunction assemble(controller_text, machine) {

return extract_labels(controller_text,

(insts, labels) => {

update_insts(insts, labels, machine);

return insts;

});

}

The function extract_labels takes as arguments a list text (the sequence of controller

instruction expressions) and a receive function. The function receive will be called with two

values: (1) a list insts of instruction data structures, each containing an instruction from text;

and (2) a table called labels, which associates each label from text with the position in the

list insts that the label designates.

Ifunction extract_labels(text, receive) {

if (is_null(text)) {

return receive(null, null);

} else {

return extract_labels(tail(text),

(insts, labels) => {

const next_inst = head(text);

return is_string(next_inst)

? receive(insts,

pair(make_label_entry(next_inst,

insts),

labels))
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: receive(pair(make_instruction(next_inst),

insts),

labels);

});

}

}

The function extract_labels works by sequentially scanning the elements of the text

and accumulating the insts and the labels. If an element is a symbol (and thus a label) an

appropriate entry is added to the labels table. Otherwise the element is accumulated onto

the insts list.
4

The function update_insts modi�es the instruction list, which initially contains only the

text of the instructions, to include the corresponding execution functions:

Ifunction update_insts(insts, labels, machine) {

const pc = get_register(machine, "pc");

const flag = get_register(machine, "flag");

const stack = machine("stack");

const ops = machine("operations");

4
Using the receive function here is a way to get extract_labels to e�ectively return two values—labels

and insts—without explicitly making a compound data structure to hold them. An alternative implementation,

which returns an explicit pair of values, is

function extract_labels(text) {
if (is_null(text)) {

return pair(null, null);
} else {

const result = extract_labels(tail(text));
const insts = head(result);
const labels = tail(result);
const next_inst = head(text);
return is_string(next_inst)

? pair(insts,
pair(make_label_entry(next_inst, insts), labels))

: pair(pair(make_instruction(next_inst), insts),
labels);

}
}
which would be called by assemble as follows:

function assemble(controller_text, machine) {
const result = extract_labels(controller_text);
const insts = head(result);
const labels = tail(result);

update_insts(insts, labels, machine);

return insts;
}
You can consider our use of receive as demonstrating an elegant way to return multiple values, or simply an

excuse to show o� a programming trick. An argument like receive that is the next function to be invoked is

called a “continuation.” Recall that we also used continuations to implement the backtracking control structure

in the amb evaluator in section 4.3.3.
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Computing with Register Machines 5.2.2

return for_each(

inst => set_instruction_execution_fun(

inst,

make_execution_function(

instruction_text(inst),

labels,

machine,

pc,

flag,

stack,

ops)),

insts);

}

The machine instruction data structure simply pairs the instruction text with the correspond-

ing execution function. The execution function is not yet available when extract_labels

constructs the instruction, and is inserted later by update_insts.

Ifunction make_instruction(text) {

return pair(text, null);

}

function instruction_text(inst) {

return head(inst);

}

function instruction_execution_fun(inst) {

return tail(inst);

}

function set_instruction_execution_fun(inst, proc) {

set_tail(inst, proc);

}

The instruction text is not used by our simulator, but it is handy to keep around for debugging

(see exercise 5.16).

Elements of the label table are pairs:

Ifunction make_label_entry(label_name, insts) {

return pair(label_name, insts);

}

Entries will be looked up in the table with

Ifunction lookup_label(labels, label_name) {

const val = assoc(label_name, labels);

return val === undefined

? error(label_name, "Undefined label in assemble:")

: tail(val);

}
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Exercise 5.8

The following register-machine code is ambiguous, because the label here is de�ned more

than once:

"start",

go_to(label(here)),

"here",

assign("a", constant(3)),

go_to(label(there)),

"here",

assign("a", constant(4)),

go_to(label(there)),

"there",

With the simulator as written, what will the contents of register a be when control reaches

there? Modify the extract_labels function so that the assembler will signal an error if the

same label name is used to indicate two di�erent locations.

5.2.3 Generating Execution Functions for Instructions

The assembler calls make_execution_function to generate the execution function for an in-

struction. Like the analyze function in the evaluator of section 4.1.7, this dispatches on the

type of instruction to generate the appropriate execution function.

Ifunction make_execution_function(inst, labels, machine,

pc, flag, stack, ops) {

return head(inst) === "assign"

? make_assign(inst, machine, labels, ops, pc)

: head(inst) === "test"

? make_test(inst, machine, labels, ops, flag, pc)

: head(inst) === "branch"

? make_branch(inst, machine, labels, flag, pc)

: head(inst) === "go_to"

? make_go_to(inst, machine, labels, pc)

: head(inst) === "save"

? make_save(inst, machine, stack, pc)

: head(inst) === "restore"

? make_restore(inst, machine, stack, pc)

: head(inst) === "perform"

? make_perform(inst, machine, labels, ops, pc)

: error(inst, "Unknown instruction type in assemble:");

}

For each type of instruction in the register-machine language, there is a generator that builds

an appropriate execution function. The details of these functions determine both the syntax
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and meaning of the individual instructions in the register-machine language. We use data

abstraction to isolate the detailed syntax of register-machine expressions from the general

execution mechanism, as we did for evaluators in section 4.1.2, by using syntax functions to

extract and classify the parts of an instruction.

The instruction assign

The make_assign function handles assign instructions:

Ifunction make_assign(inst, machine, labels, operations, pc) {

const target = get_register(machine, assign_reg_name(inst));

const value_exp = assign_value_exp(inst);

const value_fun =

is_operation_exp(value_exp)

? make_operation_exp(value_exp, machine, labels, operations)

: make_primitive_exp(value_exp, machine, labels);

return () => {

set_contents(target, value_fun());

advance_pc(pc);

};

}

The function make_assign extracts the target register name (the second element of the instruc-

tion) and the value expression (the rest of the list that forms the instruction) from the assign

instruction using the selectors

Ifunction assign_reg_name(assign_instruction) {

return head(tail(assign_instruction));

}

function assign_value_exp(assign_instruction) {

return head(tail(tail(assign_instruction)));

}

The function assign is the matching constructor for assign instructions.

Ifunction assign(register_name, source) {

return list("assign", register_name, source);

}

The register name is looked up with get_register to produce the target register object. The

value expression is passed to make_operation_exp if the value is the result of an operation, and

to make_primitive_exp otherwise. These functions (shown below) parse the value expression

and produce an execution function for the value. This is a function of no arguments, called

value_fun, which will be evaluated during the simulation to produce the actual value to be

assigned to the register. Notice that the work of looking up the register name and parsing

the value expression is performed just once, at assembly time, not every time the instruction
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is simulated. This saving of work is the reason we use execution functions, and corresponds

directly to the saving in work we obtained by separating program analysis from execution in

the evaluator of section 4.1.7.

The result returned by make_assign is the execution function for the assign instruction.

When this function is called (by the machine model’s execute function), it sets the contents

of the target register to the result obtained by executing value_fun. Then it advances the pc

to the next instruction by running the function

Ifunction advance_pc(pc) {

set_contents(pc, tail(get_contents(pc)));

}

The function advance_pc is the normal termination for all instructions except branch and

go_to.

The instructions test, branch, and go_to

The function make_test handles test instructions in a similar way. It extracts the expression

that speci�es the condition to be tested and generates an execution function for it. At simulation

time, the function for the condition is called, the result is assigned to the flag register, and the

pc is advanced:

Ifunction make_test(inst, machine, labels, operations, flag, pc) {

const condition = test_condition(inst);

if (is_operation_exp(condition)) {

const condition_fun = make_operation_exp(condition,

machine, labels, operations);

return () => {

set_contents(flag, condition_fun());

advance_pc(pc);

};

} else {

error(inst, "Bad test instruction in assemble:");

}

}

function test(sequence) {

return list("test", sequence);

}

function test_condition(test_instruction) {

return head(tail(test_instruction));

}

The execution function for a branch instruction checks the contents of the flag register and

either sets the contents of the pc to the branch destination (if the branch is taken) or else just

advances the pc (if the branch is not taken). Notice that the indicated destination in a branch
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instruction must be a label, and the make_branch function enforces this. Notice also that the

label is looked up at assembly time, not each time the branch instruction is simulated.

Ifunction make_branch(inst, machine, labels, flag, pc) {

const dest = branch_dest(inst);

if (is_label_exp(dest)) {

const insts = lookup_label(labels, label_exp_label(dest));

return () => {

if (get_contents(flag)) {

set_contents(pc, insts);

} else {

advance_pc(pc);

}

};

} else {

error(inst, "Bad branch instruction in assemble:");

}

}

function branch(label) {

return list("branch", label);

}

function branch_dest(branch_instruction) {

return head(tail(branch_instruction));

}

A go_to instruction is similar to a branch, except that the destination may be speci�ed either

as a label or as a register, and there is no condition to check—the pc is always set to the new

destination.

Ifunction make_go_to(inst, machine, labels, pc) {

const dest = go_to_dest(inst);

if (is_label_exp(dest)) {

const insts = lookup_label(labels, label_exp_label(dest));

return () => set_contents(pc, insts);

} else if (is_register_exp(dest)) {

const reg = get_register(machine, register_exp_reg(dest));

return () => set_contents(pc, get_contents(reg));

} else {

error(inst, "Bad go_to instruction in assemble:");

}

}

function go_to(label) {

return list("go_to", label);

}

function go_to_dest(go_to_instruction) {

return head(tail(go_to_instruction));

}
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Computing with Register Machines 5.2.3

Other instructions

The stack instructions save and restore simply use the stack with the designated register and

advance the pc:

Ifunction make_save(inst, machine, stack, pc) {

const reg = get_register(machine, stack_inst_reg_name(inst));

return () => {

push(stack, get_contents(reg));

advance_pc(pc);

};

}

function make_restore(inst, machine, stack, pc) {

const reg = get_register(machine, stack_inst_reg_name(inst));

return () => {

set_contents(reg, pop(stack));

advance_pc(pc);

};

}

function save(reg) {

return list("save", reg);

}

function restore(reg) {

return list("restore", reg);

}

function stack_inst_reg_name(stack_instruction) {

return head(tail(stack_instruction));

}

The �nal instruction type, handled by make_perform, generates an execution function for

the action to be performed. At simulation time, the action function is executed and the pc

advanced.

Ifunction make_perform(inst, machine, labels, operations, pc) {

const action = perform_action(inst);

if (is_operation_exp(action)) {

const action_fun = make_operation_exp(action, machine,

labels, operations);

return () => {

action_fun(); advance_pc(pc);

};

} else {

error(inst, "Bad perform instruction in assemble");

}

}

function perform(action) {

return list("perform", action);
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}

function perform_action(inst) {

return head(tail(inst));

}

Execution functions for subexpressions

The value of a reg, label, or constant expression may be needed for assignment to a regis-

ter (make_assign) or for input to an operation (make_operation_exp, below). The following

function generates execution functions to produce values for these expressions during the

simulation:

Ifunction make_primitive_exp(exp, machine, labels) {

if (is_constant_exp(exp)) {

const c = constant_exp_value(exp);

return () => c;

} else if (is_label_exp(exp)) {

const insts = lookup_label(labels, label_exp_label(exp));

return () => insts;

} else if (is_register_exp(exp)) {

const r = get_register(machine, register_exp_reg(exp));

return () => get_contents(r);

} else {

error(exp, "Unknown expression type in assemble:");

}

}

The syntax of reg, label, and constant expressions is determined by

Ifunction reg(name) {

return list("reg", name);

}

function is_register_exp(exp) {

return is_tagged_list(exp, "reg");

}

function register_exp_reg(exp) {

return head(tail(exp));

}

function constant(value) {

return list("constant", value);

}

function is_constant_exp(exp) {

return is_tagged_list(exp, "constant");

}

function constant_exp_value(exp) {

return head(tail(exp));

}
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function label(name) {

return list("label", name);

}

function is_label_exp(exp) {

return is_tagged_list(exp, "label");

}

function label_exp_label(exp) {

return head(tail(exp));

}

Instructions assign, perform, and test may include the application of a machine operation

(speci�ed by an op expression) to some operands (speci�ed by reg and constant expressions).

The following function produces an execution function for an “operation expression”—a list

containing the operation and operand expressions from the instruction:

Ifunction make_operation_exp(exp, machine, labels, operations) {

const op = lookup_prim(operation_exp_op(exp), operations);

const aprocs = map(e => make_primitive_exp(e, machine, labels),

operation_exp_operands(exp));

return () => apply_in_underlying_javascript(

op, map(p => p(), aprocs));

}

The syntax of operation expressions is determined by

Ifunction op(name) {

return list("op", name);

}

function is_operation_exp(exp) {

return is_pair(exp) && is_tagged_list(head(exp), "op");

}

function operation_exp_op(operation_exp) {

return head(tail(head(operation_exp)));

}

function operation_exp_operands(operation_exp) {

return tail(operation_exp);

}

Observe that the treatment of operation expressions is very much like the treatment of

function applications by the analyze_application function in the evaluator of section 4.1.7

in that we generate an execution function for each operand. At simulation time, we call the

operand functions and apply the Scheme function that simulates the operation to the resulting

values. The simulation function is found by looking up the operation name in the operation

table for the machine:

Ifunction lookup_prim(symbol, operations) {

const val = assoc(symbol, operations);

return val === undefined
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http://source-academy.github.io/playground#chap=4&prgrm=GYVwdgxgLglg9mABAcwKZQPoCdXJgZylSwAoBbAQwgAsYxUAaRHZDMCs1ASkQG8AoREOboQWJJRp1UJAERpMLAkSyyuJFmw7cA3PwC+-UJFgJEFfPhjIw2XFs4kLVmxjqEsIaPDA8BwkSgxJGpUCgATEigKGAAbJ0trW3coT28ELi49Q2N0pGckjAA3CliQVAxUAA8ABwSXZLAPL1NfPkRBYRwg8URQiKiY+Oi4+sKUtNbMrIMjcDzEWLg4AGsQGoxYigAjVHit3dj8JgO9h24+TqEIBEJEEtjEAF5zSzgIElPY85OdvfwZgFusF7qVnk8XuBwqhgNJwlcAogAPyIYhYOCkL4-RCyACqYGhsPo4UWf0edFe+FQZG2sVQAC41AiAvTECN4g8Zjl5q1EJQVhUalgYGQYLAihVqnUpUxJLR6L9DgDLgEYMBECQCBgbk1omBMFKSFLMirEddblBEBBnlaLRR9ZVasVSuUjbVAWbAiCSDwngA+K16AL6VFHVCINUarVYw3GvzM4Q6u4pfA2pardabMmfMnHUmHR0bL5umqZIOe4G9H3PAMp8tCEP-cORzX4Ox4QjEQslk3+T1Jy1YG0KdvKYjkKjyxgiDsqQvtnses2VpDV-0odDahBEfX4DRZDrB0NU01mtEYktMPFgFZgOAAdyQUpwiTMUAAnjVm-lLNTaQy1HrRBDG5EwfD5CgBQwOAvywChWm7GUIKkBV83+JgYOIeCfGVPtzV1RAYLTZY1g2IURRITC4IQqVoOld0MNg7DbiXW0CIoIV3lTF5KGlGsIKg8jRXFSVaiNWVJ2kRV-i4BgE09BShCo5jbFo5SCT3OMgJXDVfQDDialid83FsKFiCMuhWAAKwoEp8AgYUaigEh5MUxEYIkuoan4upZPMTiIABLk5jAswChsDRcDHLBsXwOAxAgC48K9XpYmUORwrAWQmCUTsYvYTgmDihLdFmXJeX5CpMs1XUJJQ6cvjzZTWjzGoIHjAIBzZCgsAUYdN1ylQJ3qphMvbc4asIMsES6h5ykLG0xrm0S6hSVjZpdCpjGeVytWanxu2WwsuFclFKrorCaLEo6kLlKS0KORjLpwk6FNZc6hLFGAJUOzbCzqqdpKOVidLXANkoCKlMB1HcoD3aJevQJgjuMH1WICCISkgQUPjag8EX0bIQoWTH7USjA2pIPHT0QKGt31VBdypiAmHZEgRxhxm4eZ6YdA6UCFnOohCEmqAAfuxqnuonCmGALZkCYankq6nVwi+swXmF6GEDV1pRdYls9qYq66lV9XfA6-sLTY3WDu2njIIqfaEG7M3WjktzPa95DAYeprjZeoCgVEKs9Jp72zTpzmmbligFZt82MFR6aI8U0nsYp3H2r51zvcJgnj3DCHhHPUgUivAAhCI2VQZNdUmcCKWcP86UZViQOJ3ktZIKkAEdymxy2hB0tKRdkLXstp1B+8ZxLgvK8Ctfp22ECiWvMAmFofCHlKQjCSI2aXze8mmgWKsdjBtjgyBqFF8XUMlxBY-jpWZut6E7heK+yeoDAP+ctaQFDZthjGJf+vZXJdRTMRDMRZsyP1AXAw4JBwHoy6CHVcYdi6pyEC2Dm24uZ7mfhAnBnso4EKZm1JgKY0GkMbGGcOpDETp3JpTPGQcmGGCYcIfOR4myMKEKXO+OIq4km-jfCM9ct5mCbr+GkrdAIEzKjycC4iaA5kODvEe6VZBqOoJPL488VFmD0X-deJBTHHymDTHS-QD5DAsdfGgJlmgnyMaFJAWpojIDQOETY6VCBkDFmyUIGBvFaIwRGNsNQYikECVAHgAAyRJfR949ygEE30EIQkVG8UTBeZgWAkAKklBE2ix4sEniU9xCwtSDS7LGd0NjIleLjr4-xIskKyEqTU3k9SYq0SKcaZpPQ94DDZlpZRHi2KEHtM5ZaETRmLB0QOOZk8Fn5OMZ4tsqyHSNNLCMkErSfGoD8aPZyXTdlQEUWfcCVz5zLR7Ic3odjBijEmbcswxZqnPKQOcuQXwqnaF6Y3EBZJEJNOSjpY57T-ldMBSCr54LaLFmGVCyJryJnukRRIC+yA4BhLgMIu6D9cyK3ajTLq-9hwEqgAS-++sgHqlbFmAshpUECJmZaaBLx0ykVZXsDR6EHrzmLKgjhw9IlgyntrBmlCWaSMIACIC9CTzANHHlbsHLsFcpnP1RQUU8rDV9v0+cRTxWuVBmHchcruZUI3LK2Ge4WApx4YXTlQjy4iOrviwlirUjSM8T+Kk8iALt1mJ3cCvq6VCtiIskE-z5C0rgAYskOKUDJrMSLaNBKrHb1+ak8ZDic0uIDW4zZ0yagwXSVQFY8beizIgCsOQVaag3MjWYGoIB8C30bSsZGm161ID7S27t+j1AbKmYLC++BbIyC9SS6cfbyU7y6iwfVGqhqLqKtEJtpbxolP1iDKVWDc5uS7T2mtTamD4Ntc63ArrSEsJxjzCVbl86fNxVBF8dKcDEskqhZdiBX6dWtuul4I5+nGvun2-dmhD1rWPUs6VOqyGbmjtzFgitq19sfTg59mdX2HhwR+-gHbh1zsisgIdyyx6zolJPF1FaFg-oxDIF1BbE2sZwIxh9zHeSwZSAe7QV6VilobhkAtmKHGCakeWqdvJq0-PRUsxNMEgWcHTUbZ6Lt9k0a1DEmApBhnJKiWEtppyOnOVecaK86n03O1Uk6atjnjpSbSWzV5rm4wOYDrp5zTENKUT805g5KmQRs28+6fj4EPrEGABiMg-6Rp+ylipVqFLlbWyoLyF4sEEtYDIBgHLPhGUInVVFuoJWMg71A+xPISdwA2nOpVpweR76MDPdw1Oj9HPKstSe-ivBiPdfMA15OfMCNsOziNzhKr3U6s9bVb1JJ8uJf9RJoNlIW6oEUcGBT4E1uFba9Y8LqUdFHbIJParvgYudvi4l4reR9buaLaMRDOdP0CVEqgCAIAEIFLAMIx+27ZujYUva5+O7a2MVwmUjFaS1rgheLITKshTrfeK4kCKC6AMNTJYRGoGXXqelZK8pHEIUcTwx0LcxuOUu9aJ7LeWK7XJk8R7qLJKO9Ho4UmdC+ejku+0flD4D7U2eFsiBT7JSbCW889PzqCOahcSwJ3jCX5POfI5xPR3bNOZ2Ufp77ID6u3qS5e5TnE3G9d88x9blXgHd39rFyTs07OBjS5R5d+XZpFeCge8do3qulSw9Z2bpbhArz4lvA+INriu6fm-Nt0Nbc7tfoqHm1eRAqgJILYZ0g2fglgBALEONaeNuBrCdUABWuztjKl5z8vmenO-f+3bcAL26-dXe43g7Zg6bN8dK3gHHevUBR3nTNmY-0Qzb70gdY4R4IZ91HuFMQM8yLtXdbNqG6oOg9kG1PbiZrbP134ardeOrzPyP-hO4fbmt47kH2m-uqYLcR9tIOQfWX86QK5UScLkCkKQ-EA+cmV0w+7eQOXW-qHsns501QEBLsgOgBqcg+he+ssBEcks0BAQ26OBwgVC+BQgUORBtMTumB3sb+mQFBqoK+6a50MY+oWA74sa2INCeesSrBJS1CdB5e1ecE0AAqRwa8OeOUv2qA30pSqozKWoxepeIhCStW6CSyOAiUkhxSJesQTAchZeBc-COqOk-BOWQh8MDihefk0BoseYjUp6OCXU9AOepaNomK1etCik0KbYHglkxS1eparupCKIqhEhEoVhTApB56nBDByKTBLBDhG8y24R4OikNCYRSRCkNh--YvkAg4GsjLkfBrmswOLPlblBTl63pOpUbRQ0ZQbyDoDtpnE2qQX9IDplBFm7wzjRRP7wUTqDrRkXz0D3gYCLr-F1Z3A74Ozfrn7jgH4QAv5dSn6UUVCwXX7rTWx3HnQjqsQJlQChKD59wDyJQcmaFAQ8WhJv5pjpSJr2kwCOkVDP4DlpHSojqyAyVyVqB4YJmmrRD-iSUiyJqH4ronA6LX7M5xzTQ5kkyl7vDzGxnAqcotj-nFLaBiGzidE7B0hc6IDnlwismIjaUeU6n3FGafDpTcF27UWkDVKyQTGpwBX-huGqpFzQFCLhWyAACyJesAhksJhIcImFeUrIaJ1JrxkS3SkVxW1lEAS+4Q2Z+2AptJfKmYdlmmnKG0jwLwTl4V8Vnlb6OkDw2uPlxIBprp7pzlhUOI0ew5SA-SbcLp0mownIoZwgZxCBf2RApFVsBEPKDq9MkF7CAJUYQJB5NCflu5SAPJ9AdVnoSVnKtB8eB0a1beSBHemuSqmQPohJGFT1G1iVM5K1tJ85BZEpIZnKOkfZOpMusyWA1yI1KGMqe1hCzMrMfFYBB0Als8pU4OvRw+LJnZNZpZupKQpQ3w-F08glNunsKIfcLZvFy+D1LsGN2MNofc+N3ZppINkNKOJNNlRAk5qgI1PN1VfN-SBNnNZZA0kVjZp5iwJEzVkVYt2pFpuoJNF00stw0tAQKIEl64w2dNdE7+BkjMB84lTOhOyqwEitdZUNTumtwg1NTuVt8pup3+I1+tb+LpvZhZUeN401Pp5Qfpi6059Vyhc5BAkZi5c+mOJFpqJS-seYbRcAHRYxrhlK1si6D+UEhFxFj+rEf+YQ6isd2g-ERBJFqOVVtlUt6gRdmmilpVbl+U2g-WuBj+qlKtpeat6WagwWzdwgZdxNHdZNM82MTIns9QO2QxTBSdoxVeohH+9AeG4NeO5e0Nzkm+BaZdq93d6akGFVGGe4oONd6FOkEFSNu9Dd0GqER9p85GCNpq+9l904R9qF5QE+6GFC3M59WFh9FV1SL9WNodvQl1XxUdTVZEwoSW+A74NISdaWLUW+BEA1nVbwHwUDMDWhhOOmTQSGIISD2SQ1l5tuQiaD2wsDk1vtsemD6tW2zR-4c1ZuC1HIpQN9-AXUyAEAfiGdTwCI50JFrkiaFAk8uiQj1yMV6RUlOiOAV2TATgTA2wYcFAiAAApIgPIzQeI2PE8JPLI6owo9rvI2IzUelGeuPOvJfNlNAd3P8tWrIFo35EUsI35FciQAAAzTDqNmiC7FjyAcN-y8nUHQHVTjwGLpQ2NSNqCuUZQRMzhyDbAaWGNuRBOCOROOMJNpzY5A7CMpOiNpMKTK7eNLxxMBNuQ+N+IfFXXTR0z30f17jsOcOX44jJOIAABMLjAAbDMFU3vTU+zL4-vnE0wAACxuN6Cr29P1P1QzBf2aoP11M50pao6ARAA
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? error(symbol, "Unknown operation in assemble:")

: head(tail(val));

}

Exercise 5.9

The treatment of machine operations above permits them to operate on labels as well as on

constants and the contents of registers. Modify the expression-processing functions to enforce

the condition that operations can be used only with registers and constants.

Exercise 5.10

Design a new syntax for register-machine instructions and modify the simulator to use your

new syntax. Can you implement your new syntax without changing any part of the simulator

except the syntax functions in this section?

Exercise 5.11

When we introduced save and restore in section 5.1.4, we didn’t specify what would happen

if you tried to restore a register that was not the last one saved, as in the sequence

save(y);

save(x);

restore(y);

There are several reasonable possibilities for the meaning of restore:

a. restore(y) puts into >y the last value saved on the stack, regardless of what register that

value came from. This is the way our simulator behaves. Show how to take advantage

of this behavior to eliminate one instruction from the Fibonacci machine of section 5.1.4

(�gure 5.12).

b. restore(y) puts into y the last value saved on the stack, but only if that value was saved

from y; otherwise, it signals an error. Modify the simulator to behave this way. You will

have to change save to put the register name on the stack along with the value.

c. restore(y) puts into y the last value saved from y regardless of what other registers were

saved after y and not restored. Modify the simulator to behave this way. You will have

to associate a separate stack with each register. You should make the initialize_stack

operation initialize all the register stacks.
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Exercise 5.12

The simulator can be used to help determine the data paths required for implementing a

machine with a given controller. Extend the assembler to store the following information in

the machine model:

– a list of all instructions, with duplicates removed, sorted by instruction type (assign,

go_to, and so on);

– a list (without duplicates) of the registers used to hold entry points (these are the registers

referenced by go_to instructions);

– a list (without duplicates) of the registers that are saved or restored;

– for each register, a list (without duplicates) of the sources from which it is assigned

(for example, the sources for register val in the factorial machine of �gure 5.11 are

constant(1) and op("*", reg("n"), reg("val"))).

Extend the message-passing interface to the machine to provide access to this new information.

To test your analyzer, de�ne the Fibonacci machine from �gure 5.12 and examine the lists you

constructed.

Exercise 5.13

Modify the simulator so that it uses the controller sequence to determine what registers the

machine has rather than requiring a list of registers as an argument to make_machine. Instead

of pre-allocating the registers in make_machine, you can allocate them one at a time when they

are �rst seen during assembly of the instructions.

5.2.4 Monitoring Machine Performance

Simulation is useful not only for verifying the correctness of a proposed machine design but

also for measuring the machine’s performance. For example, we can install in our simulation

program a “meter” that measures the number of stack operations used in a computation. To

do this, we modify our simulated stack to keep track of the number of times registers are

saved on the stack and the maximum depth reached by the stack, and add a message to the

stack’s interface that prints the statistics, as shown below. We also add an operation to the

basic machine model to print the stack statistics, by initializing the_ops in make_new_machine

to

list(list("initialize_stack",

() => stack("initialize")),

list("print_stack_statistics",

() => stack("print_statistics")));
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Here is the new version of make_stack:

Ifunction make_stack() {

let s = null;

let number_pushes = 0;

let max_depth = 0;

let current_depth = 0;

function push(x) {

s = pair(x, s);

number_pushes = number_pushes + 1;

current_depth = current_depth + 1;

max_depth = math_max(current_depth, math_max);

}

function pop() {

if (is_null(s)) {

error("Empty stack in pop");

} else {

const top = head(s);

s = tail(s);

current_depth = current_depth - 1;

return top;

}

}

function initialize() {

s = null;

number_pushes = 0;

max_depth = 0;

current_depth = 0;

return "done";

}

function print_statistics() {

display(stringify(

list("\n", "total-pushes = ", number_pushes,

"\n", "maximum-depth = ", max_depth)));

}

function dispatch(message) {

return message === "push"

? push

: message === "pop"

? pop()

: message === "initialize"

? initialize()

: message === "print_statistics"

? print_statistics()

: error(message, "Unknown request: STACK");

}
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return dispatch;

}

Exercises 5.15 through 5.19 describe other useful monitoring and debugging features that

can be added to the register-machine simulator.

Exercise 5.14

Measure the number of pushes and the maximum stack depth required to compute n! for

various small values of n using the factorial machine shown in Figure 5.11. From your data

determine formulas in terms of n for the total number of push operations and the maximum

stack depth used in computing n! for any n > 1. Note that each of these is a linear function

of n and is thus determined by two constants. In order to get the statistics printed, you will

have to augment the factorial machine with instructions to initialize the stack and print the

statistics. You may want to also modify the machine so that it repeatedly reads a value for n,

computes the factorial, and prints the result (as we did for the GCD machine in �gure 5.4), so

that you will not have to repeatedly invoke get_register_contents, set_register_contents,

and start.

Exercise 5.15

Add instruction counting to the register machine simulation. That is, have the machine model

keep track of the number of instructions executed. Extend the machine model’s interface to

accept a new message that prints the value of the instruction count and resets the count to

zero.

Exercise 5.16

Augment the simulator to provide for instruction tracing. That is, before each instruction is

executed, the simulator should print the text of the instruction. Make the machine model accept

trace_on and trace_off messages to turn tracing on and o�.

Exercise 5.17

Extend the instruction tracing of exercise 5.16 so that before printing an instruction, the

simulator prints any labels that immediately precede that instruction in the controller sequence.

Be careful to do this in a way that does not interfere with instruction counting (exercise 5.15).

You will have to make the simulator retain the necessary label information.
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Exercise 5.18

Modify the make_register function of section 5.2.1 so that registers can be traced. Registers

should accept messages that turn tracing on and o�. When a register is traced, assigning a

value to the register should print the name of the register, the old contents of the register, and

the new contents being assigned. Extend the interface to the machine model to permit you to

turn tracing on and o� for designated machine registers.

Exercise 5.19

Alyssa P. Hacker wants a breakpoint feature in the simulator to help her debug her machine

designs. You have been hired to install this feature for her. She wants to be able to specify a

place in the controller sequence where the simulator will stop and allow her to examine the

state of the machine. You are to implement a function

set_breakpoint(machine, label, n)

that sets a breakpoint just before the nth instruction after the given label. For example,

set_breakpoint(gcd_machine, "test_b", 4)

installs a breakpoint in gcd_machine just before the assignment to register "a". When the simu-

lator reaches the breakpoint it should print the label and the o�set of the breakpoint and stop ex-

ecuting instructions. Alyssa can then use get_register_contents and set_register_contents

to manipulate the state of the simulated machine. She should then be able to continue execution

by saying

proceed_machine(machine)

She should also be able to remove a speci�c breakpoint by means of

cancel_breakpoint(machine, label, n)

or to remove all breakpoints by means of

cancel_all_breakpoints(machine)
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5.3 Storage Allocation and Garbage Collection

In section 5.4, we will show how to implement a JavaScript evaluator as a register machine. In

order to simplify the discussion, we will assume that our register machines can be equipped

with a list-structured memory, in which the basic operations for manipulating list-structured

data are primitive. Postulating the existence of such a memory is a useful abstraction when

one is focusing on the mechanisms of control in a JavaScript interpreter, but this does not

re�ect a realistic view of the actual primitive data operations of contemporary computers. To

obtain a more complete picture of how systems can support list-structured memory e�ciently,

we must investigate how list structure can be represented in a way that is compatible with

conventional computer memories.

There are two considerations in implementing list structure. The �rst is purely an issue of

representation: how to represent the “box-and-pointer” structure of JavaScript pairs, using

only the storage and addressing capabilities of typical computer memories. The second issue

concerns the management of memory as a computation proceeds. The operation of a JavaScript

system depends crucially on the ability to continually create new data objects. These include

objects that are explicitly created by the JavaScript functions being interpreted as well as

structures created by the interpreter itself, such as environments and argument lists. Although

the constant creation of new data objects would pose no problem on a computer with an

in�nite amount of rapidly addressable memory, computer memories are available only in

�nite sizes (more’s the pity). JavaScript thus provide an automatic storage allocation facility

to support the illusion of an in�nite memory. When a data object is no longer needed, the

memory allocated to it is automatically recycled and used to construct new data objects. There

are various techniques for providing such automatic storage allocation. The method we shall

discuss in this section is called garbage collection.

5.3.1 Memory as Vectors

A conventional computer memory can be thought of as an array of cubbyholes, each of which

can contain a piece of information. Each cubbyhole has a unique name, called its address or

location. Typical memory systems provide two primitive operations: one that fetches the data

stored in a speci�ed location and one that assigns new data to a speci�ed location. Memory

addresses can be incremented to support sequential access to some set of the cubbyholes.

More generally, many important data operations require that memory addresses be treated

as data, which can be stored in memory locations and manipulated in machine registers. The

representation of list structure is one application of such address arithmetic.

To model computer memory, we use a new kind of data structure called a vector. Abstractly,

566 Generated 2020-08-18 16:40:02Z



Computing with Register Machines 5.3.1

a vector is a compound data object whose individual elements can be accessed by means of

an integer index in an amount of time that is independent of the index.
5

In order to describe

memory operations, we use two primitive JavaScript functions for manipulating vectors:

– vector_ref( vector, n ) returns the nth element of the vector.

– vector_set( vector, n, value ) sets the nth element of the vector to the designated value.

For example, if v is a vector, then vector_ref(v, 5) gets the �fth entry in the vector v and

vector_set(v, 5, 7) changes the value of the �fth entry of the vector v to 7.
6

For computer

memory, this access can be implemented through the use of address arithmetic to combine a

base address that speci�es the beginning location of a vector in memory with an index that

speci�es the o�set of a particular element of the vector.

Representing list-structured data

We can use vectors to implement the basic pair structures required for a list-structured memory.

Let us imagine that computer memory is divided into two vectors: the_heads and the_tails.

We will represent list structure as follows: A pointer to a pair is an index into the two vectors.

The head of the pair is the entry in the_heads with the designated index, and the tail of the

pair is the entry in the_tails with the designated index. We also need a representation for

objects other than pairs (such as numbers and strings) and a way to distinguish one kind of

data from another. There are many methods of accomplishing this, but they all reduce to using

typed pointers, that is, to extending the notion of “pointer” to include information on data

type.
7

The data type enables the system to distinguish a pointer to a pair (which consists of

the “pair” data type and an index into the memory vectors) from pointers to other kinds of

data (which consist of some other data type and whatever is being used to represent data of

that type). Two data objects are considered to be the same (===) if their pointers are identical.
8

Figure 5.14 illustrates the use of this method to represent the list list(list(1, 2), 3, 4),

whose box-and-pointer diagram is also shown. We use letter pre�xes to denote the data-type

5
We could represent memory as lists of items. However, the access time would then not be independent of

the index, since accessing the nth element of a list requires n − 1 tail operations.

6
For completeness, we should specify a make_vector operation that constructs vectors. However, in the present

application we will use vectors only to model �xed divisions of the computer memory.

7
This is precisely the same “tagged data” idea we introduced in chapter 2 for dealing with generic operations.

Here, however, the data types are included at the primitive machine level rather than constructed through the

use of lists.

8
Type information may be encoded in a variety of ways, depending on the details of the machine on which

the JavaScript system is to be implemented. The execution e�ciency of JavaScript programs will be strongly

dependent on how cleverly this choice is made, but it is di�cult to formulate general design rules for good choices.

The most straightforward way to implement typed pointers is to allocate a �xed set of bits in each pointer to be

a type �eld that encodes the data type. Important questions to be addressed in designing such a representation

include the following: How many type bits are required? How large must the vector indices be? How e�ciently

can the primitive machine instructions be used to manipulate the type �elds of pointers? Machines that include

special hardware for the e�cient handling of type �elds are said to have tagged architectures.
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information. Thus, a pointer to the pair with index 5 is denoted p5, the empty list is denoted by

the pointer e0, and a pointer to the number 4 is denoted n4. In the box-and-pointer diagram,

we have indicated at the lower left of each pair the vector index that speci�es where the head

and tail of the pair are stored. The blank locations in the_heads and the_tails may contain

parts of other list structures (not of interest here).

0 1 2 3 4 5 6 7 8 ...Index

the_heads

the_tails

p5 n3 n4 n1 n2 ...

p2 p4 e0 p7 e0 ...

list(list(1, 2), 3, 4)

1 2 4

5 7

4

1 2

3

Figure 5.14: Box-and-pointer and memory-vector representations of the list

list(list(1, 2), 3, 4).

A pointer to a number, such as n4, might consist of a type indicating numeric data together

with the actual representation of the number 4.
9

To deal with numbers that are too large to be

represented in the �xed amount of space allocated for a single pointer, we could use a distinct

bignum data type, for which the pointer designates a list in which the parts of the number are

stored.
10

A string might be represented as a typed pointer that designates a sequence of the characters

that form the string’s printed representation. This sequence is constructed by the JavaScript

reader when the character string is initially encountered in input. Since we want two instances

9
This decision on the representation of numbers determines whether ===, which tests equality of pointers,

can be used to test for equality of numbers. If the pointer contains the number itself, then equal numbers will

have the same pointer. But if the pointer contains the index of a location where the number is stored, equal

numbers will be guaranteed to have equal pointers only if we are careful never to store the same number in more

than one location.

10
This is just like writing a number as a sequence of digits, except that each “digit” is a number between 0 and

the largest number that can be stored in a single pointer.
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of a string to be recognized as the “same” string by === and we want === to be a simple test for

equality of pointers, we must ensure that if the reader sees the same character string twice, it

will use the same pointer (to the same sequence of characters) to represent both occurrences.

To accomplish this, the reader maintains a table, traditionally called the obarray, of all the

string it has ever encountered. When the reader encounters a character string and is about to

construct a string, it checks the obarray to see if it has ever before seen the same character

string. If it has not, it uses the characters to construct a new string (a typed pointer to a new

character sequence) and enters this pointer in the obarray. If the reader has seen the string

before, it returns the string pointer stored in the obarray. This process of replacing character

strings by unique pointers is called interning strings.

Implementing the primitive list operations

Given the above representation scheme, we can replace each “primitive” list operation of a

register machine with one or more primitive vector operations. We will use two registers,

the_heads and the_tails, to identify the memory vectors, and will assume that vector_ref

and vector_set are available as primitive operations. We also assume that numeric operations

on pointers (such as incrementing a pointer, using a pair pointer to index a vector, or adding

two numbers) use only the index portion of the typed pointer.

For example, we can make a register machine support the instructions

assign(reg
1
, list(op("head"), reg

2
))

assign(reg
1
, list(op("tail"), reg

2
))

if we implement these, respectively, as

assign(reg
1
, list(op("vector_ref"), reg("the_heads"), reg

2
))

assign(reg
1
, list(op("vector_ref"), reg("the_tails"), reg

2
))

The instructions

perform(list(op("set_head"), reg(reg
1
), reg(reg

2
)))

perform(list(op("set_tail"), reg(reg
1
), reg(reg

2
)))

are implemented as

Iperform(op("vector_set"), list(reg("the_heads"), reg(reg
1
), reg(reg

2
)))

perform(op("vector_set"), list((reg("the_tails"), reg(reg
1
), reg(reg

2
)))

The operation pair is performed by allocating an unused index and storing the arguments

to pair in the_heads and the_tails at that indexed vector position. We presume that there

is a special register, free, that always holds a pair pointer containing the next available index,

and that we can increment the index part of that pointer to �nd the next free location.
11

For

11
There are other ways of �nding free storage. For example, we could link together all the unused pairs into a
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example, the instruction

assign(reg
1
, list(op("pair"), reg(reg

2
), reg(reg

3
)))

is implemented as the following sequence of vector operations:
12

perform(op("vector_set"), list(reg("the_heads"), reg("free"), reg(reg
2
))),

perform(op("vector_set"), list(reg("the_tails"), reg("free"), reg(reg
3
))),

assign(reg
1
, reg("free")),

assign("free", list(op("+"), reg("free"), constant(1)))

The === operation

list(op("==="), reg(reg
1
), reg(reg

2
))

simply tests the equality of all �elds in the registers, and predicates such as is_pair, is_null,

is_string, and is_number need only check the type �eld.

Implementing stacks

Although our register machines use stacks, we need do nothing special here, since stacks can

be modeled in terms of lists. The stack can be a list of the saved values, pointed to by a special

register the_stack. Thus, save( reg ) can be implemented as

assign("the_stack", list(op("pair"), reg(reg), reg("the_stack")))

Similarly, restore( reg ) can be implemented as

assign(reg, list(op("head"), reg("the_stack")))

assign("the_stack", list(op("tail"), reg("the_stack")))

and perform(op("initialize_stack")) can be implemented as

assign("the_stack", constant(null))

These operations can be further expanded in terms of the vector operations given above. In

conventional computer architectures, however, it is usually advantageous to allocate the stack

as a separate vector. Then pushing and popping the stack can be accomplished by incrementing

or decrementing an index into that vector.

Exercise 5.20

Draw the box-and-pointer representation and the memory-vector representation (as in �g-

ure 5.14) of the list structure produced by

free list. Our free locations are consecutive (and hence can be accessed by incrementing a pointer) because we

are using a compacting garbage collector, as we will see in section 5.3.2.

12
This is essentially the implementation of pair in terms of set_head and set_tail, as described in section 3.3.1.

The operation get_new_pair used in that implementation is realized here by the free pointer.
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const x = pair(1, 2);

const y = list(x, x);

with the free pointer initially p1. What is the �nal value of free ? What pointers represent

the values of x and y?

Exercise 5.21

Implement register machines for the following functions. Assume that the list-structure mem-

ory operations are available as machine primitives.

a. Recursive count_leaves:

Ifunction count_leaves(tree) {

return is_null(tree)

? 0

: ! is_pair(tree)

? 1

: count_leaves(head(tree)) +

count_leaves(tail(tree));

}

b. Recursive count_leaves with explicit counter:

Ifunction count_leaves(tree) {

function count_iter(tree, n) {

return is_null(tree)

? n

: ! is_pair(tree)

? n + 1

: count_iter(tail(tree),

count_iter(head(tree), n));

}

return count_iter(tree, 0);

}
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Exercise 5.22

Exercise 3.12 of section 3.3.1 presented an append function that appends two lists to form a new

list and an append_mutator function that splices two lists together. Design a register machine

to implement each of these functions. Assume that the list-structure memory operations are

available as primitive operations.

5.3.2 Maintaining the Illusion of Infinite Memory

The representation method outlined in section 5.3.1 solves the problem of implementing list

structure, provided that we have an in�nite amount of memory. With a real computer we

will eventually run out of free space in which to construct new pairs.
13

However, most of the

pairs generated in a typical computation are used only to hold intermediate results. After

these results are accessed, the pairs are no longer needed—they are garbage. For instance, the

computation

accumulate((x, y) => x + y, 0, filter(is_odd, enumerate_interval(0, n)))

constructs two lists: the enumeration and the result of �ltering the enumeration. When the

accumulation is complete, these lists are no longer needed, and the allocated memory can

be reclaimed. If we can arrange to collect all the garbage periodically, and if this turns out

to recycle memory at about the same rate at which we construct new pairs, we will have

preserved the illusion that there is an in�nite amount of memory.

In order to recycle pairs, we must have a way to determine which allocated pairs are not

needed (in the sense that their contents can no longer in�uence the future of the computation).

The method we shall examine for accomplishing this is known as garbage collection. Garbage

collection is based on the observation that, at any moment in a JavaScript interpretation, the

only objects that can a�ect the future of the computation are those that can be reached by

some succession of head and tail operations starting from the pointers that are currently in

the machine registers.
14

Any memory cell that is not so accessible may be recycled.

There are many ways to perform garbage collection. The method we shall examine here is

called stop-and-copy. The basic idea is to divide memory into two halves: “working memory”

and “free memory.” When pair constructs pairs, it allocates these in working memory. When

13
This may not be true eventually, because memories may get large enough so that it would be impossible to

run out of free memory in the lifetime of the computer. For example, there are about 3 × 10
13

, microseconds in a

year, so if we were to pair once per microsecond we would need about 10
15

cells of memory to build a machine

that could operate for 30 years without running out of memory. That much memory seems absurdly large by

today’s standards, but it is not physically impossible. On the other hand, processors are getting faster and a future

computer may have large numbers of processors operating in parallel on a single memory, so it may be possible

to use up memory much faster than we have postulated.

14
We assume here that the stack is represented as a list as described in section 5.3.1, so that items on the stack

are accessible via the pointer in the stack register.

572 Generated 2020-08-18 16:40:02Z



Computing with Register Machines 5.3.2

working memory is full, we perform garbage collection by locating all the useful pairs in

working memory and copying these into consecutive locations in free memory. (The useful

pairs are located by tracing all the head and tail pointers, starting with the machine registers.)

Since we do not copy the garbage, there will presumably be additional free memory that we

can use to allocate new pairs. In addition, nothing in the working memory is needed, since all

the useful pairs in it have been copied. Thus, if we interchange the roles of working memory

and free memory, we can continue processing; new pairs will be allocated in the new working

memory (which was the old free memory). When this is full, we can copy the useful pairs into

the new free memory (which was the old working memory).
15

Implementation of a stop-and-copy garbage collector

We now use our register-machine language to describe the stop-and-copy algorithm in more

detail. We will assume that there is a register called root that contains a pointer to a structure

that eventually points at all accessible data. This can be arranged by storing the contents of

all the machine registers in a pre-allocated list pointed at by root just before starting garbage

collection.
16

We also assume that, in addition to the current working memory, there is free

memory available into which we can copy the useful data. The current working memory

consists of vectors whose base addresses are in registers called the_heads and the_tails, and

the free memory is in registers called new_heads and new_tails.

Garbage collection is triggered when we exhaust the free cells in the current working mem-

ory, that is, when a pair operation attempts to increment the free pointer beyond the end of

the memory vector. When the garbage-collection process is complete, the root pointer will

point into the new memory, all objects accessible from the root will have been moved to the

new memory, and the free pointer will indicate the next place in the new memory where a

15
This idea was invented and �rst implemented by Minsky, as part of the implementation of Lisp for the PDP-1

at the MIT Research Laboratory of Electronics. It was further developed by Fenichel and Yochelson (1969) for

use in the Lisp implementation for the Multics time-sharing system. Later, Baker (1978) developed a “real-time”

version of the method, which does not require the computation to stop during garbage collection. Baker’s idea

was extended by Hewitt, Lieberman, and Moon (see Lieberman and Hewitt 1983) to take advantage of the fact

that some structure is more volatile and other structure is more permanent.

An alternative commonly used garbage-collection technique is the mark-sweep method. This consists of tracing

all the structure accessible from the machine registers and marking each pair we reach. We then scan all of memory,

and any location that is unmarked is “swept up” as garbage and made available for reuse. A full discussion of the

mark-sweep method can be found in Allen 1978.

The Minsky-Fenichel-Yochelson algorithm is the dominant algorithm in use for large-memory systems because

it examines only the useful part of memory. This is in contrast to mark-sweep, in which the sweep phase must

check all of memory. A second advantage of stop-and-copy is that it is a compacting garbage collector. That

is, at the end of the garbage-collection phase the useful data will have been moved to consecutive memory

locations, with all garbage pairs compressed out. This can be an extremely important performance consideration

in machines with virtual memory, in which accesses to widely separated memory addresses may require extra

paging operations.

16
This list of registers does not include the registers used by the storage-allocation system—root, the_heads,

the_tails, and the other registers that will be introduced in this section.
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new pair can be allocated. In addition, the roles of working memory and new memory will have

been interchanged—new pairs will be constructed in the new memory, beginning at the place

indicated by free, and the (previous) working memory will be available as the new memory

for the next garbage collection. Figure 5.15 shows the arrangement of memory just before and

just after garbage collection.

free

free

Just before garbage collection

mixture of useful data and garbage

free memory

Just aer garbage collection

discarded memory

useful data free area

working

memory

free

memory

new

free

memory

new

working

memory

the_heads

the_tails

the_heads

the_tails

new_heads

new_tails

new_heads

new_tails

Figure 5.15: Recon�guration of memory by the garbage-collection process.

The state of the garbage-collection process is controlled by maintaining two pointers: free

and scan. These are initialized to point to the beginning of the new memory. The algorithm

begins by relocating the pair pointed at by root to the beginning of the new memory. The

pair is copied, the root pointer is adjusted to point to the new location, and the free pointer

is incremented. In addition, the old location of the pair is marked to show that its contents

have been moved. This marking is done as follows: In the head position, we place a special

tag that signals that this is an already-moved object. (Such an object is traditionally called a

broken heart.)17
In the tail position we place a forwarding address that points at the location

to which the object has been moved.

After relocating the root, the garbage collector enters its basic cycle. At each step in the

algorithm, the scan pointer (initially pointing at the relocated root) points at a pair that has

17
The term broken heart was coined by David Cressey, who wrote a garbage collector for MDL, a dialect of

Lisp developed at MIT during the early 1970s.

574 Generated 2020-08-18 16:40:02Z



Computing with Register Machines 5.3.2

been moved to the new memory but whose head and tail pointers still refer to objects in

the old memory. These objects are each relocated, and the scan pointer is incremented. To

relocate an object (for example, the object indicated by the head pointer of the pair we are

scanning) we check to see if the object has already been moved (as indicated by the presence

of a broken-heart tag in the head position of the object). If the object has not already been

moved, we copy it to the place indicated by free, update free, set up a broken heart at the

object’s old location, and update the pointer to the object (in this example, the head pointer of

the pair we are scanning) to point to the new location. If the object has already been moved,

its forwarding address (found in the tail position of the broken heart) is substituted for the

pointer in the pair being scanned. Eventually, all accessible objects will have been moved and

scanned, at which point the scan pointer will overtake the free pointer and the process will

terminate.

We can specify the stop-and-copy algorithm as a sequence of instructions for a register ma-

chine. The basic step of relocating an object is accomplished by a subroutine called relocate_old_result_in_new.

This subroutine gets its argument, a pointer to the object to be relocated, from a register named

old. It relocates the designated object (incrementing free in the process), puts a pointer to the

relocated object into a register called new, and returns by branching to the entry point stored

in the register relocate_continue. To begin garbage collection, we invoke this subroutine to

relocate the root pointer, after initializing free and scan. When the relocation of root has

been accomplished, we install the new pointer as the new root and enter the main loop of the

garbage collector.

"begin_garbage_collection",

assign("free", constant(0)),

assign("scan", constant(0)),

assign("old", reg("root")),

assign("relocate_continue", label("reassign_root")),

go_to(label("relocate_old_result_in_new")),

"reassign_root",

assign("root", reg("new")),

go_to(label("gc_loop")),

In the main loop of the garbage collector we must determine whether there are any more

objects to be scanned. We do this by testing whether the scan pointer is coincident with

the free pointer. If the pointers are equal, then all accessible objects have been relocated,

and we branch to gc_flip, which cleans things up so that we can continue the interrupted

computation. If there are still pairs to be scanned, we call the relocate subroutine to relocate

the head of the next pair (by placing the head pointer in old). The relocate_continue register

is set up so that the subroutine will return to update the head pointer.

"gc_loop",

test(list(op("==="), reg("scan"), reg("free"))),
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branch(label("gc_flip")),

assign("old", list(op("vector_ref"), reg("new_heads"), reg("scan"))),

assign("relocate_continue", label("update_head")),

go_to(label("relocate_old_result_in_new")),

At update_head, we modify the head pointer of the pair being scanned, then proceed to

relocate the tail of the pair. We return to update_tail when that relocation has been ac-

complished. After relocating and updating the tail, we are �nished scanning that pair, so we

continue with the main loop.

"update_head",

perform(list(op("vector_set"),

reg("new_heads"), reg("scan"), reg("new"))),

assign("old", list(op("vector_ref"),

reg("new_tails"), reg("scan"))),

assign("relocate_continue", label("update_tail")),

go_to(label("relocate_old_result_in_new")),

"update_tail",

perform(list(op("vector_set"),

reg("new_tails"), reg("scan"), reg("new"))),

assign("scan", list(op("+"), reg("scan"), constant(1))),

go_to(label("gc_loop")),

The subroutine relocate_old_result_in_new relocates objects as follows: If the object to

be relocated (pointed at by old) is not a pair, then we return the same pointer to the object

unchanged (in new). (For example, we may be scanning a pair whose head is the number 4. If

we represent the head by n4, as described in section 5.3.1, then we want the “relocated” head

pointer to still be n4.) Otherwise, we must perform the relocation. If the head position of the

pair to be relocated contains a broken-heart tag, then the pair has in fact already been moved, so

we retrieve the forwarding address (from the tail position of the broken heart) and return this

in new. If the pointer in old points at a yet-unmoved pair, then we move the pair to the �rst free

cell in new memory (pointed at by free) and set up the broken heart by storing a broken-heart

tag and forwarding address at the old location. The subroutine relocate_old_result_in_new

uses a register oldht to hold the head or the tail of the object pointed at by old.
18

"relocate_old_result_in_new",

test(list(op("is_pointer_to_pair"), reg("old"))),

branch(label("pair")),

assign("new", reg("old")),

go_to(reg("relocate_continue")),

18
The garbage collector uses the low-level predicate is_pointer_to_pair instead of the list-structure is_pair

operation because in a real system there might be various things that are treated as pairs for garbage-collection pur-

poses. For example, in a Scheme system that conforms to the IEEE standard a function object may be implemented

as a special kind of “pair” that doesn’t satisfy the is_pair predicate. For simulation purposes,is_pointer_to_pair
can be implemented as is_pair.
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"pair",

assign("oldht", list(op("vector_ref"),

reg("the_heads"), reg("old"))),

test(list(op("is_broken_heart"), reg("oldht"))),

branch(label("already_moved")),

assign("new", reg("free")), // new location for pair

// Update "free" pointer.

assign("free", list((op("+"), reg("free"), constant(1))),

// Copy the head and tail to new memory

perform(list(op("vector_set"),

reg("new_heads"), reg("new"), reg("oldht"))),

assign("oldht", list(op("vector_ref"),

reg("the_tails"), reg("old"))),

perform(list(op("vector_set"),

reg("new_tails"), reg("new"), reg("oldht"))),

// Construct the broken heart

perform(list(op("vector_set"),

reg("the_heads"), reg("old"),

constant("broken_heart"))),

perform(list(op("vector_set"),

reg("the_tails"), reg("old"), reg("new"))),

go_to(reg("relocate_continue")),

"already_moved",

assign("new", list(op("vector_ref"),

reg("the_tails"), reg("old"))),

go_to(reg("relocate_continue")),

At the very end of the garbage collection process, we interchange the role of old and new

memories by interchanging pointers: interchanging the_headswith new_heads, and the_tails

with new_tails. We will then be ready to perform another garbage collection the next time

memory runs out.

I"gc_flip",

assign("temp", reg("the_tails")),

assign("the_tails", reg("new_tails")),

assign("new_tails", reg("temp")),

assign("temp", reg("the_heads")),

assign("the_heads", reg("new_heads")),

assign("new_heads", reg("temp"))
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5.4 The Explicit-Control Evaluator

In section 5.1 we saw how to transform simple JavaScript programs into descriptions of reg-

ister machines. We will now perform this transformation on a more complex program, the

metacircular evaluator of sections 4.1.1–4.1.4, which shows how the behavior of a JavaScript

interpreter can be described in terms of the functions evaluate and apply. The explicit-control
evaluator that we develop in this section shows how the underlying function-calling and

argument-passing mechanisms used in the evaluation process can be described in terms of

operations on registers and stacks. In addition, the explicit-control evaluator can serve as

an implementation of a JavaScript interpreter, written in a language that is very similar to

the native machine language of conventional computers. The evaluator can be executed by

the register-machine simulator of section 5.2. Alternatively, it can be used as a starting point

for building a machine-language implementation of a JavaScript evaluator, or even a special-

purpose machine for evaluating JavaScript expressions. Figure 5.16 shows such a hardware

implementation: a silicon chip that acts as an evaluator for Scheme, the language for which

this book was originally written. The chip designers started with the data-path and controller

speci�cations for a register machine similar to the evaluator described in this section and used

design automation programs to construct the integrated-circuit layout.
19

Registers and operations

In designing the explicit-control evaluator, we must specify the operations to be used in our

register machine. We described the metacircular evaluator in terms of abstract syntax, using

functions such as is_self_evaluating and make_function. In implementing the register ma-

chine, we could expand these functions into sequences of elementary list-structure memory

operations, and implement these operations on our register machine. However, this would

make our evaluator very long, obscuring the basic structure with details. To clarify the presen-

tation, we will include as primitive operations of the register machine the syntax functions

given in section 4.1.2 and the functions for representing environments and other run-time

data given in sections 4.1.3 and 4.1.4. In order to completely specify an evaluator that could be

programmed in a low-level machine language or implemented in hardware, we would replace

these operations by more elementary operations, using the list-structure implementation we

described in section 5.3.

19
See Batali et al. 1982 for more information on the chip and the method by which it was designed.

578 Generated 2020-08-18 16:40:02Z



Computing with Register Machines 5.4

Figure 5.16: A silicon-chip implementation of an evaluator for Scheme.

Our JavaScript evaluator register machine includes a stack and seven registers: stmt, env,

val, continue, fun, argl, and unev. The stmt register is used to hold the statement to be eval-

uated, and env contains the environment in which the evaluation is to be performed. At the

end of an evaluation, val contains the value obtained by evaluating the expression in the des-

ignated environment. The continue register is used to implement recursion, as explained in

section 5.1.4. (The evaluator needs to call itself recursively, since evaluating an expression re-

quires evaluating its subexpressions.) The registers fun, argl, and unev are used in evaluating

combinations.

We will not provide a data-path diagram to show how the registers and operations of the

evaluator are connected, nor will we give the complete list of machine operations. These are

implicit in the evaluator’s controller, which will be presented in detail.
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5.4.1 The Core of the Explicit-Control Evaluator

The central element in the evaluator is the sequence of instructions beginning at eval_dispatch.

This corresponds to the evaluate function of the metacircular evaluator described in sec-

tion 4.1.1. When the controller starts at eval_dispatch, it evaluates the expression speci�ed

by stmt in the environment speci�ed by env. When evaluation is complete, the controller will

go to the entry point stored in continue, and the val register will hold the value of the expres-

sion. As with the metacircular evaluate, the structure of eval_dispatch is a case analysis on

the syntactic type of the expression to be evaluated.
20

"eval_dispatch",

test(list(op("is_self_evaluating"), reg("stmt"))),

branch(label("ev_self_eval")),

test(list(op("is_name"), reg("stmt"))),

branch(label("ev_name")),

test(list(op("is_variable_declaration"), reg("stmt"))),

branch(label("ev_variable_declaration")),

test(list(op("is_constant_declaration"), reg("stmt"))),

branch(label("ev_constant_declaration")),

test(list(op("is_assignment"), reg("stmt"))),

branch(label("ev_assignment")),

test(list(op("is_return_statement"), reg("stmt"))),

branch(label("ev_return")),

test(list(op("is_conditional_expression"), reg("stmt"))),

branch(label("ev_cond")),

test(list(op("is_lambda_expression"), reg("stmt"))),

branch(label("ev_lambda")),

test(list(op("is_sequence"), reg("stmt"))),

branch(label("ev_seq")),

test(list(op("is_block"), reg("stmt"))),

branch(label("ev_block")),

test(list(op("is_application"), reg("stmt"))),

branch(label("ev_application")),

go_to(label("unknown_expression_type")),

20
In our controller, the dispatch is written as a sequence of test and branch instructions. Alternatively, it

could have been written in a data-directed style (and in a real system it probably would have been) to avoid the

need to perform sequential tests and to facilitate the de�nition of new expression types. A machine designed

to run JavaScript would probably include a dispatch_on_type instruction that would e�ciently execute such

data-directed dispatches.
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Evaluating simple expressions

Numbers and strings (which are self-evaluating), names, and lambda expressions have no

subexpressions to be evaluated. For these, the evaluator simply places the correct value in the

val register and continues execution at the entry point speci�ed by continue. Evaluation of

simple expressions is performed by the following controller code:

"ev_self_eval",

assign("val", reg("stmt")),

go_to(reg("continue")),

"ev_name",

assign("val",

list(op("lookup_symbol_value"), reg("stmt"), reg("env"))),

go_to(reg("continue")),

"ev_lambda",

assign("unev", list(op("lambda_parameters"), reg("stmt"))),

assign("stmt", list(op("lambda_body"), reg("stmt"))),

assign("val", list(op("make_function"),

reg("unev"), reg("stmt"), reg("env"))),

go_to(reg("continue")),

Observe how ev_lambda uses the unev and stmt registers to hold the parameters and body of

the lambda expression so that they can be passed to the make_compound_function operation,

along with the environment in env.

Evaluating function applications

A function application is speci�ed by a combination containing a function expression and

argument expressions. The function expression is a subexpression whose value is a function,

and the argument expressions are subexpressions whose values are the arguments to which

the function should be applied. The metacircular evaluate handles applications by calling

itself recursively to evaluate each element of the combination, and then passing the results

to apply, which performs the actual function application. The explicit-control evaluator does

the same thing; these recursive calls are implemented by go_to instructions, together with use

of the stack to save registers that will be restored after the recursive call returns. Before each

call we will be careful to identify which registers must be saved (because their values will be

needed later).
21

21
This is an important but subtle point in translating algorithms from a procedural language, such as JavaScript,

to a register-machine language. As an alternative to saving only what is needed, we could save all the registers

(except val) before each recursive call. This is called a framed-stack discipline. This would work but might save

more registers than necessary; this could be an important consideration in a system where stack operations are

expensive. Saving registers whose contents will not be needed later may also hold onto useless data that could
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We begin the evaluation of an application by evaluating the function expression to produce

a function, which will later be applied to the evaluated argument expressions. To evaluate the

function expression, we move it to the stmt register and go to eval_dispatch. The environment

in the env register is already the correct one in which to evaluate the function expression.

However, we save env because we will need it later to evaluate the argument expressions. We

also extract the argument expressions into unev and save this on the stack. We set up continue

so that eval_dispatch will resume at ev_appl_did_function_expression after the function

expression has been evaluated. First, however, we save the old value of continue, which tells

the controller where to continue after the application.

"ev_application",

save("continue"),

save("env"),

assign("unev", list(op("args"), reg("stmt"))),

save("unev"),

assign("stmt", list(op("function_expression"), reg("stmt"))),

assign("continue", label("ev_appl_did_function_expression")),

go_to(label("eval_dispatch")),

Upon returning from evaluating the function expression, we proceed to evaluate the argu-

ment expressions of the combination and to accumulate the resulting arguments in a list, held

in argl. First we restore the unevaluated argument expressions and the environment. We ini-

tialize argl to an empty list. Then we assign to the fun register the function that was produced

by evaluating the function expression. If there are no argument expressions, we go directly

to apply_dispatch. Otherwise we save fun on the stack and start the argument-evaluation

loop:
22

"ev_appl_did_function_expression",

restore("unev"), // the args

restore("env"),

assign("argl", list(op("empty_arglist"))),

assign("fun", reg("val")), // the function_expression

otherwise be garbage-collected, freeing space to be reused.

22
We add to the evaluator data-structure functions in section 4.1.3 the following two functions for manipulating

argument lists:

const empty_arglist = list();

function adjoin_arg(arg, arglist) {
return append(arglist, list(arg));

}
We also use an additional syntax function to test for the last argument expression in a combination:

function is_last_argument_expression(ops) {
return is_null(tail(ops));

}
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test(list(op("has_no_argument_expressions"),

reg("unev"))),

branch(label("apply_dispatch")),

save("fun"),

Each cycle of the argument-evaluation loop evaluates an argument expression from the list

in unev and accumulates the result into argl. To evaluate an argument expression , we place

it in the stmt register and go to eval_dispatch, after setting continue so that execution will

resume with the argument-accumulation phase. But �rst we save the arguments accumulated

so far (held in argl), the environment (held in env), and the remaining argument expressions

to be evaluated (held in unev). A special case is made for the evaluation of the last argument

expression which is handled at ev_appl_last_arg.

"ev_appl_argument_expression_loop",

save("argl"),

assign("stmt", list(op("first_arg"), reg("unev"))),

test(list(op("is_last_argument_expression"),

reg("unev"))),

branch(label("ev_appl_last_arg")),

save("env"),

save("unev"),

assign("continue", label("ev_appl_accumulate_arg")),

go_to(label("eval_dispatch")),

When an argument expression has been evaluated, the value is accumulated into the list

held in argl. The argument expression is then removed from the list of unevaluated argument

expressions in unev, and the argument-evaluation continues.

"ev_appl_accumulate_arg",

restore("unev"),

restore("env"),

restore("argl"),

assign("argl", list(op("adjoin_arg"),

reg("val"), reg("argl"))),

assign("unev", list(op("rest_args"), reg("unev"))),

go_to(label("ev_appl_argument_expression_loop")),

Evaluation of the last argument is handled di�erently. There is no need to save the environ-

ment or the list of unevaluated argument expressions before going to eval_dispatch, since

they will not be required after the last argument expression is evaluated. Thus, we return from

the evaluation to a special entry point ev_appl_accum_last_arg, which restores the argument

list, accumulates the new argument, restores the saved function, and goes o� to perform the

application.
23

23
The optimization of treating the last argument expression specially is known as evlis tail recursion (see Wand

1980). We could be somewhat more e�cient in the argument evaluation loop if we made evaluation of the �rst

argument expression a special case too. This would permit us to postpone initializing argl until after evaluating
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"ev_appl_last_arg",

assign("continue", label("ev_appl_accum_last_arg")),

go_to(label("eval_dispatch")),

"ev_appl_accum_last_arg",

restore("argl"),

assign("argl", list(op("adjoin_arg"),

reg("val"), reg("argl"))),

restore("fun"),

go_to(label("apply_dispatch")),

The details of the argument-evaluation loop determine the order in which the interpreter

evaluates the argument expressions of a combination (e.g., left to right or right to left—see exer-

cise 3.8). This order is not determined by the metacircular evaluator, which inherits its control

structure from the underlying Scheme in which it is implemented.
24

Because the first_arg se-

lector (used in ev_appl_argument_loop to extract successive argument expressions from unev)

is implemented as head and the rest_args selector is implemented as tail, the explicit-control

evaluator will evaluate the argument expressions of a combination in left-to-right order.

Function application

The entry point apply_dispatch corresponds to the apply function of the metacircular eval-

uator. By the time we get to apply_dispatch, the fun register contains the function to apply

and argl contains the list of evaluated arguments to which it must be applied. The saved value

of continue (originally passed to eval_dispatch and saved at ev_application), which tells

where to return with the result of the function application, is on the stack. When the applica-

tion is complete, the controller transfers to the entry point speci�ed by the saved continue,

with the result of the application in val. As with the metacircular apply, there are two cases

to consider. Either the function to be applied is a primitive or it is a compound function.

"apply_dispatch",

test(list(op("is_primitive_function"),

reg("fun"))),

branch(label("primitive_apply")),

test(list(op("is_compound_function"),

reg("fun"))),

branch(label("compound_apply")),

go_to(label("unknown_function_type")),

We assume that each primitive is implemented so as to obtain its arguments from argl

the �rst argument expression, so as to avoid saving argl in this case. The compiler in section 5.5 performs this

optimization. (Compare the construct_arglist function of section 5.5.3.)

24
The order of argument expression evaluation in the metacircular evaluator is determined by the order of

evaluation of the arguments to pair in the function list_of_values of section 4.1.1 (see exercise 4.1).
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and place its result in val. To specify how the machine handles primitives, we would have

to provide a sequence of controller instructions to implement each primitive and arrange for

primitive_apply to dispatch to the instructions for the primitive identi�ed by the contents of

fun. Since we are interested in the structure of the evaluation process rather than the details of

the primitives, we will instead just use an apply_primitive_function operation that applies

the function in proc to the arguments in argl. For the purpose of simulating the evaluator with

the simulator of section 5.2 we use the function apply_primitive_function, which calls on

the underlying JavaScript system to perform the application, just as we did for the metacircular

evaluator in section 4.1.4. After computing the value of the primitive application, we restore

continue and go to the designated entry point.

"primitive_apply",

assign("val", list(op("apply_primitive_function"),

reg("fun"),

reg("argl"))),

restore("continue"),

go_to(reg("continue")),

To apply a compound function, we proceed just as with the metacircular evaluator. We con-

struct a frame that binds the function’s parameters to the arguments, use this frame to extend

the environment carried by the function, and evaluate in this extended environment the se-

quence of expressions that forms the body of the function. A little extra work is needed to

handle function bodies with a single non-return statement as these should return undefined.

In this case, we set as continuation the label end_without_return, which will overwrite the

contents of val by undefined before jumping back into the dispatch loop. This has implica-

tions for tail-recursion, which is discussed in section 5.4.2. All other cases handle returns by

themselves as part of the normal dispatch loop.

"compound_apply",

assign("unev", list(op("function_parameters"), reg("fun"))),

assign("env", list(op("function_environment"), reg("fun"))),

assign("env", list(op("extend_environment"),

reg("unev"), reg("argl"), reg("env"))),

assign("stmt", list(op("function_body"), reg("fun"))),

test(list(op("does_not_handle_return"), reg("stmt"))),

branch(label("no_return_wrapping")),

restore("continue"),

go_to(label("eval_dispatch")),

"no_return_wrapping",

assign("continue", label("end_without_return")),

go_to(label("eval_dispatch")),

The only places in the interpreter where the env register is assigned a new value are compound_apply
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and ev_block. Just as in the metacircular evaluator, the new environment is constructed from

the environment carried by the function, together with the argument list and the corresponding

list of names to be bound.

5.4.2 Sequence Evaluation and Tail Recursion

The portion of the explicit-control evaluator at ev_sequence is analogous to the metacircular

evaluator’s eval_sequence function. It handles sequences of expressions in function bodies

or in sequences of statements.

Sequences of statements are evaluated by placing the sequence of expressions to be evaluated

in unev, saving continue on the stack, and jumping to ev_sequence.

"ev_seq",

save("continue"),

assign("unev", list(op("sequence_statements"), reg("stmt"))),

go_to(label("ev_sequence"))

The implicit sequences in function bodies are handled by jumping to ev_sequence from

compound_apply, at which point continue is already on the stack, having been saved at ev_application.

The entries at ev_sequence and ev_sequence_continue form a loop that successively evalu-

ates each expression in a sequence. The list of unevaluated expressions is kept in unev. Before

evaluating each expression, we check to see if there are additional expressions to be evaluated

in the sequence. If so, we save the rest of the unevaluated expressions (held in unev) and the en-

vironment in which these must be evaluated (held in env) and call eval_dispatch to evaluate

the expression. The two saved registers are restored upon the return from this evaluation, at

ev_sequence_continue. As returns immediately end the function, skipping any trailing state-

ments, we inspect each statement to see whether it is a return or not. If it is, we jump to the

entry point ev_return_from_seq and abort the loop. Sequences that do not contain an explicit

return will eventually dispatch to the aforementioned entry point end_without_return, which

will ensure that the sequence ends with val holding the value undefined.

The �nal expression in the sequence is handled di�erently, at the entry point ev_sequence_last_stmt.

Since there are no more expressions to be evaluated after this one, we need not save unev or

env before going to eval_dispatch. The value of the whole sequence is the value of the last

expression, so after the evaluation of the last expression there is nothing left to do except

continue at the entry point currently held on the stack (which was saved by ev_application

or ev_seq.) Rather than setting up continue to arrange for eval_dispatch to return here and

then restoring continue from the stack and continuing at that entry point, we restore continue

from the stack before going to eval_dispatch, so that eval_dispatch will continue at that

entry point after evaluating the expression.
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"ev_sequence",

assign("stmt", list(op("first_statement"), reg("unev"))),

test(list(op("is_return_statement"), reg("stmt"))),

branch(label("ev_return_from_seq")),

test(list(op("is_last_statement"), reg("unev"))),

branch(label("ev_sequence_last_exp")),

save("unev"),

save("env"),

assign("continue", label("ev_sequence_continue")),

go_to(label("eval_dispatch")),

"ev_sequence_continue",

restore("env"),

restore("unev"),

assign("unev", list(op("rest_statements"), reg("unev"))),

go_to(label("ev_sequence")),

"ev_sequence_last_exp",

assign("continue", label("end_without_return")),

go_to(label("eval_dispatch")),

"end_without_return",

assign("val", constant(undefined)),

restore("continue"),

go_to(reg("continue")),

Tail recursion

In chapter 1 we said that the process described by a function such as

function sqrt_iter(guess, x) {

return is_good_enough(guess, x)

? guess

: sqrt_iter(improve(guess, x), x);

}

is an iterative process. Even though the function is syntactically recursive (de�ned in terms

of itself), it is not logically necessary for an evaluator to save information in passing from one

call to sqrt_iter to the next.
25

An evaluator that can execute a function such as sqrt_iter

without requiring increasing storage as the function continues to call itself is called a tail-
recursive evaluator. The metacircular implementation of the evaluator in chapter 4 does not

specify whether the evaluator is tail-recursive, because that evaluator inherits its mechanism

for saving state from the underlying Scheme. With the explicit-control evaluator, however, we

25
We saw in section 5.1 how to implement such a process with a register machine that had no stack; the state

of the process was stored in a �xed set of registers.

587 Generated 2020-08-18 16:40:02Z



Computing with Register Machines 5.4.2

can trace through the evaluation process to see when function calls cause a net accumulation

of information on the stack.

With one exception, discussed at the end of this section, evaluator is tail-recursive, because

in order to evaluate the �nal expression of a sequence we transfer directly to eval_dispatch

without saving any information on the stack. Hence, evaluating the �nal expression in a

sequence—even if it is a function call (as in sqrt_iter, where the conditional expression,

which is the last expression in the function body, reduces to a call to sqrt_iter)—will not

cause any information to be accumulated on the stack.
26

If we did not think to take advantage of the fact that it was unnecessary to save information

in this case, we might have implemented eval_sequence by treating all the expressions in a

sequence in the same way—saving the registers, evaluating the expression, returning to restore

the registers, and repeating this until all the expressions have been evaluated (for simplicity,

ignoring the handling of returns which are not needed to illustrate this point):
27

"ev_sequence",

test(list(op("has_no_more_stmts"), reg("unev"))),

branch(label("ev_sequence_end")),

assign(exp(op("first_stmt"), reg("unev")),

save("unev"),

save("env"),

assign(continue(label("ev_sequence_continue"))),

go_to(label("eval_dispatch")),

"ev_sequence_continue",

restore("env"),

restore("unev"),

assign("unev", op("rest_stmts"), reg("unev")),

go_to(label("ev_sequence")),

"ev_sequence_end",

restore("continue"),

go_to(reg("continue")),

This may seem like a minor change to our previous code for evaluation of a sequence: The

only di�erence is that we go through the save-restore cycle for the last expression in a sequence

as well as for the others. The interpreter will still give the same value for any expression. But

this change is fatal to the tail-recursive implementation, because we must now return after

26
This implementation of tail recursion in ev_sequence is one variety of a well-known optimization technique

used by many compilers. In compiling a function that ends with a function call, one can replace the call by a jump

to the called function’s entry point. Building this strategy into the interpreter, as we have done in this section,

provides the optimization uniformly throughout the language.

27
We can de�ne has_no_more_stmts as follows:

function has_no_more_exps(seq) {
return is_null(seq);

}
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evaluating the �nal expression in a sequence in order to undo the (useless) register saves. These

extra saves will accumulate during a nest of function calls. Consequently, processes such as

sqrt_iter will require space proportional to the number of iterations rather than requiring

constant space. This di�erence can be signi�cant. For example, with tail recursion, an in�nite

loop can be expressed using only the function-call mechanism:

function count(n) {

display(n, "\n");

return count(n + 1);

}

Without tail recursion, such a function would eventually run out of stack space, and expressing

a true iteration would require some control mechanism other than function call.

The exception to tail recursion in our evaluator is due to the implicit returning of undefined.

Function bodies that do not end in an explicit return dispatch to the end_without_return

entry point which destroys tail-recursion as every function call must have its return value

changed to undefined. Removing the return from the count function above will thus lead to

exhausting the stack space. (Note that it is only when a function actually reaches the end of

its body that this extra stack space is consumed.)

5.4.3 Conditionals, Assignments, and Declarations and Blocks

As with the metacircular evaluator, special forms are handled by selectively evaluating frag-

ments of the expression. For conditional expression, we must evaluate the predicate and decide,

based on the value of predicate, whether to evaluate the consequent or the alternative.

Before evaluating the predicate, we save the conditional expression itself so that we can later

extract the consequent or alternative. We also save the environment, which we will need later

in order to evaluate the consequent or the alternative, and we save continue, which we will

need later in order to return to the evaluation of the expression that is waiting for the value

of the conditional.

"ev_cond",

save("stmt"), // save expression for later

save("env"),

save("continue"),

assign("continue", label("ev_cond_decide")),

assign("stmt", list(op("conditional_pred"), reg("stmt"))),

go_to(label("eval_dispatch")), // evaluate the predicate

When we return from evaluating the predicate, we test whether it was true or false and,

depending on the result, place either the consequent or the alternative in stmt before going

to eval_dispatch. Notice that restoring env and continue here sets up eval_dispatch to
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have the correct environment and to continue at the right place to receive the value of the

conditional expression.

"ev_cond_decide",

restore("continue"),

restore("env"),

restore("stmt"),

test(list(op("is_true"), reg("val"))),

branch(label("ev_cond_consequent")),

"ev_cond_alternative",

assign("stmt", list(op("conditional_alt"), reg("stmt"))),

go_to(label("eval_dispatch")),

"ev_cond_consequent",

assign("stmt", list(op("conditional_cons"), reg("stmt"))),

go_to(label("eval_dispatch")),

Assignments and declarations

Assignments are handled by ev_assignment, which is reached from eval_dispatch with the as-

signment expression in stmt . The code at ev_assignment �rst evaluates the value part of the ex-

pression and then installs the new value in the environment. The function assign_symbol_value

is assumed to be available as a machine operation.

"ev_assignment",

assign("unev", list(op("assignment_symbol"), reg("stmt"))),

save("unev"), // save variable for later

assign("stmt", list(op("assignment_value"), reg("stmt"))),

save("env"),

save("continue"),

assign("continue", label("ev_assignment_1")),

go_to(label("eval_dispatch")), // evaluate assignment value

"ev_assignment_1",

restore("continue"),

restore("env"),

restore("unev"),

perform(list(op("assign_symbol_value"),

reg("unev"), reg("val"), reg("env"))),

go_to(reg("continue")),

Declarations of variables and constants are handled in a similar way:

"ev_variable_declaration",

assign("unev", list(op("variable_declaration_symbol"),

reg("stmt"))),
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save("unev"), // save variable for later

assign("stmt", list(op("variable_declaration_value"),

reg("stmt"))),

save("env"),

save("continue"),

assign("continue", label("ev_declaration")),

go_to(label("eval_dispatch")), // evaluate declaration value

"ev_declaration",

restore("continue"),

restore("env"),

restore("unev"),

perform(list(op("assign_symbol_value"),

reg("unev"), reg("val"), reg("env"))),

assign("val", constant(undefined)),

go_to(reg("continue")),

"ev_constant_declaration",

assign("unev", list(op("constant_declaration_symbol"),

reg("stmt"))),

save("unev"), // save constant for later

assign("stmt", list(op("constant_declaration_value"),

reg("stmt"))),

save("env"),

save("continue"),

assign("continue", label("ev_declaration")),

go_to(label("eval_dispatch")), // evaluate declaration value

Evaluation of blocks evaluates the body of the block with respect to the current environment

extended by a binding of all local names to the special value no_value_yet.

"ev_block",

assign("stmt", list(op("block_body"), reg("stmt"))),

assign("val", list(op("scan_out_declarations"), reg("stmt"))),

save("stmt"), // temporarily store to stmt

assign("stmt", list(op("list_of_unassigned"), reg("val"))),

assign("env", list(op("extend_environment"),

reg("val"),

reg("stmt"),

reg("env"))),

restore("stmt"),

go_to(label("eval_dispatch")),

The function get_temp_block_values can be implemented easily using a map: (locals) => map((_) => no_value_yet, locals).
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Exercise 5.23

Extend the evaluator to handle while loops, by translating them to applications of a function

while_loop, as shown in exercise 4.7. You can then paste the declaration of the function

while_loop in front of user programs. You may “cheat” and assume that the syntax transformer

while_to_application is available as machine operation.
28

Refer to exercise 4.7 to discuss

whether this approach works if return, break and continue statements are allowed inside the

while loop. If not, how can you modify the explicit control evaluator to run programs with

while loops that include these statements?

Exercise 5.24

Implement conditional statements in the explicit control evaluator. Note that proper handling

of returns inside the consequent and alternative blocks poses a challenge as the current im-

plementation only supports returning from the outermost block in a function. One way to

implement this is to add a new register returning that keeps track of whether the current

function is returning. Change ev_sequence so that instead of checking if the next statement is

a return statement, the sequence loop inspects returning to determine whether to continue

or return. Also note that it is possible to nest several conditional statements, so a return can

appear at any depth.

Exercise 5.25

Modify the evaluator so that it uses normal-order evaluation, based on the lazy evaluator of

section 4.2.

5.4.4 Running the Evaluator

With the implementation of the explicit-control evaluator we come to the end of a develop-

ment, begun in chapter 1, in which we have explored successively more precise models of the

evaluation process. We started with the relatively informal substitution model, then extended

this in chapter 3 to the environment model, which enabled us to deal with state and change.

In the metacircular evaluator of chapter 4, we used JavaScript itself as a language for making

more explicit the environment structure constructed during evaluation of an expression. Now,

with register machines, we have taken a close look at the evaluator’s mechanisms for storage

management, argument passing, and control. At each new level of description, we have had

28
This isn’t really cheating. In an actual implementation built from scratch, we would use our

explicit-control evaluator to interpret a JavaScript program that performs source-level transformations like

while_to_application in a syntax phase that runs before execution.
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to raise issues and resolve ambiguities that were not apparent at the previous, less precise

treatment of evaluation. To understand the behavior of the explicit-control evaluator, we can

simulate it and monitor its performance.

We will install a driver loop in our evaluator machine. This plays the role of the driver_loop

function of section 4.1.4. The evaluator will repeatedly print a prompt, read a program, scan

its declarations and appropriately extend the environment before proceeding to evaluate the

program by going to eval_dispatch, and print the result. The following instructions form the

beginning of the explicit-control evaluator’s controller sequence:
29

"read_eval_print_loop",

perform(list(op("initialize_stack"))),

assign("stmt", list(op("prompt_for_input"),

constant("EC-evaluate input:"))),

assign("env", list(op("get_program_environment"))),

assign("val", list(op("scan_out_declarations"), reg("stmt"))),

save("stmt"), // temporarily store to stmt

assign("stmt", list(op("list_of_unassigned"), reg("val"))),

assign("env", list(op("extend_environment"),

reg("val"), reg("stmt"), reg("env"))),

perform(list(op("set_program_environment"), reg("env"))),

restore("stmt"),

assign("continue", label("print_result")),

go_to(label("eval_dispatch")),

"print_result",

perform(list(op("user_print"),

constant("EC-evaluate value:"), reg("val"))),

go_to(label("read_eval_print_loop")),

When we encounter an error in a function (such as the “unknown function type error”

indicated at apply_dispatch), we print an error message and return to the driver loop.
30

"unknown_expression_type",

assign("val", constant("unknown_expression_type_error")),

29
We assume here that prompt_for_input and the various printing operations are available as primitive ma-

chine operations, which is useful for our simulation, but completely unrealistic in practice. These are actually

extremely complex operations. In practice, they would be implemented using low-level input-output operations

such as transferring single characters to and from a device.

To support the get_program_environment and set_program_environment operations we declare

function get_program_environment() {
return the_global_environment;

}
function set_program_environment(env) {

the_global_environment = env;
}

30
There are other errors that we would like the interpreter to handle, but these are not so simple. See exer-

cise 5.30.
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go_to(label("signal_error")),

"unknown_function_type",

restore("continue"), /// clean up stack (from apply_dispatch)

assign("val", constant("unknown_function_type_error")),

go_to(label("signal_error")),

"signal_error",

perform(list(op("user_print"),

constant("EC_eval error:"), reg("val"))),

go_to(label("read_eval_print_loop")),

For the purposes of the simulation, we initialize the stack each time through the driver

loop, since it might not be empty after an error (such as an undeclared name) interrupts an

evaluation.
31

If we combine all the code fragments presented in sections 5.4.1–5.4.4, we can create an

evaluator machine model that we can run using the register-machine simulator of section 5.2.

const eceval =

make_machine(list("stmt", "env", "val", "fun",

"argl", "continue", "unev"),

eceval_operations,

list("read_eval_print_loop",

〈entire machine controller as дiven above〉
));

We must de�ne JavaScript functions to simulate the operations used as primitives by the

evaluator. These are the same functions we used for the metacircular evaluator in section 4.1,

together with the few additional ones de�ned in footnotes throughout section 5.4.

const eceval_operations =

list(list("is_self_evaluating", is_self_evaluating),

〈complete list o f operations f or eceval machine〉);

Finally, we can initialize the global environment and run the evaluator:

Iconst the_global_environment = setup_environment();

start(eceval);

EC−eva lua te input :

function append(x, y) {

return is_null(x)

? y

: pair(head(x), append(tail(x), y));

}

31
We could perform the stack initialization only after errors, but doing it in the driver loop will be convenient

for monitoring the evaluator’s performance, as described below.
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EC−eva lua te value :
undef ined

EC−eva lua te input :

append(list("a", "b", "c"), list("d", "e", "f"));

EC−eva lua te value :
[ " a " , [ " b " , [ " c " , [ " d " , [ " e " , [ " f " , nu l l ] ] ] ] ] ]

Of course, evaluating expressions in this way will take much longer than if we had directly

typed them into JavaScript, because of the multiple levels of simulation involved. Our expres-

sions are evaluated by the explicit-control-evaluator machine, which is being simulated by a

JavaScript program, which is itself being evaluated by the JavaScript interpreter.

Monitoring the performance of the evaluator

Simulation can be a powerful tool to guide the implementation of evaluators. Simulations

make it easy not only to explore variations of the register-machine design but also to monitor

the performance of the simulated evaluator. For example, one important factor in performance

is how e�ciently the evaluator uses the stack. We can observe the number of stack operations

required to evaluate various expressions by de�ning the evaluator register machine with the

version of the simulator that collects statistics on stack use (section 5.2.4), and adding an

instruction at the evaluator’s print_result entry point to print the statistics:

I"print_result",

perform(op("print_stack_statistics")), // added instruction

perform(op("announce_output"), constant("EC-evaluate value:")),

. . . // same as before

Interactions with the evaluator now look like this:

EC−eva lua te input :

function factorial (n) {

return n === 1

? 1

: n * factorial(n - 1);

}

( t o t a l −pushes = 3 maximum−depth = 3)
EC−eva lua te value :
undef ined

EC−eva lua te input :

factorial(5);
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( t o t a l −pushes = 144 maximum−depth = 28)
EC−eva lua te value :
120

Note that the driver loop of the evaluator reinitializes the stack at the start of each interaction,

so that the statistics printed will refer only to stack operations used to evaluate the previous

expression.

Exercise 5.26

Use the monitored stack to explore the tail-recursive property of the evaluator (section 5.4.2).

Start the evaluator and de�ne the iterative factorial function from section 1.2.1:

function factorial(n) {

function iter(product, counter, max_count) {

return counter > max_count

? product

: fact_iter(counter * product,

counter + 1,

max_count);

}

return iter(1, 1, n);

}

Run the function with some small values of n. Record the maximum stack depth and the

number of pushes required to compute n! for each of these values.

a. You will �nd that the maximum depth required to evaluate n! is independent of n. What

is that depth?

b. Determine from your data a formula in terms ofn for the total number of push operations

used in evaluating n! for any n ≥ 1. Note that the number of operations used is a linear

function of n and is thus determined by two constants.

Exercise 5.27

For comparison with exercise 5.26, explore the behavior of the following function for comput-

ing factorials recursively:

function factorial(n) {

return n === 1

? 1

: n * factorial(n - 1);

}

By running this function with the monitored stack, determine, as a function ofn, the maximum
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depth of the stack and the total number of pushes used in evaluating n! for n ≥ 1. (Again, these

functions will be linear.) Summarize your experiments by �lling in the following table with

the appropriate expressions in terms of n:

The maximum depth is a measure of the amount of space used by the evaluator in carrying

out the computation, and the number of pushes correlates well with the time required.

Exercise 5.28

Modify the de�nition of the evaluator by changing eval_sequence as described in section 5.4.2

so that the evaluator is no longer tail-recursive. Rerun your experiments from exercises 5.26

and 5.27 to demonstrate that both versions of the factorial function now require space that

grows linearly with their input.

Exercise 5.29

Monitor the stack operations in the tree-recursive Fibonacci computation:

function fib(n) {

return n < 2 ? n : fib(n - 1) + fib(n - 2);

}

a. Give a formula in terms of n for the maximum depth of the stack required to compute

Fib(n) for n ≥ 2. Hint: In section 1.2.2 we argued that the space used by this process

grows linearly with n.

b. Give a formula for the total number of pushes used to compute Fib(n) for n ≥ 2. You

should �nd that the number of pushes (which correlates well with the time used) grows

exponentially with n. Hint: Let S(n) be the number of pushes used in computing Fib(n).

You should be able to argue that there is a formula that expresses S(n) in terms of S(n−1),

S(n−2), and some �xed “overhead” constant k that is independent of n. Give the formula,

and say what k is. Then show that S(n) can be expressed as aFib(n + 1) + b and give the

values of a and b.
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Exercise 5.30

Our evaluator currently catches and signals only two kinds of errors—unknown expression

types and unknown function types. Other errors will take us out of the evaluator read-eval-

print loop. When we run the evaluator using the register-machine simulator, these errors are

caught by the underlying JavaScript system. This is analogous to the computer crashing when

a user program makes an error.
32

It is a large project to make a real error system work, but it

is well worth the e�ort to understand what is involved here.

a. Errors that occur in the evaluation process, such as an attempt to access an unbound

name, could be caught by changing the lookup operation to make it return a distinguished

condition code, which cannot be a possible value of any user name. The evaluator can

test for this condition code and then do what is necessary to go to signal_error. Find

all of the places in the evaluator where such a change is necessary and �x them. This is

lots of work.

b. Much worse is the problem of handling errors that are signaled by applying primitive

functions such as an attempt to divide by zero or an attempt to extract the head of a

symbol. In a professionally written high-quality system, each primitive application is

checked for safety as part of the primitive. For example, every call to head could �rst

check that the argument is a pair. If the argument is not a pair, the application would

return a distinguished condition code to the evaluator, which would then report the

failure. We could arrange for this in our register-machine simulator by making each

primitive function check for applicability and returning an appropriate distinguished

condition code on failure. Then the primitive_apply code in the evaluator can check

for the condition code and go to signal_error if necessary. Build this structure and

make it work. This is a major project.

5.5 Compilation

The explicit-control evaluator of section 5.4 is a register machine whose controller interprets

JavaScript programs. In this section we will see how to run JavaScript programs on a register

machine whose controller is not a JavaScript interpreter.

The explicit-control evaluator machine is universal—it can carry out any computational

process that can be described in JavaScript. The evaluator’s controller orchestrates the use

of its data paths to perform the desired computation. Thus, the evaluator’s data paths are

32
This manifests itself as, for example, a “kernel panic” or a “blue screen of death” or a spurious reboot, typically

on phones and tablets. Most modern operating systems do a decent job of preventing user programs from causing

an entire machine to crash.
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universal: They are su�cient to perform any computation we desire, given an appropriate

controller.
33

Commercial general-purpose computers are register machines organized around a collection

of registers and operations that constitute an e�cient and convenient universal set of data

paths. The controller for a general-purpose machine is an interpreter for a register-machine

language like the one we have been using. This language is called the native language of the

machine, or simply machine language. Programs written in machine language are sequences

of instructions that use the machine’s data paths. For example, the explicit-control evaluator’s

instruction sequence can be thought of as a machine-language program for a general-purpose

computer rather than as the controller for a specialized interpreter machine.

There are two common strategies for bridging the gap between higher-level languages and

register-machine languages. The explicit-control evaluator illustrates the strategy of interpre-

tation. An interpreter written in the native language of a machine con�gures the machine

to execute programs written in a language (called the source language) that may di�er from

the native language of the machine performing the evaluation. The primitive functions of the

source language are implemented as a library of subroutines written in the native language of

the given machine. A program to be interpreted (called the source program) is represented as

a data structure. The interpreter traverses this data structure, analyzing the source program.

As it does so, it simulates the intended behavior of the source program by calling appropriate

primitive subroutines from the library.

In this section, we explore the alternative strategy of compilation. A compiler for a given

source language and machine translates a source program into an equivalent program (called

the object program) written in the machine’s native language. The compiler that we implement

in this section translates programs written in JavaScript into sequences of instructions to be

executed using the explicit-control evaluator machine’s data paths.
34

Compared with interpretation, compilation can provide a great increase in the e�ciency of

program execution, as we will explain below in the overview of the compiler. On the other hand,

an interpreter provides a more powerful environment for interactive program development

and debugging, because the source program being executed is available at run time to be

examined and modi�ed. In addition, because the entire library of primitives is present, new

33
This is a theoretical statement. We are not claiming that the evaluator’s data paths are a particularly con-

venient or e�cient set of data paths for a general-purpose computer. For example, they are not very good for

implementing high-performance �oating-point calculations or calculations that intensively manipulate bit vec-

tors.

34
Actually, the machine that runs compiled code can be simpler than the interpreter machine, because we

won’t use the exp and unev registers. The interpreter used these to hold pieces of unevaluated expressions. With

the compiler, however, these expressions get built into the compiled code that the register machine will run. For

the same reason, we don’t need the machine operations that deal with expression syntax. But compiled code

will use a few additional machine operations (to represent compiled function objects) that didn’t appear in the

explicit-control evaluator machine.
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programs can be constructed and added to the system during debugging.

In view of the complementary advantages of compilation and interpretation, modern program-

development environments pursue a mixed strategy. JavaScript interpreters are generally or-

ganized so that interpreted functions and compiled functions can call each other. This enables

a programmer to compile those parts of a program that are assumed to be debugged, thus gain-

ing the e�ciency advantage of compilation, while retaining the interpretive mode of execution

for those parts of the program that are in the �ux of interactive development and debugging.

In section 5.5.7, after we have implemented the compiler, we will show how to interface it with

our interpreter to produce an integrated interpreter-compiler development system.

An overview of the compiler

Our compiler is much like our interpreter, both in its structure and in the function it performs.

Accordingly, the mechanisms used by the compiler for analyzing expressions will be similar to

those used by the interpreter. Moreover, to make it easy to interface compiled and interpreted

code, we will design the compiler to generate code that obeys the same conventions of register

usage as the interpreter: The environment will be kept in the env register, argument lists will

be accumulated in argl, a function to be applied will be in fun, functions will return their

answers in val, and the location to which a function should return will be kept in continue.

In general, the compiler translates a source program into an object program that performs

essentially the same register operations as would the interpreter in evaluating the same source

program.

This description suggests a strategy for implementing a rudimentary compiler: We traverse

the expression in the same way the interpreter does. When we encounter a register instruc-

tion that the interpreter would perform in evaluating the expression, we do not execute the

instruction but instead accumulate it into a sequence. The resulting sequence of instructions

will be the object code. Observe the e�ciency advantage of compilation over interpretation.

Each time the interpreter evaluates an expression—for example, f(84, 96)—it performs the

work of classifying the expression (discovering that this is a function application) and test-

ing for the end of the list of argument expressions (discovering that there are two argument

expressions). With a compiler, the expression is analyzed only once, when the instruction

sequence is generated at compile time. The object code produced by the compiler contains

only the instructions that evaluate the function expression and the two argument expressions,

assemble the argument list, and apply the function (in fun) to the arguments (in argl).

This is the same kind of optimization we implemented in the analyzing evaluator of sec-

tion 4.1.7. But there are further opportunities to gain e�ciency in compiled code. As the

interpreter runs, it follows a process that must be applicable to any expression in the language.
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In contrast, a given segment of compiled code is meant to execute some particular expression.

This can make a big di�erence, for example in the use of the stack to save registers. When

the interpreter evaluates an expression, it must be prepared for any contingency. Before eval-

uating a subexpression, the interpreter saves all registers that will be needed later, because

the subexpression might require an arbitrary evaluation. A compiler, on the other hand, can

exploit the structure of the particular expression it is processing to generate code that avoids

unnecessary stack operations.

As a case in point, consider the combination f(84, 96). Before the interpreter evaluates the

function expression of the application it prepares for this evaluation by saving the registers

containing the argument expressions and the environment, whose values will be needed later.

The interpreter then evaluates the function expression to obtain the result in val, restores

the saved registers, and �nally moves the result from val to fun. However, in the particular

expression we are dealing with, the function expression is the symbol f, whose evaluation

is accomplished by the machine operation lookup_symbol_value, which does not alter any

registers. The compiler that we implement in this section will take advantage of this fact and

generate code that evaluates the function expression using the instruction

assign("fun", op("lookup_symbol_value"), constant("f"), reg("env"));

This code not only avoids the unnecessary saves and restores but also assigns the value of the

lookup directly to fun, whereas the interpreter would obtain the result in val and then move

this to fun.

A compiler can also optimize access to the environment. Having analyzed the code, the

compiler can in many cases know in which frame a particular name will be located and access

that frame directly, rather than performing the lookup_symbol_value search. We will discuss

how to implement such name access in section 5.5.6. Until then, however, we will focus on the

kind of register and stack optimizations described above. There are many other optimizations

that can be performed by a compiler, such as coding primitive operations “in line” instead of

using a general apply mechanism (see exercise 5.38); but we will not emphasize these here.

Our main goal in this section is to illustrate the compilation process in a simpli�ed (but still

interesting) context.
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5.5.1 Structure of the Compiler

In section 4.1.7 we modi�ed our original metacircular interpreter to separate analysis from

execution. We analyzed each expression to produce an execution function that took an en-

vironment as argument and performed the required operations. In our compiler, we will do

essentially the same analysis. Instead of producing execution functions, however, we will

generate sequences of instructions to be run by our register machine.

The function compile is the top-level dispatch in the compiler. It corresponds to the eval

function of section 4.1.1, the analyze function of section 4.1.7, and the eval_dispatch entry

point of the explicit-control-evaluator in section 5.4.1. The compiler, like the interpreters, uses

the expression-syntax functions de�ned in section 4.1.2.
35 Compile performs a case analysis on

the syntactic type of the expression to be compiled. For each type of expression, it dispatches

to a specialized code generator:

function compile(stmt, target, linkage) {

return is_self_evaluating(stmt)

? compile_self_evaluating(stmt, target, linkage)

: is_name(stmt)

? compile_name(stmt, target, linkage)

: is_constant_declaration(stmt)

? compile_constant_declaration(stmt, target, linkage)

: is_variable_declaration(stmt)

? compile_variable_declaration(stmt, target, linkage)

: is_assignment(stmt)

? compile_assignment(stmt, target, linkage)

: is_conditional_expression(stmt)

? compile_conditional_expression(stmt, target, linkage)

: is_lambda_expression(stmt)

? compile_lambda_expression(stmt, target, linkage)

: is_sequence(stmt)

? compile_sequence(sequence_statements(stmt), target, linkage)

: is_block(stmt)

? compile_block(stmt, target, linkage)

: is_return_statement(stmt)

? compile_return_statement(stmt, target, linkage)

: is_application(stmt)

? compile_application(stmt, target, linkage)

: error(stmt, "Unknown statement type -- compile");

}

35
Notice, however, that our compiler is a Scheme program, and the syntax functions that it uses to manipulate

expressions are the actual Scheme functions used with the metacircular evaluator. For the explicit-control eval-

uator, in contrast, we assumed that equivalent syntax operations were available as operations for the register

machine. (Of course, when we simulated the register machine in Scheme, we used the actual Scheme functions

in our register machine simulation.)
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Targets and linkages

The function compile and the code generators that it calls take two arguments in addition to

the expression to compile. There is a target, which speci�es the register in which the compiled

code is to return the value of the expression. There is also a linkage descriptor, which describes

how the code resulting from the compilation of the expression should proceed when it has

�nished its execution. The linkage descriptor can require that the code do one of the following

three things:

– continue at the next instruction in sequence (this is speci�ed by the linkage descriptor

"next"),

– return from the function being compiled (this is speci�ed by the linkage descriptor

"return"), or

– jump to a named entry point (this is speci�ed by using the designated label as the linkage

descriptor).

For example, compiling the expression 5 (which is self-evaluating) with a target of the val

register and a linkage of "next" should produce the instruction

assign("val", constant(5));

Compiling the same expression with a linkage of "return" should produce the instructions

assign("val", constant(5));

go_to(reg("continue"));

In the �rst case, execution will continue with the next instruction in the sequence. In the

second case, we will return from a function call. In both cases, the value of the expression will

be placed into the target val register.

Instruction sequences and stack usage

Each code generator returns an instruction sequence containing the object code it has generated

for the expression. Code generation for a compound expression is accomplished by combining

the output from simpler code generators for component expressions, just as evaluation of a

compound expression is accomplished by evaluating the component expressions.

The simplest method for combining instruction sequences is a function called append_instruction_sequences.

It takes as arguments two instruction sequences that are to be executed sequentially; it ap-

pends them and returns the combined sequence. That is, if seq1 and seq2 are sequences of

instructions, then evaluating

append_instruction_sequences(seq1, seq2)
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produces the sequence

seq1

seq2

Whenever registers might need to be saved, the compiler’s code generators use preserving,

which is a more subtle method for combining instruction sequences. The function preserving

takes three arguments: a set of registers and two instruction sequences that are to be executed

sequentially. It appends the sequences in such a way that the contents of each register in the set

is preserved over the execution of the �rst sequence, if this is needed for the execution of the

second sequence. That is, if the �rst sequence modi�es the register and the second sequence

actually needs the register’s original contents, then preserving wraps a save and a restore of

the register around the �rst sequence before appending the sequences. Otherwise, preserving

simply returns the appended instruction sequences. Thus, for example,

preserving(list(reд1, reд2), seq1, seq2);

produces one of the following four sequences of instructions, depending on how seq
1

and seq
2

use reg
1

and reg
2
:

seq
1

save(reg
1
) save(reg

2
) save(reg

2
)

seq
2

seq
1

seq
1

save(reg
1
)

restore(reg
1
) restore(reg

2
) seq

1

seq
2

seq
2

restore(reg
1
)

restore(reg
2
)

seq
2

By using preserving to combine instruction sequences the compiler avoids unnecessary

stack operations. This also isolates the details of whether or not to generate save and restore

instructions within the preserving function, separating them from the concerns that arise

in writing each of the individual code generators. In fact no save or restore instructions are

explicitly produced by the code generators.

In principle, we could represent an instruction sequence simply as a list of instructions.

The function append_instruction_sequences could then combine instruction sequences by

performing an ordinary list append. However, preserving would then be a complex operation,

because it would have to analyze each instruction sequence to determine how the sequence

uses its registers. Preserving would be ine�cient as well as complex, because it would have

to analyze each of its instruction sequence arguments, even though these sequences might

themselves have been constructed by calls to preserving, in which case their parts would

have already been analyzed. To avoid such repetitious analysis we will associate with each

instruction sequence some information about its register use. When we construct a basic
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instruction sequence we will provide this information explicitly, and the functions that combine

instruction sequences will derive register-use information for the combined sequence from

the information associated with the component sequences.

An instruction sequence will contain three pieces of information:

– the set of registers that must be initialized before the instructions in the sequence are

executed (these registers are said to be needed by the sequence),

– the set of registers whose values are modi�ed by the instructions in the sequence, and

– the actual instructions in the sequence.

We will represent an instruction sequence as a list of its three parts. The constructor for

instruction sequences is thus

function make_instruction_sequence(needs, modifies, instructions) {

return list(needs, modifies, instructions);

}

For example, the two-instruction sequence that looks up the value of the name x in the

current environment, assigns the result to val, and then returns, requires registers env and

continue to have been initialized, and modi�es register val. This sequence would therefore

be constructed as

make_instruction_sequence(

list("env", "continue"),

list("val"),

list(assign("val", list(op("lookup_symbol_value"),

constant("x"), reg("env"))),

go_to(reg("continue"))));

We sometimes need to construct an instruction sequence with no instructions:

function empty_instruction_sequence() {

return make_instruction_sequence(null, null, null);

}

The functions for combining instruction sequences are shown in section 5.5.4.

Exercise 5.31

In evaluating a function application, the explicit-control evaluator always saves and restores

the env register around the evaluation of the operator, saves and restores env around the

evaluation of each operand (except the �nal one), saves and restores argl around the evaluation

of each operand, and saves and restores proc around the evaluation of the operand sequence.

For each of the following combinations, say which of these save and restore operations are

super�uous and thus could be eliminated by the compiler’s preserving mechanism:
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f("x", "y")

f()("x", "y")

f(g("x"), y)

f(g("x"), "y")

Exercise 5.32

Using the preserving mechanism, the compiler will avoid saving and restoring env around

the evaluation of the function expression of an application in the case where the function

expression is a name. We could also build such optimizations into the evaluator. Indeed, the

explicit-control evaluator of section 5.4 already performs a similar optimization, by treating

applications with no arguments as a special case.

a. Extend the explicit-control evaluator to recognize as a separate class of statements ap-

plications whose function expression is a name, and to take advantage of this fact in

evaluating such statements.

b. Alyssa P. Hacker suggests that by extending the evaluator to recognize more and more

special cases we could incorporate all the compiler’s optimizations, and that this would

eliminate the advantage of compilation altogether. What do you think of this idea?

5.5.2 Compiling Statements and Expressions

In this section and the next we implement the code generators to which the compile function

dispatches.

Compiling linkage code

In general, the output of each code generator will end with instructions—generated by the

function compile_linkage—that implement the required linkage. If the linkage is "return"

then we must generate the instruction go_to(reg("continue")). This needs the continue

register and does not modify any registers. If the linkage is "return_undefined", we insert

an assignment instruction before the go_to, which assigns the current target register to the

constant undefined. The target register must be treated as modi�ed in this case. If the linkage

is "next", then we needn’t include any additional instructions. Otherwise, the linkage is a

label, and we generate a go_to to that label, an instruction that does not need or modify any

registers.

function compile_linkage(target, linkage) {
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return linkage === "return"

? make_instruction_sequence(

list("continue"),

null,

list(go_to(reg("continue"))))

: linkage === "return_undefined"

? make_instruction_sequence(

list("continue"),

list(target),

list(assign(target, constant(undefined)),

go_to(reg("continue"))))

: linkage === "next"

? empty_instruction_sequence()

: make_instruction_sequence(null, null,

list(go_to(label(linkage))));

}

The linkage code is appended to an instruction sequence by preserving the continue reg-

ister, since a "return" linkage will require the continue register: If the given instruction

sequence modi�es continue and the linkage code needs it, continue will be saved and re-

stored.

function end_with_linkage(target, linkage, instruction_sequence) {

return preserving(list("continue"),

instruction_sequence,

compile_linkage(target, linkage));

}

Compiling simple expressions

The code generators for self-evaluating expressions and names construct instruction sequences

that assign the required value to the target register and then proceed as speci�ed by the linkage

descriptor.

function compile_self_evaluating(exp, target, linkage) {

return end_with_linkage(target, linkage,

make_instruction_sequence(

null,

list(target),

list(assign(target, constant(exp)))));

}

function compile_name(exp, target, linkage) {

return end_with_linkage(target, linkage,

make_instruction_sequence(list("env"), list(target),

list(assign(target,

list(op("lookup_symbol_value"),
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constant(exp), reg("env"))))));

}

All these assignment instructions modify the target register, and the one that looks up a

name needs the env register.

Assignments and the two kinds of declaration are handled much as they are in the inter-

preter. The three functions use the function compile_assignment_returning, whose parame-

ter return_val lets declarations return undefined and assignments return the assigned value.

In compile_assignment_returning, we recursively generate code that computes the value to

be assigned to the variable, and append to it a two-instruction sequence that actually sets the

variable and assigns the value of the whole statement to the target register. The recursive

compilation has target val and linkage "next" so that the code will put its result into val and

continue with the code that is appended after it. The appending is done preserving env, since

the environment is needed for setting or de�ning the variable and the code for the variable

value could be the compilation of a complex expression that might modify the registers in

arbitrary ways.

function compile_assignment(stmt, target, linkage) {

const symbol = assignment_symbol(stmt);

const value_code =

compile(assignment_value(stmt), "val", "next");

return compile_assignment_returning(symbol,

value_code, target, linkage, reg("val"));

}

function compile_constant_declaration(stmt, target, linkage) {

const symbol = constant_declaration_symbol(stmt);

const value_code =

compile(constant_declaration_value(stmt), "val", "next");

return compile_assignment_returning(symbol,

value_code, target, linkage, constant(undefined));

}

function compile_variable_declaration(stmt, target, linkage) {

const variable = variable_declaration_symbol(stmt);

const value_code =

compile(variable_declaration_value(stmt), "val", "next");

return compile_assignment_returning(variable,

value_code, target, linkage, constant(undefined));

}

function compile_assignment_returning(

symbol, value_code, target, linkage, return_val) {

return end_with_linkage(target, linkage,

preserving(
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list("env"),

value_code,

make_instruction_sequence(

list("env", "val"),

list(target),

list(perform(

list(op("assign_symbol_value"),

constant(symbol),

reg("val"),

reg("env"))),

assign(target, return_val)))));

}

The appended two-instruction sequence requires env and val and modi�es the target. Note

that although we preserve env for this sequence, we do not preserve val, because the get_value_code

is designed to explicitly place its result in val for use by this sequence. (In fact, if we did pre-

serve val, we would have a bug, because this would cause the previous contents of val to be

restored right after the get_value_code is run.)

Compiling conditional expressions

The code for a conditional expression compiled with a given target and linkage has the form

〈compilation o f predicate, tarдet val, linkaдe next〉

test(list(op("is_false"), reg("val"))),

branch(label("false_branch")),

"true_branch",

〈compilation o f consequent with дiven tarдet and дiven linkaдe or after_cond〉

"false_branch",

〈compilation o f alternative with дiven tarдet and linkaдe〉
"after_cond"

To generate this code, we compile the predicate, consequent, and alternative, and combine

the resulting code with instructions to test the predicate result and with newly generated labels

to mark the true and false branches and the end of the conditional.
36

In this arrangement of

36
We can’t just use the labels true_branch, false_branch, and after_cond as shown above, because there

might be more than one if in the program. The compiler uses the function make_label to generate labels. The

function make_label takes a symbol as argument and returns a new symbol that begins with the given symbol.

For example, successive calls to make_label("a") would return a1, a2, and so on. The function make_label can

be implemented similarly to the generation of unique variable names in the query language, as follows:

let label_counter = 0;

function new_label_number() {
label_counter = label_counter + 1;
return label_counter;

}
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code, we must branch around the true branch if the test is false. The only slight complication

is in how the linkage for the true branch should be handled. If the linkage for the conditional

is "return" or a label, then the true and false branches will both use this same linkage. If the

linkage is "next", the true branch ends with a jump around the code for the false branch to

the label at the end of the conditional.

function compile_conditional_expression(stmt, target, linkage) {

let t_branch = make_label("true_branch");

let f_branch = make_label("false_branch");

let after_cond = make_label("after_cond");

let consequent_linkage =

linkage === "next" ? after_cond : linkage;

let p_code = compile(cond_expr_pred(stmt), "val", "next");

let c_code = compile(cond_expr_cons(stmt),

target, consequent_linkage);

let a_code = compile(cond_expr_alt(stmt),

target, linkage);

return preserving(

list("env", "continue"),

p_code,

append_instruction_sequences(

make_instruction_sequence(

list("val"),

list(),

list(test(list(op("is_false"), reg("val"))),

branch(label(f_branch)))),

append_instruction_sequences(

parallel_instruction_sequences(

append_instruction_sequences(t_branch, c_code),

append_instruction_sequences(f_branch, a_code)),

after_cond)));

}

The register env is preserved around the predicate code because it could be needed by the

true and false branches, and continue is preserved because it could be needed by the linkage

code in those branches. The code for the true and false branches (which are not executed se-

quentially) is appended using a special combiner parallel_instruction_sequences described

in section 5.5.4.

function make_label(name) {
return name + stringify(new_label_number());

}
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Compiling sequences

The compilation of sequences (from function bodies or explicit begin expressions) parallels

their evaluation. Each expression of the sequence is compiled—the last expression with the

linkage speci�ed for the sequence, and the other expressions with linkage "next" (to execute

the rest of the sequence). The instruction sequences for the individual expressions are appended

to form a single instruction sequence, such that env (needed for the rest of the sequence) and

continue (possibly needed for the linkage at the end of the sequence) are preserved.

function compile_sequence(seq, target, linkage) {

return is_last_statement(seq)

? compile(first_statement(seq), target, linkage)

: preserving(

list("env", "continue"),

compile(first_statement(seq), target, "next"),

compile_sequence(rest_statements(seq), target, linkage));

}

Compiling lambda expressions

Lambda expressions construct functions. The object code for a lambda expression must have

the form

〈construct f unction object and assiдn it to tarдet reдister 〉
〈linkaдe〉

When we compile the lambda expression, we also generate the code for the function body.

Although the body won’t be executed at the time of function construction, it is convenient to

insert it into the object code right after the code for the lambda expression. If the linkage for

the lambda expression is a label or "return", this is �ne. But if the linkage is "next", we will

need to skip around the code for the function body by using a linkage that jumps to a label

that is inserted after the body. The object code thus has the form

〈construct f unction object and assiдn it to tarдet reдister 〉
〈code f or дiven linkaдe〉 or go_to(label("after_lambda"))

〈compilation o f f unction body〉
"after_lambda",

The function compile_lambda generates the code for constructing the function object fol-

lowed by the code for the function body. The function object will be constructed at run time

by combining the current environment (the environment at the point of de�nition) with the

entry point to the compiled function body (a newly generated label).
37

37
We need machine operations to implement a data structure for representing compiled functions, analogous

to the structure for compound functions described in section 4.1.3:
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function compile_lambda_expression(exp, target, linkage) {

let fun_entry = make_label("entry");

let after_lambda = make_label("after_lambda");

let lambda_linkage =

linkage === "next" ? after_lambda : linkage;

return append_instruction_sequences(

tack_on_instruction_sequence(

end_with_linkage(target, lambda_linkage,

make_instruction_sequence(list("env"), list(target),

list(assign(target,

list(op("make_compiled_function"),

label(fun_entry), reg("env")))))),

compile_lambda_body(exp, fun_entry)),

after_lambda);

}

The function compile_lambda_expression uses the special combinertack_on_instruction_sequence

(section 5.5.4) rather than append_instruction_sequences to append the function body to the

lambda expression code, because the body is not part of the sequence of instructions that will

be executed when the combined sequence is entered; rather, it is in the sequence only because

that was a convenient place to put it.

The function compile_lambda_body constructs the code for the body of the function. This

code begins with a label for the entry point. Next come instructions that will cause the run-

time evaluation environment to switch to the correct environment for evaluating the function

body—namely, the de�nition environment of the function, extended to include the bindings of

the formal parameters to the arguments with which the function is called. After this comes the

code for the sequence of expressions that makes up the function body. The body is compiled

with linkage "return_undefined" so that it will end by returning from the function with

the return value undefined unless the compiled code runs code that stems from compiling a

return statement. The target is val so that the return value (or undefined) will be in val.

function make_compiled_function(entry, env) {
return list("compiled_function", entry, env);

}

function is_compiled_function(proc) {
return is_tagged_list(proc, "compiled_function");

}

function compiled_function_entry(c_proc) {
return head(tail(c_proc));

}

function compiled_function_env(c_proc) {
return head(tail(tail(c_proc)));

}
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function compile_lambda_body(exp, fun_entry) {

let formals = lambda_parameters(exp);

return append_instruction_sequences(

make_instruction_sequence(

list("env", "fun", "argl"),

list("env"),

list(fun_entry,

assign("env", list(op("compiled_function_env"),

reg("fun"))),

assign("env", list(op("extend_environment"),

constant(formals),

reg("argl"),

reg("env"))))),

compile(lambda_body(exp), "val", "return_undefined"));

}

Compiling return statements

JavaScript’s return statements are compiled such that the compiled code returns to the caller

of the current function the result of running the code of the return expression, ignoring the

current linkage.

function compile_return_statement(stmt, target, linkage) {

return compile(return_expression(stmt), target, "return");

}

Compiling blocks

A block is compiled by prepending an assignment instruction to the compiled body of the

block. The assignment extends the current environment with bindings of the declared names

of the block to the value "*unassigned*". This a�ects neither target nor linkage.

function compile_block(stmt, target, linkage) {

const body = block_body(stmt);

const locals = scan_out_declarations(body);

const unassigneds = list_of_unassigned(locals);

return append_instruction_sequences(

make_instruction_sequence(

list("env", "fun", "argl"),

list("env"),

list(assign("env", list(op("extend_environment"),

constant(locals),

constant(unassigneds),

reg("env"))))),

compile(body(stmt), target, linkage));
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}

5.5.3 Compiling Applications

The essence of the compilation process is the compilation of function applications. The code

for an application compiled with a given target and linkage has the form

〈compilation o f f unction expression, tarдet fun, linkaдe next〉

〈evaluate arд expressions and construct arд list in argl〉

〈compilation o f f unction call with дiven tarдet and linkaдe〉

The registers env, fun, and argl may have to be saved and restored during evaluation of the

function and argument expressions. Note that this is the only place in the compiler where a

target other than val is speci�ed.

The required code is generated by compile_application. This recursively compiles the op-

erator, to produce code that puts the function to be applied into fun, and compiles the operands,

to produce code that evaluates the individual operands of the application. The instruction se-

quences for the operands are combined (by construct_arglist) with code that constructs the

list of arguments in argl, and the resulting argument-list code is combined with the function

code and the code that performs the function call (produced by compile_function_call). In

appending the code sequences, the env register must be preserved around the evaluation of the

operator (since evaluating the operator might modify env, which will be needed to evaluate the

operands), and the fun register must be preserved around the construction of the argument list

(since evaluating the operands might modify fun, which will be needed for the actual function

application). Continue must also be preserved throughout, since it is needed for the linkage

in the function call.

function compile_application(exp, target, linkage) {

const fun_code = compile(function_expression(exp), "fun", "next");

const arguments_codes =

map(arg => compile(arg, "val", "next"),

args(exp));

return preserving(list("env", "continue"),

fun_code,

preserving(list("fun", "continue"),

construct_arglist(arguments_codes),

compile_function_call(target, linkage)));

}

The code to construct the argument list will evaluate each argument into val and then pair

that value onto the argument list being accumulated in argl. Since we pair the arguments

onto argl in sequence, we must start with the last argument and end with the �rst, so that

the arguments will appear in order from �rst to last in the resulting list. Rather than waste an
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instruction by initializing argl to the empty list to set up for this sequence of evaluations, we

make the �rst code sequence construct the initial argl. The general form of the argument-list

construction is thus as follows:

〈compilation o f last arдument , tarдeted to val〉

assign("argl", list(op("list"), reg("val")));

〈compilation o f next arдument , tarдeted to val〉

assign("argl", list(op("pair"), reg("val"), reg("argl")));

. . .
〈compilation o f f irst arдument , tarдeted to val〉

assign("argl", list(op("pair"), reg("val"), reg("argl")));

The register argl must be preserved around each argument evaluation except the �rst (so

that arguments accumulated so far won’t be lost), and env must be preserved around each

subsequent operand evaluations).

Compiling this argument code is a bit tricky, because of the special treatment of the �rst

operand to be evaluated and the need to preserve argl and env in di�erent places. The

construct_arglist function takes as arguments the code that evaluates the individual operands.

If there are no operands at all, it simply emits the instruction

assign(argl, constant(null));

Otherwise, construct_arglist creates code that initializes argl with the last argument, and

appends code that evaluates the rest of the arguments and adjoins them to argl in succession.

In order to process the arguments from last to �rst, we must reverse the list of operand code

sequences from the order supplied by compile_application.

function construct_arglist(arg_codes) {

const rev_arg_codes = reverse(arg_codes);

if (is_null(arg_codes)) {

return make_instruction_sequence(

null,

list("argl"),

list(assign("argl", constant(null))));

} else {

const code_to_get_last_arg =

append_instruction_sequences(

head(rev_arg_codes),

make_instruction_sequence(

list("val"),

list("argl"),

list(assign("argl", list(op("list"),

reg("val"))))));

return is_null(tail(rev_arg_codes))

? code_to_get_last_arg
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: preserving(

list("env"),

code_to_get_last_arg,

code_to_get_rest_args(tail(rev_arg_codes)));

}

}

function code_to_get_rest_args(arg_codes) {

const code_for_next_arg = preserving(

list("argl"),

head(arg_codes),

make_instruction_sequence(

list("val", "argl"),

list("argl"),

list(assign("argl", list(op("pair"),

reg("val"), reg("argl"))))));

return is_null(tail(arg_codes))

? code_for_next_arg

: preserving(list("env"),

code_for_next_arg,

code_to_get_rest_args(tail(arg_codes)));

}

Applying functions

After evaluating the elements of a combination, the compiled code must apply the func-

tion in fun to the arguments in argl. The code performs essentially the same dispatch as

the apply function in the meta-circular evaluator of section 4.1.1 or the apply_dispatch en-

try point in the explicit-control evaluator of section 5.4.1. It checks whether the function

to be applied is a primitive function or a compiled function. For a primitive function, it

uses apply_primitive_function; we will see shortly how it handles compiled functions. The

function-application code has the following form:

test(op("primitive_function"), reg("fun")),

branch(label("primitive_branch")),

"compiled_branch",

〈code to apply compiled f unction with дiven tarдet and appropriate linkaдe〉
"primitive_branch",

assign(tarдet,
list(op("apply_primitive_function"),

reg("fun"),

reg("argl")))

linkaдe
"after_call"

Observe that the compiled branch must skip around the primitive branch. Therefore, if the
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linkage for the original function call was "next", the compound branch must use a linkage

that jumps to a label that is inserted after the primitive branch. (This is similar to the linkage

used for the true branch in compile_if.)

function compile_function_call(target, linkage) {

const primitive_branch = make_label("primitive_branch");

const compiled_branch = make_label("compiled_branch");

const after_call = make_label("after_call");

const compiled_linkage = linkage === "next" ? after_call : linkage;

return append_instruction_sequences(

make_instruction_sequence(

list("fun"),

list(),

list(test(list(op("is_primitive_function"), reg("fun"))),

branch(label(primitive_branch)))),

append_instruction_sequences(

parallel_instruction_sequences(

append_instruction_sequences(

compiled_branch,

compile_fun_appl(target, compiled_linkage)),

append_instruction_sequences(

primitive_branch,

end_with_linkage(target, linkage,

make_instruction_sequence(

list("fun", "argl"),

list(target),

list(assign(target,

list(op("apply_primitive_function"),

reg("fun"), reg("argl")))))))),

after_call));

}

The primitive and compound branches, like the true and false branches in compile_if, are ap-

pended using parallel_instruction_sequences rather than the ordinary append_instruction_sequences,

because they will not be executed sequentially.

Applying compiled functions

The code that handles function application is the most subtle part of the compiler, even though

the instruction sequences it generates are very short. A compiled function (as constructed by

compile_lambda) has an entry point, which is a label that designates where the code for the

function starts. The code at this entry point computes a result in val and returns by executing

the instruction go_to(reg("continue")). Thus, we might expect the code for a compiled-

function application (to be generated by compile_fun_appl) with a given target and linkage

to look like this if the linkage is a label
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assign("continue", label("fun_return")),

assign("val", list(op("compiled_function_entry"), reg("fun"))),

go_to(reg("val")),

"fun_return",

assign(tarдet, reg("val")), // included if target is not val

go_to(label(linkaдe)), // linkage code

or like this if the linkage is "return".

save("continue"),

assign("continue", label("fun_return")),

assign("val", list(op("compiled_function_entry"), reg("fun"))),

go_to(reg("val")),

"fun_return",

assign(tarдet, reg("val")), // included if target is not val

restore("continue"),

go_to(reg("continue")), // linkage code

This code sets up continue so that the function will return to a label fun_return and jumps

to the function’s entry point. The code at fun_return transfers the function’s result from val

to the target register (if necessary) and then jumps to the location speci�ed by the linkage.

(The linkage is always "return" or a label, because compile_function_call replaces a "next"

linkage for the compound-function branch by an after_call label.)

In fact, if the target is not val, that is exactly the code our compiler will generate.
38

Usually,

however, the target is val (the only time the compiler speci�es a di�erent register is when

targeting the evaluation of an operator to fun), so the function result is put directly into the

target register and there is no need to return to a special location that copies it. Instead, we

simplify the code by setting up continue so that the function will “return” directly to the place

speci�ed by the caller’s linkage:

〈set up continue f or linkaдe〉
assign("val", list(op("compiled_function_entry"), reg("fun"))),

go_to(reg("val")),

If the linkage is a label, we set up continue so that the function will return to that la-

bel. (That is, the go_to(reg("continue")) the function ends with becomes equivalent to the

go_to(label( 〈linkaдe〉 )) at fun_return above.)

assign("continue", label(linkaдe)),
assign("val", list(op("compiled_function_entry"), reg("fun"))),

go_to(reg("val")),

If the linkage is "return", we don’t need to set up continue at all: It already holds the desired

38
Actually, we signal an error when the target is not val and the linkage is "return", since the only place we

request "return" linkages is in compiling functions, and our convention is that functions return their values in

val.
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location. (That is, the go_to(reg("continue")) the function ends with goes directly to the

place where the go_to(reg("continue")) at fun_return would have gone.)

assign("val", list(op("compiled_function_entry"), reg("fun"))),

go_to(reg("val")),

With this implementation of the "return" linkage, the compiler generates tail-recursive

code. Calling a function as the �nal step in a function body does a direct transfer, without

saving any information on the stack.

Suppose instead that we had handled the case of a function call with a linkage of "return"

and a target of val as shown above for a non-val target. This would destroy tail recursion. Our

system would still give the same value for any expression. But each time we called a function,

we would save continue and return after the call to undo the (useless) save. These extra saves

would accumulate during a nest of function calls.
39

Compile_fun_appl generates the above function-application code by considering four cases,

depending on whether the target for the call is val and whether the linkage is "return". Ob-

serve that the instruction sequences are declared to modify all the registers, since executing the

function body can change the registers in arbitrary ways.
40

Also note that the code sequence

for the case with target val and linkage "return" is declared to need continue: Even though

continue is not explicitly used in the two-instruction sequence, we must be sure that continue

will have the correct value when we enter the compiled function.

function compile_fun_appl(target, linkage) {

if (target === "val" && linkage !== "return") {

return make_instruction_sequence(

list("fun"),

all_regs,

list(

assign("continue", label(linkage)),

assign("val", list(op("compiled_function_entry"),

reg("fun"))),

39
Making a compiler generate tail-recursive code might seem like a straightforward idea. But most compilers

for common languages, including C and Pascal, do not do this, and therefore these languages cannot represent

iterative processes in terms of function call alone. The di�culty with tail recursion in these languages is that

their implementations use the stack to store function arguments and local names as well as return addresses.

The JavaScript implementations described in this book store arguments and names in memory to be garbage-

collected. The reason for using the stack for names and arguments is that it avoids the need for garbage collection

in languages that would not otherwise require it, and is generally believed to be more e�cient. Sophisticated

JavaScript compilers can, in fact, use the stack for arguments without destroying tail recursion. (See Hanson

1990 for a description.) There is also some debate about whether stack allocation is actually more e�cient than

garbage collection in the �rst place, but the details seem to hinge on �ne points of computer architecture. (See

Appel 1987 and Miller and Rozas 1994 for opposing views on this issue.)

40
The constant all_regs is bound to the list of names of all the registers:

const all_regs = list("env", "fun", "val", "argl", "continue");
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go_to(reg("val"))));

} else if (target !== "val" && linkage !== "return") {

const fun_return = make_label("fun_return");

return make_instruction_sequence(

list("fun"),

all_regs,

list(

assign("continue", label(fun_return)),

assign("val", list(op("compiled_function_entry"),

reg("fun"))),

go_to(reg("val")),

fun_return,

assign(target, reg("val")),

go_to(label(linkage))));

} else if (target === "val" && linkage === "return") {

return make_instruction_sequence(

list("fun", "continue"),

all_regs,

list(

assign("val", list(op("compiled_function_entry"),

reg("fun"))),

go_to(reg("val"))));

} else if (target !== "val" && linkage === "return") {

error(target, "return linkage, target not val -- compile");

} else {}

}

5.5.4 Combining Instruction Sequences

This section describes the details on how instruction sequences are represented and combined.

Recall from section 5.5.1 that an instruction sequence is represented as a list of the registers

needed, the registers modi�ed, and the actual instructions. We will also consider a label (symbol)

to be a degenerate case of an instruction sequence, which doesn’t need or modify any registers.

So to determine the registers needed and modi�ed by instruction sequences we use the selectors

function registers_needed(s) {

return is_string(s) ? null : head(s);

}

function registers_modified(s) {

return is_string(s) ? null : head(tail(s));

}

function instructions(s) {

return is_string(s) ? list(s) : head(tail(tail(s)));
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}

and to determine whether a given sequence needs or modi�es a given register we use the

predicates

function needs_register(seq, reg) {

return ! is_null(member(reg, registers_needed(seq)));

}

function modifies_register(seq, reg) {

return ! is_null(member(reg, registers_modified(seq)));

}

In terms of these predicates and selectors, we can implement the various instruction sequence

combiners used throughout the compiler.

The basic combiner is append_instruction_sequences. This takes as arguments an arbitrary

number of instruction sequences that are to be executed sequentially and returns an instruction

sequence whose statements are the statements of all the sequences appended together. The

subtle point is to determine the registers that are needed and modi�ed by the resulting sequence.

It modi�es those registers that are modi�ed by any of the sequences; it needs those registers

that must be initialized before the �rst sequence can be run (the registers needed by the �rst

sequence), together with those registers needed by any of the other sequences that are not

initialized (modi�ed) by sequences preceding it.

The sequences are appended two at a time by append_2_sequences. This takes two instruc-

tion sequences seq1 and seq2 and returns the instruction sequence whose statements are the

statements of seq1 followed by the statements of seq2, whose modi�ed registers are those

registers that are modi�ed by either seq1 or seq2, and whose needed registers are the registers

needed by seq1 together with those registers needed by seq2 that are not modi�ed by seq1.

(In terms of set operations, the new set of needed registers is the union of the set of regis-

ters needed by seq1 with the set di�erence of the registers needed by seq2 and the registers

modi�ed by seq1.) Thus, append_instruction_sequences is implemented as follows:

function append_instruction_sequences(seq1, seq2) {

return make_instruction_sequence(

list_union(registers_needed(seq1),

list_difference(registers_needed(seq2),

registers_modified(seq1))),

list_union(registers_modified(seq1),

registers_modified(seq2)),

append(instructions(seq1), instructions(seq2)));

}

This function uses some simple operations for manipulating sets represented as lists, similar

to the (unordered) set representation described in section 2.3.3:
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function list_union(s1, s2) {

return is_null(s1)

? s2

: is_null(member(head(s1), s2))

? pair(head(s1), list_union(tail(s1), s2))

: list_union(tail(s1), s2);

}

function list_difference(s1, s2) {

return is_null(s1)

? null

: is_null(member(head(s1), s2))

? pair(head(s1), list_difference(tail(s1), s2))

: list_difference(tail(s1), s2);

}

Preserving, the second major instruction sequence combiner, takes a list of registers regs

and two instruction sequences seq1 and seq2 that are to be executed sequentially. It returns an

instruction sequence whose statements are the statements of seq1 followed by the statements

of seq2, with appropriate save and restore instructions around seq1 to protect the registers

in regs that are modi�ed by seq1 but needed by seq2. To accomplish this, preserving �rst

creates a sequence that has the required saves followed by the statements of seq1 followed by

the required restores. This sequence needs the registers being saved and restored in addition

to the registers needed by seq1, and modi�es the registers modi�ed by seq1 except for the

ones being saved and restored. This augmented sequence and seq2 are then appended in the

usual way. The following function implements this strategy recursively, walking down the list

of registers to be preserved:
41

function preserving(regs, seq1, seq2) {

if (is_null(regs)) {

return append_instruction_sequences(seq1, seq2);

} else {

const first_reg = head(regs);

if (needs_register(seq2, first_reg) &&

modifies_register(seq1, first_reg)) {

return preserving(

tail(regs),

make_instruction_sequence(

list_union(list(first_reg),

registers_needed(seq1)),

list_difference(registers_modified(seq1),

list(first_reg)),

append(list(save(first_reg)),

41
Note that preserving calls append with three arguments. Though the de�nition of append shown in this

book accepts only two arguments, Scheme standardly provides an append function that takes an arbitrary number

of arguments.
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append(instructions(seq1),

list(restore(first_reg))))),

seq2);

} else {

return preserving(tail(regs), seq1, seq2);

}

}

}

Another sequence combiner, tack_on_instruction_sequence, is used by compile_lambda

to append a function body to another sequence. Because the function body is not “in line” to

be executed as part of the combined sequence, its register use has no impact on the register use

of the sequence in which it is embedded. We thus ignore the function body’s sets of needed

and modi�ed registers when we tack it onto the other sequence.

function tack_on_instruction_sequence(seq, body_seq) {

return make_instruction_sequence(

registers_needed(seq),

registers_modified(seq),

append(instructions(seq), instructions(body_seq)));

}

The functions compile_conditional and compile_function_call use a special combiner

called parallel_instruction_sequences to append the two alternative branches that follow

a test. The two branches will never be executed sequentially; for any particular evaluation of

the test, one branch or the other will be entered. Because of this, the registers needed by the

second branch are still needed by the combined sequence, even if these are modi�ed by the

�rst branch.

function parallel_instruction_sequences(seq1, seq2) {

return make_instruction_sequence(

list_union(

registers_needed(seq1),

registers_needed(seq2)),

list_union(

registers_modified(seq1),

registers_modified(seq2)),

append(

instructions(seq1),

instructions(seq2)));

}
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5.5.5 An Example of Compiled Code

Now that we have seen all the elements of the compiler, let us examine an example of compiled

code to see how things �t together. We will compile the declaration of a recursive factorial

function by calling compile:

compile(parse(" \

function factorial(n) { \

return n === 1 \

? 1" \

: n * factorial(n - 1);\

} "),

"val",

"next");

We have speci�ed that the value of the declaration should be placed in the val register. We

don’t care what the compiled code does after executing the declaration so our choice of next

as the linkage descriptor is arbitrary.

The function compile determines that the statement is a constant declaration so it calls

compile_constant_declaration to compile code to compute the value to be assigned (targeted

to val), followed by code to install the declaration, followed by code to put the value of the

declaration (which is the value undefined) into the target register, followed �nally by the

linkage code. Register env is preserved around the computation of the value, because it is

needed in order to install the declaration. Because the linkage is next, there is no linkage code

in this case. The skeleton of the compiled code is thus

〈save env i f modi f ied by code to compute value〉
〈compilation o f declaration value, tarдet val, linkaдe next〉

〈restore env i f saved above〉
perform(list(op("assign_symbol_value"),

constant("factorial"),

reg("val"),

reg("env")),

assign("val", constant(undefined))

The expression that is to be compiled to produce the value for the constant factorial is a

lambda expression whose value is the function that computes factorials. The function compile

handles this by calling compile_lambda, which compiles the function body, labels it as a new

entry point, and generates the instruction that will combine the function body at the new entry

point with the run-time environment and assign the result to val. The sequence then skips

around the compiled function code, which is inserted at this point. The function code itself

begins by extending the function’s declaration environment by a frame that binds the formal

parameter n to the function argument. Then comes the actual function body. Since this code
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for the value of the constant doesn’t modify the env register, the optional save and restore

shown above aren’t generated. (The function code at entry2 isn’t executed at this point, so its

use of env is irrelevant.) Therefore, the skeleton for the compiled code becomes

assign("val", list(op("make_compiled_function"),

label(entry2),

reg("env"))),

go_to(label("after_lambda1")),

"entry2",

assign("env", list(op("compiled_function_env"), reg("fun"))),

assign("env", list(op("extend_environment"),

constant(n),

reg("argl"),

reg("env"))),

〈compilation o f f unction body〉
"after_lambda1",

perform(list(op("assign_symbol_value"),

constant("factorial"),

reg("val"),

reg("env"))),

assign("val", constant(undefined))

A function body is always compiled (by compile_lambda_body) with target val and linkage

return_undefined. The body in this case consists of a single return statement:

return n === 1

? 1

: factorial(n - 1) * n;

The function compile_return_statement compiles the return expression with the same

target val but with linkage return, because the return expression is the last expression to be

evaluated in the body, and its value is to be returned from the function. The return expression

is a conditional expression and thus compile_conditional_expression generates code that

�rst computes the predicate (targeted to val), then checks the result and branches around

the true branch if the predicate is false. Registers env and continue are preserved around the

predicate code, since they may be needed for the rest of the conditional expression. The true

and false branches are both compiled with target val and linkage return. (That is, the value

of the conditional, which is the value computed by either of its branches, is the value of the

function.)

I〈save continue, env i f modi f ied by predicate and needed by branches〉
〈compilation o f predicate, tarдet val, linkaдe next〉

〈restore continue, env i f saved above〉
test(list(op("is_false"), reg("val"))),

branch(label("false_branch4")),

"true_branch5",
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〈compilation o f true branch, tarдet val, linkaдe return〉

"false_branch4",

〈compilation o f f alse branch, tarдet val, linkaдe return〉

"after_cond3",

The predicate n === 1 is a function call. This looks up the function expression (the symbol

"===") and places this value in fun. It then assembles the arguments 1 and the value of n

into argl. Then it tests whether fun contains a primitive or a compound function, and dis-

patches to a primitive branch or a compound branch accordingly. Both branches resume at

the after_call label. The requirements to preserve registers around the evaluation of the

function and argument expressions don’t result in any saving of registers, because in this case

those evaluations don’t modify the registers in question.

assign("fun", list(op("lookup_symbol_value"), constant("==="),

reg("env"))),

assign("val", constant(1)),

assign("argl", list(op("list"), reg("val"))),

assign("val", list(op("lookup_symbol_value"), constant(n),

reg("env"))),

assign("argl", list(op("pair"), reg("val"), reg("argl"))),

test(list(op("primitive_function"), reg("fun"))),

branch(label("primitive_branch17")),

"compiled_branch16",

assign("continue", label("after_call15")),

assign("val", list(op("compiled_function_entry"), reg("fun"))),

go_to(reg("val")),

"primitive_branch17",

assign("val", list(op("apply_primitive_function"), reg("fun"),

reg("argl"))),

"after_call15"

The true branch, which is the constant 1, compiles (with target val and linkage return) to

assign("val", constant(1)),

go_to(reg("continue"))

The code for the false branch is another a function call, where the function is the value

of the symbol "*", and the arguments are n and the result of another function call (a call to

factorial). Each of these calls sets up fun and argl and its own primitive and compound

branches. Figure 5.17 shows the complete compilation of the de�nition of the factorial

function. Notice that the possible save and restore of continue and env around the predicate,

shown above, are in fact generated, because these registers are modi�ed by the function call

in the predicate and needed for the function call and the return linkage in the branches.
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Exercise 5.33

Consider the following de�nition of a factorial function, which is slightly di�erent from the

one given above:

function factorial_alt(n) {

return n === 1

? 1

: n * factorial_alt(n - 1);

}

Compile this function and compare the resulting code with that produced for factorial. Ex-

plain any di�erences you �nd. Does either program execute more e�ciently than the other?

Exercise 5.34

Compile the iterative factorial function

function factorial(n) {

function iter(product, counter) {

return counter > n

? product

: iter(product * counter, counter + 1);

}

return iter(1, 1);

}

Annotate the resulting code, showing the essential di�erence between the code for iterative

and recursive versions of factorial that makes one process build up stack space and the other

run in constant stack space.
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// construct the function and skip over code for the function body

assign("val",

list(op("make-compiled-procedure"), label("entry2"), reg("env"))),

go_to(label("after_lambda1")),

"entry2", // calls to factorial will enter here

assign("env", list(op("compiled_function_env"), reg("fun"))),

assign("env",

list(op("extend_environment"), constant(list("n")),

reg("argl"), reg("env"))),

// begin actual procedure body

save("continue"),

save("env"),

// compute n === 1

assign("fun", list(op("lookup_symbol_value"),

constant("==="), reg("env"))),

assign("val", constant(1)),

assign("argl", list(op("list","), reg("val"))),

assign("val", list(op("lookup_symbol_value"),

constant(n), reg("env"))),

assign("argl, list(op("pair"), reg("val"), reg("argl"))),

test(list(op("is_primitive_function"), reg("fun"))),

branch(label("primitive_branch17")),

"compiled_branch16",

assign("continue", label("after_call15")),

assign(val, list(op("compiled_function_entry"),

reg("fun"))),

go_to(reg("val")),

"primitive_branch17",

assign("val",

list(op("apply_primitive_function"),

reg("fun"), reg("argl"))),

"after_call15", // val now contains result of n === 1

restore("env"),

restore("continue"),

test(list(op("is_false"), reg("val"))),

branch(label("false-branch4")),

"true_branch5", // return 1

assign("val", constant(1)),

go_to(reg("continue")),

"false_branch4",

// compute & return factorial(n - 1) * n

assign("fun", list(op("lookup_symbol_value"),

constant("*"), reg("env"))),

Figure 5.17: Compilation of the de�nition of the factorial function (continued on next page).
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save("continue"),

save("fun"), // save * function

assign("val", list(op("lookup_symbol_value"),

constant(n), reg("env"))),

assign("argl", list(op("list"), reg("val"))),

save("argl"), // save partial argument list for *

// compute factorial(n - 1), which is the other argument for *

assign("fun",

list(op("lookup_symbol_value"), constant("factorial"), reg("env"))),

save("fun"), // factorial function

// compute n - 1, which is the argument for factorial

assign("fun", list(op("lookup_symbol_value"),

constant("-"), reg("env"))),

assign("val", constant(1)),

assign("argl", list(op("list","), reg("val"))),

assign("val", list(op("lookup_symbol_value"), constant(n),

reg("env"))),

assign("argl", list(op("pair"), reg("val"), reg("argl"))),

test(list(op("is_primitive_function"), reg("fun"))),

branch(label("primitive_branch8")),

"compiled_branch7"

assign("continue", label("after_call6")),

assign(val, list(op("compiled_function_entry"), reg("fun"))),

go_to(reg("val")),

"primitive_branch8",

assign("val", list(op("apply_primitive_function"),

reg("fun"), reg("argl"))),

"after_call6", // val now contains result of n - 1

assign("argl", list(op("list"), reg("val"))),

restore("fun"), // restore factorial

// apply factorial

test(list(op("is_primitive_function"), reg("fun"))),

branch(label("primitive_branch11")),

"compiled_branch10",

assign("continue", label("after_call9")),

assign(val, list(op("compiled_function_entry"), reg("fun"))),

go_to(reg("val")),

"primitive_branch11",

assign("val", list(op("apply_primitive_function"),

reg("fun"), reg("argl"))),

Figure 5.17: (continued)
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"after_call9", // val now has result of factorial(n - 1)

restore("argl"), // restore partial argument list for *

assign("argl", list(op("pair"), reg("val"), reg("argl"))),

restore("fun"), // restore *

restore("continue"),

// apply * and return its value

test(list(op("is_primitive_function"), reg("fun"))),

branch(label("primitive_branch14")),

"compiled_branch13",

// note that compound function here is called tail-recursively

assign("val", list(op("compiled_function_entry"), reg("fun"))),

go_to(reg("val")),

"primitive_branch14",

assign("val", list(op("apply_primitive_function"),

reg("fun"), reg("argl"))),

go_to(reg("continue")),

"after_call12",

"after_cond3",

"after_lambda1",

// assign the function to the name factorial

perform(list(op("assign_symbol_value"),

constant("factorial"), reg("val"), reg("env"))),

assign("val", constant(undefined))

Figure 5.18: (continued)

Exercise 5.35

What expression was compiled to produce the code shown in �gure 5.18?
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assign("val", list(op("make_compiled_function"),

label("entry16")),

reg env)),

go_to(label("after_lambda15")),

"entry16",

assign(env, list(op("compiled_function_env"),

reg("fun"))),

assign("env", list(op("extend_environment","),

constant("x"), reg("argl"), reg("env"))),

assign("fun", list(op("lookup_symbol_value"),

constant("+"), reg("env"))),

save("continue"),

save("fun"),

save("env"),

assign("fun", list(op("lookup_symbol_value"),

constant("g"), reg("env"))),

save("fun"),

assign("fun", list(op("lookup_symbol_value"),

constant("+"), reg("env"))),

assign("val", constant(2)),

assign("argl", list(op("list"), reg("val"))),

assign("val", list(op("lookup_symbol_value"),

constant("x"), reg("env"))),

assign("argl, list(op("pair"), reg("val"), reg("argl"))),

test(list(op("is_primitive_function"), reg("fun"))),

branch(label("primitive_branch19")),

"compiled_branch18",

assign("continue", label("after_call17")),

assign(val, list(op("compiled_function_entry"),

reg("fun"))),

go_to(reg("val")),

"primitive_branch19",

assign("val", list(op("apply_primitive_function"),

reg("fun"), reg("argl"))),

"after_call17",

assign("argl", list(op("list"), reg("val"))),

restore("fun"),

test(list(op("is_primitive_function"), reg("fun"))),

branch(label("primitive_branch22")),

"compiled_branch21",

assign("continue", label("after_call20")),

assign(val, list(op("compiled_function_entry"),

reg("fun"))),

go_to(reg("val")),

Figure 5.18: An example of compiler output (continued on next page). See exercise 5.35.
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"primitive_branch22",

assign("val", list(op("apply_primitive_function"),

reg("fun"), reg("argl"))),

"after_call20",

assign("argl", list(op("list"), reg("val"))),

restore("env"),

assign("val", list(op("lookup_symbol_value"),

constant("x"), reg("env"))),

assign("argl", list(op("pair"), reg("val"), reg("argl"))),

restore("fun"),

restore("continue"),

test(list(op("is_primitive_function"), reg("fun"))),

branch(label("primitive_branch25")),

"compiled_branch24",

assign("val", list(op("compiled_function_entry"),

reg("fun"))),

go_to(reg("val")),

"primitive_branch25",

assign("val", list(op("apply_primitive_function"),

reg("fun"), reg("argl"))),

go_to(reg("continue")),

"after_call23",

"after_lambda15",

perform(list(op("assign_symbol_value"),

constant("f"), reg("val"), reg("env"))),

assign("val", constant(undefined))

Figure 5.18: (continued)

Exercise 5.36

What order of evaluation does our compiler produce for arguments of an application? Is it left-

to-right, right-to-left, or some other order? Where in the compiler is this order determined?

Modify the compiler so that it produces some other order of evaluation. (See the discussion of

order of evaluation for the explicit-control evaluator in section 5.4.1.) How does changing the

order of argument evaluation a�ect the e�ciency of the code that constructs the argument

list?

Exercise 5.37

One way to understand the compiler’s preserving mechanism for optimizing stack usage is to

see what extra operations would be generated if we did not use this idea. Modify preserving

so that it always generates the save and restore operations. Compile some simple expressions
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and identify the unnecessary stack operations that are generated. Compare the code to that

generated with the preserving mechanism intact.

Exercise 5.38

Our compiler is clever about avoiding unnecessary stack operations, but it is not clever at

all when it comes to compiling calls to the primitive functions of the language in terms of

the primitive operations supplied by the machine. For example, consider how much code is

compiled to compute a + 1: The code sets up an argument list in argl, puts the primitive

addition function (which it �nds by looking up the symbol "+" in the environment) into fun,

and tests whether the function is primitive or compound. The compiler always generates code

to perform the test, as well as code for primitive and compound branches (only one of which

will be executed). We have not shown the part of the controller that implements primitives,

but we presume that these instructions make use of primitive arithmetic operations in the

machine’s data paths. Consider how much less code would be generated if the compiler could

open-code primitives—that is, if it could generate code to directly use these primitive machine

operations. The expression a + 1 might be compiled into something as simple as
42

assign("val", list(op("lookup_symbol_value"),

constant("a"), reg("env")),

assign("val", list(op("+"), reg("val"), constant(1))

In this exercise we will extend our compiler to support open coding of selected primitives.

Special-purpose code will be generated for calls to these primitive functions instead of the

general function-application code. In order to support this, we will augment our machine with

special argument registers arg1 and arg2. The primitive arithmetic operations of the machine

will take their inputs from arg1 and arg2. The results may be put into val, arg1, or arg2.

The compiler must be able to recognize the application of an open-coded primitive in the

source program. We will augment the dispatch in the compile function to recognize the names

of these primitives in addition to the syntactic forms it currently recognizes. For each syntactic

form our compiler has a code generator. In this exercise we will construct a family of code

generators for the open-coded primitives.

a. The open-coded primitives, unlike the syntactic forms, all need their arguments eval-

uated. Write a code generator spread_arguments for use by all the open-coding code

generators. The function spread_arguments should take an argument list and compile

the given arguments targeted to successive argument registers. Note that an argument

may contain a call to an open-coded primitive, so argument registers will have to be

42
We have used the same symbol + here to denote both the source-language function and the machine operation.

In general there will not be a one-to-one correspondence between primitives of the source language and primitives

of the machine.
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preserved during argument evaluation.

b. The JavaScript operators ===, *, -, and +, among others, are implemented in the register

machine as primitive functions, and referred to in the global environment with the

symbols "===", "*", "-", and "+". In JavaScript, it is not possible to re-declare these

names, because they do not meet the syntactic restrictions for names. This means it

is safe to open-code them. For each of the primitive functions ===, *, -, and +, write a

code generator that takes an application with a function expression that names that

function, together with a target and a linkage descriptor, and produces code to spread

the arguments into the registers and then perform the operation targeted to the given

target with the given linkage. Make compile dispatch to these code generators.

c. Try your new compiler on the factorial example. Compare the resulting code with the

result produced without open coding.

5.5.6 Lexical Addressing

One of the most common optimizations performed by compilers is the optimization of name

lookup. Our compiler, as we have implemented it so far, generates code that uses the lookup_symbol_value

operation of the evaluator machine. This searches for a name by comparing it with each name

that is currently bound, working frame by frame outward through the run-time environment.

This search can be expensive if the frames are deeply nested or if there are many names. For

example, consider the problem of looking up the value of x while evaluating the expression

x * y * z in an application of the function that is returned by

I((x, y) =>

((a, b, c, d, e) =>

((y, z) => x * y * z)(a * b * x, c + d + x)))(3, 4)

Each time lookup_symbol_value searches for x, it must determine that the string "x" is not

=== to "y" or "z" (in the �rst frame), nor to "a", "b", "c", "d", or "e" (in the second frame).

Because our language is lexically scoped, the run-time environment for any expression will

have a structure that parallels the lexical structure of the program in which the expression

appears. Thus, the compiler can know, when it analyzes the above expression, that each time

the function is applied the name x in x * y * z will be found two frames out from the current

frame and will be the �rst name in that frame.

We can exploit this fact by inventing a new kind of name-lookup operation,lexical_address_lookup,

that takes as arguments an environment and a lexical address that consists of two numbers:

a frame number, which speci�es how many frames to pass over, and a displacement number,
which speci�es how many variables to pass over in that frame. The operation lexical_address_lookup

will produce the value of the name stored at that lexical address relative to the current environ-
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ment. If we add the lexical_address_lookup operation to our machine, we can make the com-

piler generate code that references names using this operation, rather than lookup_symbol_value.

Similarly, our compiled code can use a new lexical_address_assign operation instead of

assign_symbol_value.

In order to generate such code, the compiler must be able to determine the lexical address

of a name it is about to compile a reference to. The lexical address of a name in a program

depends on where one is in the code. For example, in the following program, the address of x

in expression e1 is (2,0)—two frames back and the �rst variable in the frame. At that point y is

at address (0,0) and c is at address (1,2). In expression e2, x is at (1,0), y is at (1,1), and c is at

(0,2).

((x, y) =>

((a, b, c, d, e) =>

((y, z) => e1)(e2, c + d + x)))(3, 4)

One way for the compiler to produce code that uses lexical addressing is to maintain a

data structure called a compile-time environment. This keeps track of which names will be at

which positions in which frames in the run-time environment when a particular name-access

operation is executed. The compile-time environment is a list of frames, each containing a

list of names. (There will of course be no values bound to the names, since values are not

computed at compile time.) The compile-time environment becomes an additional argument

to compile and is passed along to each code generator. The top-level call to compile uses

an empty compile-time environment. When the body of a lambda expression is compiled,

compile_body extends the compile-time environment by a frame containing the function’s

parameters, so that the statement making up the body is compiled with that extended environ-

ment. Similarly when the body of a block is compiled, compile_body extends the compile-time

environment by a frame containing the scanned-out local names of the body so that the body

is compiled with that extended environment. At each point in the compilation, compile_name

and compile_assignment_returning use the compile-time environment in order to generate

the appropriate lexical addresses.

Exercises 5.39 through 5.42 describe how to complete this sketch of the lexical-addressing

strategy in order to incorporate lexical lookup into the compiler. Exercises 5.43 and ?? describe

other uses for the compile-time environment.

Exercise 5.39

Write a function lexical_address_lookup that implements the new lookup operation. It

should take two arguments—a lexical address and a run-time environment—and return the

value of the symbol stored at the speci�ed lexical address. The function lexical_address_lookup

should signal an error if the value of the symbol is the string "*unassigned*". Also write a
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function lexical_address_assign that implements the operation that changes the value of

the symbol at a speci�ed lexical address.

Exercise 5.40

Modify the compiler to maintain the compile-time environment as described above. That is,

add a compile-time-environment argument to compile and the various code generators, and

extend it in compile_lambda_body and compile_block.

Exercise 5.41

Write a function find_symbol that takes as arguments a symbol and a compile-time envi-

ronment and returns the lexical address of the symbol with respect to that environment. For

example, in the program fragment that is shown above, the compile-time environment during

the compilation of expression e1 is

Ilist(list("y", "z"),

list("a", "b", "c", "d", "e"),

list("x", "y"))

The function find_symbol should produce

Ifind_symbol("c", list(list("y", "z"),

list("a", "b", "c", "d", "e"),

list("x", "y")));

[ 1 , [ 2 , nu l l ] ]

Ifind_symbol("x", list(list("y", "z"),

list("a", "b", "c", "d", "e"),

list("x", "y")));

[ 2 , [ 0 , nu l l ] ]

Ifind_symbol("w", list(list("y", "z"),

list("a", "b", "c", "d", "e"),

list("x", "y")));

" not_found "

Exercise 5.42

Using find_symbol from exercise 5.41, rewrite compile_name and compile_assignment_returning

to output lexical-address instructions. In cases where find_symbol returns "not_found" (that

is, where the symbol is not in the compile-time environment), we can safely raise a compile-
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time error, because we use lexical scoping for all names. Test the modi�ed compiler on a few

simple cases, such as the nested lambda combination at the beginning of this section.

Exercise 5.43

In JavaScript, any attempt to use assignment on a name that is declared as a constant leads to an

error. Exercise 4.12 shows how to detect such errors at runtime. With the techniques presented

in this section, we can detect these errors at compile-time and make sure only programs are

run in which no assignment to constants will ever occur. For this purpose, extend the function

compile_body to collect the information whether a name is declared as a variable (using let

or as a parameter), or as a constant (using const). Modify compile_assignment to generate an

appropriate error when it detects an assignment to a constant.

Exercise 5.44

We can apply the idea of the previous exercise to the technique of open-coding in exercise 5.38:

For this, our compile time environment can store for many constants what kinds of values

they will refer to at runtime. For example, if the expression on the right-hand side of the =

sign in a constant declaration is a number literal, we know that occurrences of the name on

the left-hand side within the scope of the declaration can only refer to a number at runtime.

Similarly, we can identify at compile time names that will surely refer to a compound function

object at runtime, and store this information in the compile-time environment. Use such an

extended compile-time environment in the compilation of function applications in order to

compile away the runtime distinction between primitive and compound functions whenever

possible.

5.5.7 Interfacing Compiled Code to the Evaluator

We have not yet explained how to load compiled code into the evaluator machine or how

to run it. We will assume that the explicit-control-evaluator machine has been de�ned as in

section 5.4.4, with the additional operations speci�ed in footnote 37. We will implement a

function compile_and_go that compiles a JavaScript program, loads the resulting object code

into the evaluator machine, and causes the machine to run the code in the evaluator global

environment, print the result, and enter the evaluator’s driver loop. We will also modify the

evaluator so that interpreted expressions can call compiled functions as well as interpreted

ones. We can then put a compiled function into the machine and use the evaluator to call it:

Icompile_and_go(

parse(
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"function factorial(n) { \

return n === 1 \

? 1 \

: n * factorial(n - 1); \

}"));

EC−eva lua te value :
undef ined

EC−eva lua te input :

factorial(5);

EC−eva lua te value :
120

To allow the evaluator to handle compiled functions (for example, to evaluate the call to

factorial above), we need to change the code at apply_dispatch (section 5.4.1) so that it

recognizes compiled functions (as distinct from compound or primitive functions) and transfers

control directly to the entry point of the compiled code:
43

"apply_dispatch",

test(op("primitive_function"), reg("fun")),

branch(label("primitive_apply")),

test(op("compound_function"), reg("fun")),

branch(label("compound_apply")),

test(op("is_compiled_function"), reg("fun")),

branch(label("compiled_apply")),

go_to(label("unknown_function_type")),

"compiled_apply",

restore("continue"),

assign("val", list(op("compiled_function_entry"), reg("fun"))),

go_to(reg("val")),

Note the restore of continue at compiled_apply. Recall that the evaluator was arranged so

that at apply_dispatch, the continuation would be at the top of the stack. The compiled code

entry point, on the other hand, expects the continuation to be in continue, so continue must

be restored before the compiled code is executed.

To enable us to run some compiled code when we start the evaluator machine, we add a

branch instruction at the beginning of the evaluator machine, which causes the machine to

go to a new entry point if the flag register is set.
44

43
Of course, compiled functions as well as interpreted functions are compound (nonprimitive). For compatibility

with the terminology used in the explicit-control evaluator, in this section we will use “compound” to mean

interpreted (as opposed to compiled).

44
Now that the evaluator machine starts with a branch, we must always initialize the flag register before

starting the evaluator machine. To start the machine at its ordinary read-eval-print loop, we could use

Ifunction start_eceval() {
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Ibranch(label("external_entry")), // branches if flag is set

"read_eval_print_loop",

perform(op("initialize_stack")),

〈. . .〉

External_entry assumes that the machine is started with val containing the location of

an instruction sequence that puts a result into val and ends with go_to(reg("continue")).

Starting at this entry point jumps to the location designated by val, but �rst assigns continue

so that execution will return to print_result, which prints the value in val and then goes to

the beginning of the evaluator’s read-eval-print loop.
45

"external_entry",

perform(op("initialize_stack")),

assign("env", list(op("get_program_environment"))),

assign("continue", label("print_result")),

go_to(reg("val")),

Now we can use the following function to compile a function declaration, execute the com-

piled code, and run the read-eval-print loop so we can try the function. For the interpreted

program to refer to the names that are declared at toplevel in the compiled program, we

scan out the toplevel names and extend the global environment by binding these names to

"*unassigned*", knowing that the compiled code will assign them to the correct values. Be-

cause we want the compiled code to return to the location in continue with its result in val,

we compile the statement with a target of val and a linkage of "return". In order to transform

the object code produced by the compiler into executable instructions for the evaluator register

machine, we use the function assemble from the register-machine simulator (section 5.2.2).

set_register_contents(eceval, "flag", false);
return start(eceval);

}

45
Since a compiled function is an object that the system may try to print, we also modify the system print

operation user_print (from section 4.1.4) so that it will not attempt to print the components of a compiled

function:

function user_print(string, object) {
function prepare(object) {

return is_compound_function(object)
? "< compound-function >"
: is_primitive_function(object)
? "< primitive-function >"
: is_compiled_function(object)
? "< compiled-function >"
: is_pair(object)
? pair(prepare(head(object)),

prepare(tail(object)))
: object;

}
display(prepare(object), string);

}
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We then initialize the val register to point to the list of instructions, set the flag so that the

evaluator will go to external_entry, and start the evaluator.

Ifunction compile_and_go(stmt) {

const toplevel_names = scan_out_declarations(stmt);

const unassigneds = list_of_unassigned(toplevel_names);

set_program_environment(

extend_environment(toplevel_names, unassigneds,

the_global_environment));

const instr_sequence = compile(stmt, "val", "return");

const instrs = assemble(instructions(instr_sequence),

eceval);

set_register_contents(eceval, "val", instrs);

set_register_contents(eceval, "flag", true);

return start(eceval);

}

If we have set up stack monitoring, as at the end of section 5.4.4, we can examine the stack

usage of compiled code:

compile_and_go(

parse(

"function factorial(n) { \

return n === 1 \

? 1 \

: factorial(n - 1) * n; \

}"));

( t o t a l −pushes = 0 maximum−depth = 0)
EC−eva lua te value :
undef ined

EC−eva lua te input :

factorial(5);

( t o t a l −pushes = 31 maximum−depth = 14)
EC−eva lua te value :
120

Compare this example with the evaluation of factorial(5) using the interpreted version

of the same function, shown at the end of section 5.4.4. The interpreted version required 144

pushes and a maximum stack depth of 28. This illustrates the optimization that results from

our compilation strategy.

640 Generated 2020-08-18 16:40:02Z

http://source-academy.github.io/playground#chap=4&prgrm=


Computing with Register Machines 5.5.7

Interpretation and compilation

With the programs in this section, we can now experiment with the alternative execution

strategies of interpretation and compilation.
46

An interpreter raises the machine to the level

of the user program; a compiler lowers the user program to the level of the machine language.

We can regard the Scheme language (or any programming language) as a coherent family of

abstractions erected on the machine language. Interpreters are good for interactive program

development and debugging because the steps of program execution are organized in terms of

these abstractions, and are therefore more intelligible to the programmer. Compiled code can

execute faster, because the steps of program execution are organized in terms of the machine

language, and the compiler is free to make optimizations that cut across the higher-level

abstractions.
47

Compilers for popular languages, such as C and C++, put hardly any error-checking op-

erations into running code, so as to make things run as fast as possible. As a result, it falls

to programmers to explicitly provide error checking. Unfortunately, people often neglect to

do this, even in critical applications where speed is not a constraint. Their programs lead

fast and dangerous lives. For example, the notorious “Worm” that paralyzed the Internet in

1988 exploited the UNIX
TM

operating system’s failure to check whether the input bu�er has

over�owed in the �nger daemon. (See Spa�ord 1989.)

The alternatives of interpretation and compilation also lead to di�erent strategies for porting

languages to new computers. Suppose that we wish to implement JavaScript for a new machine.

One strategy is to begin with the explicit-control evaluator of section 5.4 and translate its

instructions to instructions for the new machine. A di�erent strategy is to begin with the

compiler and change the code generators so that they generate code for the new machine.

The second strategy allows us to run any JavaScript program on the new machine by �rst

compiling it with the compiler running on our original JavaScript system, and linking it with

a compiled version of the run-time library.
48

Better yet, we can compile the compiler itself,

46
We can do even better by extending the compiler to allow compiled code to call interpreted functions. See

exercise 5.47.

47
Independent of the strategy of execution, we incur signi�cant overhead if we insist that errors encountered

in execution of a user program be detected and signaled, rather than being allowed to kill the system or produce

wrong answers. For example, an out-of-bounds array reference can be detected by checking the validity of the

reference before performing it. The overhead of checking, however, can be many times the cost of the array

reference itself, and a programmer should weigh speed against safety in determining whether such a check is

desirable. A good compiler should be able to produce code with such checks, should avoid redundant checks, and

should allow programmers to control the extent and type of error checking in the compiled code.

48
Of course, with either the interpretation or the compilation strategy we must also implement for the new

machine storage allocation, input and output, and all the various operations that we took as “primitive” in our

discussion of the evaluator and compiler. One strategy for minimizing work here is to write as many of these

operations as possible in JavaScript and then compile them for the new machine. Ultimately, everything reduces

to a small kernel (such as garbage collection and the mechanism for applying actual machine primitives) that is

hand-coded for the new machine.
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and run this on the new machine to compile other JavaScript programs.
49

Or we can compile

one of the interpreters of section 4.1 to produce an interpreter that runs on the new machine.

Exercise 5.45

By comparing the stack operations used by compiled code to the stack operations used by

the evaluator for the same computation, we can determine the extent to which the compiler

optimizes use of the stack, both in speed (reducing the total number of stack operations) and

in space (reducing the maximum stack depth). Comparing this optimized stack use to the

performance of a special-purpose machine for the same computation gives some indication of

the quality of the compiler.

a. Exercise 5.27 asked you to determine, as a function of n, the number of pushes and

the maximum stack depth needed by the evaluator to compute n! using the recursive

factorial function given above. Exercise 5.14 asked you to do the same measurements

for the special-purpose factorial machine shown in �gure 5.11. Now perform the same

analysis using the compiled factorial function.

Take the ratio of the number of pushes in the compiled version to the number of pushes

in the interpreted version, and do the same for the maximum stack depth. Since the

number of operations and the stack depth used to compute n! are linear in n, these ratios

should approach constants as n becomes large. What are these constants? Similarly,

�nd the ratios of the stack usage in the special-purpose machine to the usage in the

interpreted version.

Compare the ratios for special-purpose versus interpreted code to the ratios for compiled

versus interpreted code. You should �nd that the special-purpose machine does much

better than the compiled code, since the hand-tailored controller code should be much

better than what is produced by our rudimentary general-purpose compiler.

b. Can you suggest improvements to the compiler that would help it generate code that

would come closer in performance to the hand-tailored version?

Exercise 5.46

Carry out an analysis like the one in exercise 5.45 to determine the e�ectiveness of compiling

the tree-recursive Fibonacci function

Ifunction fib(n) {

return n < 2

49
This strategy leads to amusing tests of correctness of the compiler, such as checking whether the compilation

of a program on the new machine, using the compiled compiler, is identical with the compilation of the program

on the original JavaScript system. Tracking down the source of di�erences is fun but often frustrating, because

the results are extremely sensitive to minuscule details.
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? n

: fib(n - 1) + fib(n - 2);

}

compared to the e�ectiveness of using the special-purpose Fibonacci machine of �gure 5.12.

(For measurement of the interpreted performance, see exercise 5.28.) For Fibonacci, the time

resource used is not linear inn; hence the ratios of stack operations will not approach a limiting

value that is independent of n.

Exercise 5.47

This section described how to modify the explicit-control evaluator so that interpreted code

can call compiled functions. Show how to modify the compiler so that compiled functions

can call not only primitive functions and compiled functions, but interpreted functions as

well. This requires modifying compile_function_call to handle the case of compound (in-

terpreted) functions. Be sure to handle all the same target and linkage combinations as in

compile_fun_appl. To do the actual function application, the code needs to jump to the eval-

uator’s compound_apply entry point. This label cannot be directly referenced in object code

(since the assembler requires that all labels referenced by the code it is assembling be de�ned

there), so we will add a register called compapp to the evaluator machine to hold this entry

point, and add an instruction to initialize it:

Iassign("compapp", label("compound_apply")),

branch(label("external_entry")), // branches if flag is set

"read_eval_print_loop"

. . .

To test your code, start by declaring a function f that takes a function as parameter and applies

it in its body. Use compile_and_go to compile the declaration of f and start the evaluator. Now,

typing at the evaluator, pass a lambda expression as argument to f.

Exercise 5.48

The compile_and_go interface implemented in this section is awkward, since the compiler can

be called only once (when the evaluator machine is started). Augment the compiler-interpreter

interface by providing a compile_and_run primitive that can be called from within the explicit-

control evaluator as follows:

EC−eva lua te input :

compile_and_run(

parse(

"function factorial(n) { \
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return n === 1 \

? 1 \

: n * factorial(n - 1); \

} "));

EC−eva lua te value :
undef ined

EC−eva lua te input :

Ifactorial(5)

EC−Eval value :
120

Exercise 5.49

As an alternative to using the explicit-control evaluator’s read-eval-print loop, design a register

machine that performs a read-compile-execute-print loop. That is, the machine should run

a loop that reads an expression, compiles it, assembles and executes the resulting code, and

prints the result. This is easy to run in our simulated setup, since we can arrange to call the

functions compile and assemble as “register-machine operations.”

Exercise 5.50

Use the compiler to compile the metacircular evaluator of section 4.1 and run this program

using the register-machine simulator. The resulting interpreter will run very slowly because

of the multiple levels of interpretation, but getting all the details to work is an instructive

exercise.

Exercise 5.51

Develop a rudimentary implementation of JavaScript in C (or some other low-level language

of your choice) by translating the explicit-control evaluator of section 5.4 into C. In order to

run this code you will need to also provide appropriate storage-allocation routines and other

run-time support.

Exercise 5.52

As a counterpoint to exercise 5.51, modify the compiler so that it compiles JavaScript functions

into sequences of C instructions. Compile the metacircular evaluator of section 4.1 to produce

a JavaScript interpreter written in C.
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